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The theoretical study of the reflection asymmetry impact on the electron and hole localizations
in self-assembled InGaAs/GaAs semiconductor lateral quantum dot molecules is made. The
previously proposed mapping method is used to simulate the ground-state electron (hole) wave
function and the energy in molecules. The description is suited to clarify the important ques-
tions of the control and the stability of the wave functions and the diamagnetic coefficient of
carriers confined in molecules with broken reflection symmetry. Our simulation results demon-
strate that, in a reflection symmetric (balanced) molecule, the carrier ground-state wave func-
tion is distributed equally over two potential valleys corresponding to the actual positions of the
dots combined into the molecule. However, even a very small reflectional imbalance in the ge-
ometry of molecules destroys the symmetric distribution of the wave function. This causes the
localization of the function in the potential valley of only one of the dots and leads to a rapid
decrease of the diamagnetic coefficient. We have found that the hole wave function is more
sensitive to the imbalance in the reflection symmetry than the electron wave function, and the
localization effect is getting stronger, when the interdot distance in the molecule increases.
K e yw o r d s: quantum dot molecule, semiconductor, wave function, modeling, diamagnetic
response.

1. Introduction

The recent development of semiconductor technolo-
gies allows us to fabricate semiconductor quantum
dots (and molecules combined from dots) within wide
ranges of geometrical shapes and material param-
eters, to study their properties in detail, and to
use them for various applications in quantum infor-
mation processing, nano-optics, nano-biology, nano-
medicine (see, e.g., [1–6] and references therein). The
manipulation and the reconfiguration of wave func-
tions of electrons and holes confined in quantum dot
molecules (QDMs) are regarded as “isospin” oper-
ations. The isospin is a mark to the actual local-
ization of a particle, and its properties in QDMs
can be used in quantum information processing in
a complete analogy to the properties of a particle
spin [7, 8]. Therefore, the control and the manipula-
tion of a wave function configuration of carriers con-
fined in QDMs are key targets for the application of
semiconductor quantum dots in quantum information
technology.
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In a weak external magnetic field 𝐵, the ground-
state energy of an electron (hole) confined in a QDM
can be written as 𝐸e(h)(𝐵) = 𝐸0

e(h) + 𝑠𝜇B𝑔e(h)𝐵+

+𝛼e(h)𝐵
2 [9], where 𝐸0

e(h) stands for the electron
(hole) energy at 𝐵 = 0 T, 𝜇B is the Bohr magneton,
𝑔e(h) is the electron (hole) Landé factor, 𝑠 = ±1/2
presents the particle spin value and the polariza-
tion along the magnetic field direction, and 𝛼e(h) is
the electron (hole) diamagnetic coefficient. The dia-
magnetic coefficient is obviously connected to the
second derivative of the carrier energy with respect
to the magnetic field magnitude and, therefore, to
the single particle differential magnetic susceptibil-
ity of the QDM 𝜒e(h)(𝐵) = −𝑑2𝐸e(h)(𝐵)/𝑑𝐵2 in
the weak-field limit at the absolute zero temperature
(𝛼e(h) = − 1

2𝜒e(h)(0)) [10, 11].
When the magnetic field is applied along a QDM

growth direction (z axis), the coefficient can be evalu-
ated, by using the effective radius (the characteristic
lateral confinement length) of the electron – 𝜌e (hole –
𝜌h) in the plane perpendicular to the magnetic field
(x-y plane): 𝛼e(h) = 𝑒2𝜌2e(h)/8𝑚e(h) [9]. Here, e is the
electronic charge, and 𝑚e(h) stands for the electron
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Fig. 1. QDM’s geometrical and potential characteristics:
(a) General shape of the QDM structure (𝑅B = 10 nm,
ℎD = 4 nm, 𝑑 = 25 nm, 𝛿ℎ = 0.00); (b) Cross section by
the (𝑥, 0, 𝑧) plane of the QDM structure for different values of
the parameter 𝛿ℎ; (c) Projection of the electron confinement
potential on the (𝑥, 0, 𝑧) plane (𝛿ℎ = 0.10); (d) Projection of
the hole confinement potential on the (𝑥, 0, 𝑧) plane (𝛿ℎ = 0.10)

(hole) effective mass. Therefore, the actual value of
the particle diamagnetic coefficient can be used for
a preliminary estimation of the electron (hole) lat-
eral confinement length and the actual localization in
a QDM.

In this paper, we theoretically study the impact of
the broken reflection symmetry on the actual local-
ization of the ground-state wave functions and on the
diamagnetic coefficients of electrons and holes con-
fined in an In𝑐As1−𝑐Ga/GaAs laterally coupled lens-
shaped double quantum dot structure (lateral QDM)
[12, 13]. Deploying our mapping method [14], we re-
produce three-dimensional geometrical and material
characteristics of the QDM and simulate electronic
properties of the QDM with the reflection symmetry
and when the symmetry is broken. We demonstrate
that, for the QDM with the reflection symmetry with

respect to the reflection in the y-z plane (see Fig. 1),
the ground-state electron and hole wave functions are
equally distributed (balanced) between two potential
valleys of the QDM. But, a very small imbalance in
the geometrical characteristics of the dots in the x
direction (see Fig. 1, a) can lead to the localization
of the wave functions in one of the potential valleys
of the QDM, which causes a significant decrease of
the diamagnetic coefficient. We have investigated the
localization effect for different distances between the
centers of the quantum dots in the QDM on the x-y
plane and have found that the localization effect is
getting stronger when the distance increases.

2. Theoretical Model
and Method of Calculation

We describe single electron and hole energy states
in In𝑐As1−𝑐Ga/GaAs laterally coupled semiconduc-
tor quantum dots in the presence of an external mag-
netic field B using the effective one electronic (hole)
band Hamiltonian with the position-dependent effec-
tive mass [14, 15]

Ĥe(h) = Π̂e(h)
1

2𝑚e(h) (r)
Π̂e(h) + 𝑉e(h) (r), (1)

where r = (𝑥, 𝑦, 𝑧) is the three-dimensional radius
vector, Π̂e(h) = −𝑖~∇r − 𝑞e(h)A(r) is the electron
(hole) momentum operator, ∇r is the spatial gra-
dient, 𝑞e(h) = −(+)𝑒, and A(r) is the vector po-
tential of the magnetic field B = ∇r × A(r). For
the QDMs with and without reflection symmetry, we
use a gauge-origin-independent definition for the vec-
tor potential (see Ref. [16] and references therein)
A(r) = B× (r− r̄)/2, where r̄ stands for the ex-
pectation value of the position of a carrier in the
ground state. Using this gauge in Hamiltonian (1),
we can write the diamagnetic coefficient for the elec-
tron (hole) confined in a QDM (when the magnetic
field is applied along the z direction) as [16]

𝛼e(h) =
𝑒2

8

⟨
(r⊥,e(h) − r̄⊥,e(h))

2

𝑚e(h)(r)

⟩⃒⃒⃒⃒
𝐵=0

, (2)

where r⊥ = (𝑥, 𝑦) is the two-dimensional radius vec-
tor on the x-y plane, ⟨f ⟩e(h) stands for the expectation
value of a quantity f in the electron (hole) ground
state with the wave function

⟨𝑓⟩e(h) =
∫︁
𝜓*
e(h) (r) 𝑓 (r) 𝜓e(h) (r) 𝑑r, (3)
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and r̄⊥,e(h) = ⟨r⊥⟩e(h) is the expectation value of the
electron (hole) position on the x-y plane.

To describe comprehensively all position-depen-
dent geometrical and material parameters of a QDM,
we map the realistic geometry of the QDM on the
smooth three-dimensional quantum confinement po-
tential. First, noting that a self-assembled lens-sha-
ped lateral quantum dots are grown, by starting from
a flat substrate parallel to the x-y plane, we model the
QDM shape profile by a function h(x,y). The function
reproduces the local height of the QDM (along the z
direction) at the actual position on the x-y plane. For
the lens-shaped circular quantum dots where the dis-
tance separating the centers of the dots along the x
direction is d (see Fig. 1), we can write this function
as [17]

ℎ(𝑥, 𝑦) = [ℎ−(𝑥, 𝑦) + ℎ−(𝑥, 𝑦)]𝐹 (𝑥, 𝑦),

ℎ∓(𝑥, 𝑦) =
√︁
𝑅2

0 − [(𝑥± 𝑑/2) + 𝑦2]−𝑅0 + ℎ,

when (𝑥± 𝑑/2) + 𝑦2 ≤ 𝑅2
B;

ℎ∓(𝑥, 𝑦) = 0,

when (𝑥± 𝑑/2) + 𝑦2 < 𝑅2
B;

𝐹 (𝑥, 𝑦) = 1 + 𝛿h exp

[︃
− (𝑥− 𝑑/2)

2
+ 𝑦2

𝑏2

]︃
,

𝑅0 =
𝑅2

B + ℎD
2ℎD

, (4)

where 𝑅B and ℎD are dots’ base radius and maximal
height. The reflection asymmetry (with respect to the
reflection in the y-z plane) is described by the func-
tion 𝐹 (𝑥, 𝑦), where the range of the reflection asym-
metry in dots’ heights is presented by a parameter
b. Therefore, deviations from the reflection symme-
try in QDM’s shape are controlled by a dimensionless
parameter 𝛿ℎ as [16, 17]

𝛿h =
ℎ(𝑑/2, 0)|𝛿h ̸=0 − ℎ(𝑑/2, 0)|𝛿h=0

ℎ(𝑑/2, 0)|𝛿h=0

, (5)

Figure 1 shows the shape of a QDM and its cross
section by the (𝑥, 0, 𝑧) plane for different deviations
from the reflection-symmetric configuration.

The three-dimensional smooth quantum confine-
ment potential 𝑉e(h)(r) for the electrons (holes) in

the QDM can be obtained by the composition- and
geometry-dependent profile of the local conducting
band offset [14, 16, 17]:

𝑉e(h)(r)=Δ𝐸e(h){1−𝑇+(𝑠− 𝑧)𝑇−[𝑧 − ℎ(𝑥, 𝑦)]}. (6)

Here, 𝑇±(𝑡) = [1 ± tanh(𝑡/𝑎)]/2, Δ𝐸e(h) = 𝐸out
e(h)−

−𝐸in
e(h) is the overall conducting (valence) band off-

set between the inner and outer semiconductor ma-
terials in the In𝑐As1−𝑐Ga/GaAs heterostructure, and
subscripts “in” and “out” denote the actual material
parameters (the conducting (valence) band bottom
(top) energy) inside and outside the dots. The effec-
tive substrate-dot interface is assigned to be at the
plane z = s. The slope and the range (the degree
of smoothness) of a potential change at the bound-
aries of the dots are controlled by a parameter a. The
three-dimensional confinement potential (6) reflects,
in a very obvious and natural way, smooth variations
of the material parameters across the boundaries of
the dots (see Fig. 1, c and d). Using (6), we define the
dimensionless mapping function [14, 17]

𝑀(r) = 1−
𝑉e(h)(r)

Δ𝐸e(h)
. (7)

This function accumulates information about the
shape and the local material content of a QDM. Using
the mapping, we can derive all position-dependent
geometrical and material parameters of the struc-
ture. For instance, the position-dependent effective
mass 𝑚e(h)(r) of the electron (hole) is defined as
𝑚e(h) = 𝑚in

e(h)𝑀(r) +𝑚out
e(h)[1−𝑀(r)].

The confinement potentials and the position-
dependent effective masses are used to obtain solu-
tions of the Schrödinger equation corresponding to
Hamiltonian (1). The solutions give us the electron
(hole) ground-state energy 𝐸e(h), wave functions, ex-
pectation values of particles’ positions, mean (effec-
tive) lateral electron (hole) radius

𝜌𝑒(ℎ) =

√︂⟨(︀
r⊥,e(h) − r̄⊥,𝑒(ℎ)

)︀2⟩
,

and diamagnetic coefficients (2) in QDMs with vari-
ous deviations from the reflection symmetry.

3. Simulation Results and Discussion

In our simulation of the electron (hole) ground-
state energy and wave function for the QDMs, we
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Fig. 2. Electron and hole ground-state wave functions for
different 𝛿ℎ and 𝑑: (a) 25 nm; (b) 20 nm; (c) 15 nm

use a realistic geometry and material parameters
for In𝑐As1−𝑐Ga/GaAs nano-structures [11, 16, 18,
19]. The geometrical characteristics are chosen as
𝑅B = 10 nm, ℎD = 4 nm, 𝑏 = 𝑅B, 𝑎 = 0.4 nm,
and 𝑠 = 0.0 nm.

We take material parameters from [18, 19] and ad-
just them according to the actual composition and
strain inside the dots [11, 16]: 𝑚InAs

e = 0.044 𝑚0,
𝑚InAs

h = 0.074 𝑚0, 𝑚GaAs
e = 0.067 𝑚0, 𝑚GaAs

h =
= 0.5𝑚0, 𝐸InAs

𝑔 = 0.842 eV, 𝐸GaAs
𝑔 = 1.52 eV,

(𝑚0 is the free-electron mass). A material param-
eter 𝐷in(out) for the In𝑐Ga1−𝑐As compound is ob-
tained according to the linear interpolation𝐷in(out)

𝑐 =

= 𝑐𝐷
in(out)
InAs + (1− 𝑐)𝐷

in(out)
GaAs .

Fig. 3. Expectation value of the position of the electron (a)
and the hole (b) in the ground state on the x axis in the QDMs
with different geometrical parameters

The In concentration inside dots is taken to be
c = 0.6, and we take 70% of the heterostructure
gap difference to be the conducting band offset and
30% to be the valence band offset in the dot. The
energy and the wave function of the electron (hole)
confined in QDMs are obtained numerically by the
iterative method with the use of the COMSOL MUL-
TIPHYSICS package [20, 21]. We use the wave func-
tion to simulate the expectation values of particles’
positions, effective lateral radii, and diamagnetic co-
efficients for QDMs with the reflection symmetry and
when the symmetry is broken. We consider the QDMs
with various interdot distances.

In Fig. 2, we present the ground-state wave func-
tions of the electron and the hole for QDMs with
various interdot distances. When the parameter 𝛿h
changes from 0 (reflectional symmetric QDM) to 0.10,
the wave functions change from the reflectional sym-
metric profile (equally distributed in two dots) to re-
flection non-symmetric profiles: the wave function is
localized in the potential valley of only one dot near
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Fig. 4. Effective lateral radius of the electron (a) and the hole
(b) in the ground state in the QDMs with different geometrical
parameters

(𝑥 = +𝑑/2, 𝑦 = 0) on the 𝑥 − 𝑦 plane. The wave
functions are localized in one of the potential valleys,
when the imbalance in the QDM potential profile is
really small. The hole wave function is more sensitive
to the imbalance in the reflection symmetry: as the
hole has a larger effective mass, the effect of the imbal-
ance is stronger. Only when the dots overlap (𝑑 = 15
nm), some distribution of the wave functions between
two dots remains up to 𝛿h ∼ 0.10. But, as the dis-
tance between dots increases, the wave functions are
localized in one of the dots already for 𝛿ℎ ∼ 0.01.
Accordingly, as it is shown in Fig. 3, the expectation
value of particles’ position in the ground state (when
the parameter 𝛿ℎ increases) rapidly moves from the
center of the structure toward the imbalanced po-
tential valley at (𝑥 = +𝑑/2, 𝑦 = 0) on the 𝑥 − 𝑦
plane. The mean position of the hole is almost sta-
bilized in the valley, when the parameter 𝛿ℎ ∼ 0.10
even for the overlapping dot configurations. We note
that, for all configurations, the expectation value of
the electron (hole) position on the 𝑦 axis remains un-

Fig. 5. Electron diamagnetic coefficient (a) and ground-sta-
te energy (b) for the QDMs with different geometrical para-
meters

changed: 𝑦𝑒(ℎ) = 0. From Fig. 4, we see that the
effective lateral radii of the electron and the hole fol-
low the same tendency: electron’s radius decreases
gradually and hole’s radius shrinks rapidly. The “one-
valley” localization occurs in the reflection asymmet-
ric configurations almost immediately, as the interdot
distance reaches 25 nm.

In Fig. 5, a and Fig. 6, a, we show the dependence
of the electron and hole diamagnetic coefficients on
the parameter 𝛿ℎ for various interdot distances. It
is clear that the above-described sensitivity of the
electron and hole wave functions’ localizations and
distributions to the imbalance in the reflection sym-
metry leads to a rapid decrease of the diamagnetic
coefficients (a few times) already for small values of
𝛿h. For relatively large interdot distance (𝑑 = 25 nm),
the diamagnetic coefficient drops by a factor of 10,
when 𝛿ℎ ∼ 0.01. However, for the “overlapping dots”
molecules with 𝑑 < 2𝑅𝐵 (e.g., 𝑑 = 15 nm), the same
change in the diamagnetic coefficient magnitude can
be achieved only when 𝛿ℎ ∼ 0.05. The coefficients de-
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Fig. 6. Hole diamagnetic coefficient (a) and ground-state en-
ergy (b) for the QDMs with different geometrical parameters

crease only gradually, when the QDM geometry be-
comes more imbalanced along the x direction.

Contrary to the diamagnetic coefficient, the elec-
tron (hole) ground-state energy decreases slowly
(about 10 ∼ 15%) within the whole range of the
imbalance growth (as it is shown in Fig. 5, b and
Fig. 6, b). Therefore, we can conclude that the
monitoring of the carrier energy characteristics can
give very limited hints about the actual wave func-
tion configurations of the electron (hole) confined in
QDMs. At the same time, the actual value of the dia-
magnetic coefficient can provide us with clear and di-
rect information about the electron (hole) localization
in the lateral QDMs with broken reflection symmetry.

4. Conclusions

Using the effective one-band Hamiltonian and the
mapping method, we have simulated the localiza-
tions of electrons and holes in the semiconductor lat-
eral QDMs with and without reflection symmetry. We
have found that a small imbalance in the geometry
of the QDM (small deviations in the dots height)

leads to the collapse of the electron (hole) ground-
state function into one of the dots. This generates a
rapid decrease of the diamagnetic coefficient of carri-
ers. We stress that the actual magnitude of the dia-
magnetic coefficient obtained from experiments can
give an important insight on the wave function con-
figurations for the carriers confined in the QDMs with
uncertain symmetry.

Our approach can be useful for the realistic model-
ing of the magnetic response of semiconductor nano-
objects with realistic and non-symmetric geometry.
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О.Воскобойнiков

ПОРУШЕНА СИМЕТРIЯ ДЗЕРКАЛЬНОГО
ВIДОБРАЖЕННЯ ТА ДIАМАГНIТНИЙ КОЕФIЦIЄНТ
НОСIЇВ, ЗАХОПЛЕНИХ ЛАТЕРАЛЬНИМИ
НАПIВПРОВIДНИКОВИМИ МОЛЕКУЛАМИ
З КВАНТОВИМИ ТОЧКАМИ

Р е з ю м е

У цiй роботi теоретично дослiджено вплив асиметрiї дзер-
кального вiдображення на локалiзацiю електрона i дiрки в
самоорганiзованих латеральних молекулах з InGaAs/GaAs
квантовими точками. Використовується запропонований

ранiше метод вiдображення для моделювання хвильової
функцiї основного стану електрона (дiрки) та їх енергiї
в молекулах. Подiбний пiдхiд є зручним для з’ясування
важливих питань, пов’язаних з контролем та стабiльнi-
стю хвильових функцiй i дiамагнiтного коефiцiєнта носiїв,
обмежених в латеральних напiвпровiдникових молекулах
з квантовими точками з порушеною симетрiєю вiдбиття.
Нашi результати моделювання показують, що в симетри-
чнiй (збалансованiй) молекулi хвильова функцiя основного
стану носiя розподiлена порiвну мiж двома потенцiальни-
ми ямами вiдповiдно до мiсць локалiзацiї квантових точок,
що утворюють молекулу. Тим не менш, навiть дуже неве-
ликий дисбаланс (асиметрiя) дзеркального вiдображення в
геометрiї молекул руйнує симетричний розподiл хвильової
функцiї. Наслiдком цього є локалiзацiя хвильової функцiї
у потенцiальнiй ямi тiльки однiєї з точок, що приводить до
швидкого зменшення дiамагнiтного коефiцiєнта. Ми вияви-
ли, що хвильова функцiя дiрок є бiльш чутливою до дисба-
лансу в дзеркальному вiдображеннi, нiж хвильова функцiя
електрона, i ефект локалiзацiї зростає, коли вiдстань мiж
квантовими точками в молекулi збiльшується.
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