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We present the results of ab initio calculations of the anisotropy and hydrostatic pressure effects
on the elastic and mechanical properties of (B3) boron nitride, using the density functional
perturbation theory (DFPT). The independent elastic and compliance constants, bulk and shear
moduli, Zener anisotropy and Kleinman parameters, Cauchy and Born coefficients, Young
modulus, and Poisson’s ratio for directions within the important crystallographic planes of
this compound under pressure are obtained. The crystal density, the longitudinal, transverse,
and average sound velocities, and the Debye temperature under pressure are also studied. In
the investigation of the stability criteria, the results showed a phase transition pressure from
zinc blende to the rock-salt phase at about 4.54 Mbar, which is in good agreement with some
available theoretical data reported in the literature and shows discrepancies with another ones.
K e yw o r d s: (B3) BN compound, elastic and mechanical properties, pressure and anisotropy
effect, stability criteria.

1. Introduction

The mechanical properties of semiconductors often
dictate fundamental limits on the fabrication and the
packaging of modern semiconductor devices, so the
study of these parameters is necessary and of high
importance.

Boron nitride (BN) has useful physical properties
such as the extreme hardness ∼4600 kg/mm2, in-
teresting optic and electronic characteristics (band
gap = 7.5 eV, transmission ∼0.2–6 𝜇m, refractive in-
dex 𝑛 ≈ 2.117), and important thermal characteris-
tics (high melting point ∼3240 K, thermal conductiv-
ity ∼760 W/mK, thermal expansion ∼3.5(10−6 K),
and heat capacity ∼0.513 J/gK) [1, 2]. The zinc
blende (B3) structure of this compound was synthe-
sized in 1957 [3].

First-principles computations and others theoret-
ical methods predict that the cubic (B3) BN trans-
forms to the rock-salt (B1) structure at pressures bet-
ween 3.94 and 11.1 Mbar [4–15], well beyond the cur-
rent limits of both experimental measurements and
industrial needs. Recently, N. de Koker [16] used the
first-principles molecular dynamics to evaluate the
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thermodynamics of zinc blende structured and liquid
boron nitride at extreme conditions of temperatures
and pressures and computed the melting curve up to
1 TPa.

In this study, we use the first-principles calcula-
tion to investigate the anisotropy and the hydro-
static pressure effect on the elastic and mechanical
properties of the (B3) BN up to 4 Mbar. The inde-
pendent elastic and compliance constants, bulk and
shear moduli, the Zener anisotropy and Kleinman pa-
rameters, Cauchy and Born coefficients, and stabil-
ity criteria under high pressure are obtained, using
the density functional perturbation theory (DFPT)
[17, 18]. The Young modulus and the Poisson’s ratio
for directions within the important crystallographic
planes of (B3) BN compound are also determined,
and finally, the evolution of the crystal density, the
longitudinal, transverse, and average sound velocities,
and the Debye temperature as a function of the hy-
drostatic pressure are studied.

The paper is organized as follows. In Section 2, we
briefly describe the computational techniques used in
this work.

Results and discussions are presented in Section
3. Finally, conclusions and some remarks are given
in Section 4.
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2. Computational Methods

The first-principles calculations were performed by
using the density functional perturbation theory and
implemented in the ABINIT code [19–21]. ABINIT
code is a package, whose main program allows one
to find the total energy, charge density, electronic
structure and several other properties such as elas-
tic, thermodynamic, optic, and piezoelectric ones of
systems made of electrons and nuclei (molecules and
periodic solids) within the density functional theory,
using pseudopotentials and a plane-wave basis-set. It
is a common project of the Universite Catholique
de Louvain, Corning Inc., the Université de Liége,
the Commissariat а l’Energie Atomique, Mitsubishi
Chemical Corp., the Ecole Polytechnique Palaiseau,
and other contributors.

We used the Teter and Pade parametrization [22]
for LDA, and the Trouiller Martins scheme [23] to
generate the norm-conserving nonlocal pseudopoten-
tials to study the effect of hydrostatic pressure on the
evolution of the crystal density.

The Kohn–Sham single-particle functions were ex-
panded in the basis of a plane-wave set with a ki-
netic energy cut-off of 70 Hartree to obtain a con-
vergence better than 10−6 Hartree for the total en-
ergy. Monkhorst–Pack special 𝑘-point grids [24] of
28 points were used for the integration over the Bril-
louin zone; this corresponds to the (6×6×6) 𝑘-point
mesh. Having obtained the self-consistent solutions of
the Kohn–Sham equations, the elastic and mechani-
cal properties were calculated within the framework
of the self-consistent DFPT method [17, 18].

3. Results and Discussion

3.1. Elastic stiffness constants

On the macroscopic scale, the elastic properties of
solid materials can be described by the use of the
elastic moduli, which are related to the directional
properties of a material [2]. The tensor relationships
between stress (𝜎, a second-order tensor) and strain
(𝑒, a second-order tensor) are [2]:

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝑒𝑘𝑙, (1)

𝑒𝑖𝑗 = 𝑆𝑖𝑗𝑘𝑙𝜎𝑘𝑙, (2)

where the fourth-rank tensors 𝐶𝑖𝑗𝑘𝑙 and 𝑆𝑖𝑗𝑘𝑙 are
called the elastic stiffness 𝐶 and the elastic com-
pliance 𝑆, respectively. This is the tensor form of

Hooke’s law [2]. Each index (𝑖, 𝑗, 𝑘, and 𝑙) has three
values (𝑥, 𝑦, and 𝑧); hence, the 𝐶 and 𝑆 tensors have
81 terms [2]. The stiffness and compliance tensors are
usually written in a matrix notation made possible
by the symmetry relationship of the stress and strain
tensors [2].

The symmetry of a solid crystal reduces consider-
ably the number of independent terms in the stiffness
and compliance tensors (from 81 to 36) [2]. The usual
notation for the reduced (matrix) notation form of the
stiffness and compliance tensors is [2]:

𝜎𝑖 = 𝐶𝑖𝑗𝑒𝑗 , (3)

𝑒𝑖 = 𝑆𝑖𝑗𝜎𝑗 , (4)

where the indices, 𝑖 and 𝑗, are an abbreviation of
the 𝑖𝑗 or 𝑘𝑙 components (run from 1 to 6). Thus,
the stiffness and compliance tensors are written as
6 by 6 matrices which can again be shown to be sym-
metric, given 21 independent terms [2]. The stiffness
and compliance tensors are needed to completely de-
scribe the linear elastic properties of a crystal. Even
a completely amorphous material has two indepen-
dent constants that describe the relationship between
stress and strain [2]. The number of independent elas-
tic constants is reduced if the crystal possesses sym-
metry elements. In the important case of cubic crys-
tals, there are only three independent stiffness con-
stants (𝐶11, 𝐶12, and 𝐶44) [25].

There are different methods to obtain the elas-
tic constant through the first principles. Nielsen and
Martin [26] developed a method, using a strain-stress
relation. Recently, Hamman et al. [27] developed a
reduced coordinate metric tensor method for the lin-
ear response formulation of strain-type perturbations,
which could be calculated by the DFPT method. The
elastic constants reported in this article are obtained
by the method used in [17, 18, 28], as implemented
in the ABINIT code. The elastic stiffness tensor of
a cubic structure has three independent components,
namely 𝐶11, 𝐶12, and 𝐶44 in Young’s notation.

For cubic crystals, the bulk modulus 𝐵 is related
to the elastic stiffness constants by the relation [29]

𝐵 =

(︂
𝐶11 + 2𝐶12

3

)︂
. (5)

The obtained values of the elastic stiffness constants
𝐶𝑖𝑗 and the bulk modulus 𝐵 of (B3) BN at various
pressures are presented in Fig. 1.
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Fig. 1. Elastic stiffness constants 𝐶𝑖𝑗 and the bulk modulus
𝐵 versus the hydrostatic pressure on (B3) BN
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Fig. 2. Generalized stability criteria versus the hydrostatic
pressure on (B3) BN compound

Transition pressure 𝑃𝑇 on (B3) BN
in comparison with the theoretical [4–15] data

𝑃𝑇 (Mbar)

Our work 4.54

Other works 3.94 [4, 14], 6.24 [5], 8.50 [6], 10.88 [7],
5.55 [8], ∼5.061 [9], 10.25 [10], 5.00 [11],
9.45 [12], 11.1 [13], ∼10.212 [15]

As shown in this figure, we found that all the elastic
stiffness constants increase gradually almost linearly
with the hydrostatic pressure.

To study the stability of (B3) BN compound when
a deformation is expressed in terms of the Lagrangian
strain, the calculated values of the elastic constants
under hydrostatic pressure were compared with the
generalized stability criteria of Born [30], using the

following relations [31, 32]:

𝐾 =
1

3
(𝐶11 + 2𝐶12 + 𝑃 ) > 0, (6a)

𝐺 =
1

2
(𝐶11 − 𝐶12 − 2𝑃 ) > 0, (6b)

𝐺′ = 𝐶44 − 𝑃 > 0. (6c)

The requirement of mechanical stability in a cubic
crystal leads to the following restrictions on the elas-
tic constants: 𝐶11 − C12 > 0, 𝐶11 > 0, 𝐶44 > 0,
𝐶11 + 2𝐶12 > 0 [33]. The elastic constants at zero
pressure obey these stability conditions, including the
fact that 𝐶12 must be smaller than 𝐶11. Our calcu-
lated elastic constants also obey the cubic stability
conditions, meaning that 𝐶12 < 𝐵 < 𝐶11.

As a pressure is applied to (B3) BN compound, it
transforms from the zinc blende phase into the site-
ordered NaCl phase [8] or an amorphous phase pro-
posed to exist between the zinc blende to rock-salt
transition [4].

The variations of the generalized stability criteria
of (B3) BN as a function of the hydrostatic pressure
are presented in Fig. 2.

As shown in Fig. 2, we find that 𝐺 decreases gradu-
ally with the increase in the hydrostatic pressure and
vanishes at about 4.54 Mbar. Therefore, the phase
transition occurs at 4.54 Mbar. This value of the tran-
sition pressure for (B3) BN is listed and compared
with other theoretical [4–15] data in Table.

This value is in good agreement with the theoretical
results in [9, 11] and it deviates by 10.29% and 9.2%,
respectively.

It is clearly seen that our result (4.54 Mbar) is sub-
stantially lower than the value of 11.1 Mbar obtained
in [13], by using the thermodynamic instability total
energy calculations method, with the LDA pseudopo-
tential approach and the Wigner interpolation for-
mula [34] for the exchange and correlation functional.

These are the kinetic criteria, under which the
structure becomes mechanically unstable, as opposed
to the thermodynamic instability used in total energy
calculations (usually by using the equality of the en-
thalpies of different phases), which makes no reference
to a transition route [35]. The resulting thermody-
namic transition pressure will be a lower limit to the
observed transition [35]. The elastic criteria prescribe
a particular homogeneous deformation as the reaction
path, the real path is probably more complex, and,
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hence, the elastic criteria give an upper limit on the
transition pressure [35].

Usually, the elastic properties of materials are ex-
pressed in terms of engineering (or technical) moduli:
shear modulus 𝐺 and the bulk modulus 𝐵 [2]. For cu-
bic monocrystals, the shear modulus G is related to
the elastic stiffness constants by the relation [29]

𝐺 = (𝐶11 − 𝐶12)/2. (7)

For the cubic polycrystals, the shear modulus is
the average of two different results representing up-
per and lower bounds. It is a property of the isotropic
polycrystalline aggregate, and it is not easy to esti-
mate, therefore, the two bounds (in the framework
of the Voigt–Reuss–Hill (VRH) approximation). The
shear modulus 𝐺VRH is given by the expression
[36, 37]

𝐺VRH =

(︂
𝐺V +𝐺R

2

)︂
. (8)

Here, 𝐺R is the Reuss modulus given by

𝐺R =
5(𝐶11 − 𝐶12)𝐶44

4𝐶44 + 3(C11 − 𝐶12)
, (9)

and 𝐺V is the Voigt modulus defined as

𝐺V =
(3𝐶44 + 𝐶11 − 𝐶12)

5
. (10)

The hydrostatic pressure effect on the variation of
the Reuss modulus, Voigt modulus, and shear modu-
lus for this compound is presented in Fig. 3.

For a cubic crystal material, the Zener anisotropy
parameter 𝑍 is also related to the elastic stiffness con-
stants 𝐶𝑖𝑗 by the relation [29, 38]

𝑍 =
2𝐶44

(𝐶11 − 𝐶12)
. (11)

If 𝑍 < 1, the crystal is stiffest along ⟨100⟩ cube
axes, and, when 𝑍 > 1, it is stiffest along the ⟨111⟩
body diagonals [39].

The Kleinman parameter is an important parame-
ter describing the relative position of the cation and
anion sublattices. It is given by the relation [36]

𝜉 =
𝐶11 + 8𝐶12

7𝐶11 + 2𝐶12
. (12)
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Fig. 3. Reuss modulus 𝐺R, Voigt modulus 𝐺V, and the shear
modulus 𝐺VRH versus the hydrostatic pressure
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eter 𝜉 versus the pressure

The hydrostatic pressure effect on variations of the
Zener anisotropy parameter 𝑍 and the Kleinman pa-
rameter 𝜉 for this compound is presented in Fig. 4.

As shown in Fig. 4, both the Zener anisotropy pa-
rameter and the Kleinman parameter increase gradu-
ally with the hydrostatic pressure. The former takes
the value 1.50 at 𝑃 = 0 and reaches the value 2.24 at
4 Mbar, and the latter takes the value 0.38 at 𝑃 = 0
and reaches the value 0.62 at 4 Mbar.

For the cubic crystals, the Cauchy and Born coef-
ficients (𝐶a and 𝐵𝑜), are also related respectively to
the elastic stiffness constants by the following rela-
tions [25]:

𝐶a =
𝐶12

𝐶44
, (13)

𝐵𝑜 =
(𝐶11 + 𝐶12)

2

4𝐶44 (𝐶11 − 𝐶44)
. (14)
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The hydrostatic pressure effect on the variation
of the Cauchy and Born coefficients is presented in
Fig. 5. As shown in this figure, both 𝐶a and 𝐵𝑜 in-
crease with hydrostatic pressure.

3.2. Compliance Constants

The elastic compliance tensor [𝑆], which has the same
form as [𝐶], is connected reciprocally with the tensor
[𝐶] through Hooke’s relation.

The explicit relations for the component 𝑆𝑖𝑗 in
terms of 𝐶𝑖𝑗 can be given by [25]

𝑆11 = (𝐶11 + 𝐶12)/[(𝐶11 − 𝐶12)(𝐶11 + 2C12)], (15a)

𝑆12 = (−𝐶12)/[(𝐶11 − 𝐶12)(𝐶11 + 2𝐶12)], (15b)

𝑆44 = 1/𝐶44. (15c)

The obtained values of the compliance constants 𝑆𝑖𝑗

of (B3) BN at various pressures are presented in
Fig. 6.

As shown in Fig. 6, both the compliance constants
𝑆11 and 𝑆44 decrease with increasing the hydrostatic
pressure, whereas the constant 𝑆12 is almost invariant
with the variation of the hydrostatic pressure.

3.3. Young modulus and Poisson’s ratio

The Young modulus is defined as the ratio of the
longitudinal tension to the longitudinal strain un-
der tension, a quantity which is anisotropic for all
crystal classes [2, 40], but is isotropic for amorpho-
us materials [2]. Therefore, the engineering modu-
li only accurately describe the elastic behavior of
isotropic materials. The engineering moduli also ap-
proximately describe the elastic behavior of polycrys-
talline materials [2].

The modulus 𝑌 for an arbitrary crystallographic
direction 𝑚 can now be given by [25, 41, 42]

1/𝑌 = 𝑆11 − 2 (𝑆11 − 𝑆12 − 0.5𝑆44)×

×
(︀
𝑚2

1𝑚
2
2 +𝑚2

2𝑚
2
3 +𝑚2

1𝑚
2
3

)︀
, (16)

where the 𝑆𝑖𝑗 values are the elastic compliance con-
stants, and 𝑚𝑖 are the direction cosines.

The obtained values of the Young modulus at
different pressures for important directions are pre-
sented in Fig. 7.

As shown in this figure, all the curves of the Young
modulus increase with the pressure.

Poisson’s ratio 𝑃 also varies with orientation. If a
longitudinal stress in the direction 𝑚 and the trans-
verse strain along the orthogonal direction 𝑛 are un-
der consideration, then the ratio 𝑃 can be given by
[25, 40, 41]

𝑃 =
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=−
[︀
𝑆12+(𝑆11−𝑆12−0.5𝑆44)(𝑚

2
1𝑛

2
1+𝑚2

2𝑛
2
2+𝑚2

3𝑛
2
3)
]︀

[𝑆−2(𝑆11−𝑆12−0.5𝑆44)(𝑚2
1𝑚

2
2+𝑚2

2𝑚
2
3+𝑚2

1𝑚
2
3)]

.

(17)

The obtained values of 𝑃 at different pressures up
to 4 Mbar for important directions are presented in
Fig. 8.

3.4. Crystal density, sound
velocity, and Debye temperature

The crystal density 𝑔 is related to the atomic arrange-
ment and the corresponding electron density map
[25]. There are four molecules in a unit cell of the
zinc blende (B3) lattice (Fig. 9). If the accurate lat-
tice constant is available, the calculation of 𝑔 gives,
in principle, a good reliable value.

The X-ray crystal density 𝑔 can be simply written
in terms of 𝑑M as [25]

𝑔 =
𝑀𝑑M
𝑁A

=
4𝑀

𝑁A𝑉
, (18)

where 𝑀 is the molecular weight (𝑀 = 24.818 amu),
𝑁A is the Avogadro constant (𝑁A = 6.022 ×
1023 mol−1), 𝑉 is the volume of a unit cell, and 𝑑M is
the molecular density. For the zinc-blende-type semi-
conductors, 𝑑M = 4/𝑎3 [25].

The calculated crystal density versus the hydro-
static pressure is plotted in Fig. 10.

The crystal density at zero pressure is equal to
3.545 g/cm3, this value is in good agreement with the
available theoretical value (𝑔 = 3.488 g/cm3 [25]).

If the crystal density 𝑔 and the stiffness constant
𝐶𝑖𝑗 of a solid are known, one can calculate the bulk
sound velocity 𝑣 from the general relation [25]

𝑣 =

(︂
𝐶𝑖𝑗

𝑔

)︂1/2
. (19)

The average sound velocity is given by [38]

𝑣m =

[︂
1

3

(︂
2

𝑣3t
+

1

𝑣3l

)︂]︂−1/3

, (20)

where 𝑣l and 𝑣t are the longitudinal and transverse
sound velocities obtained by using the shear modu-
lus 𝐺, bulk modulus 𝐵, and density 𝑔 from Navier’s
equation [38]

𝑣l =

(︂
3𝐵 + 4𝐺

3𝑔

)︂1/2
, 𝑣t =

(︂
𝐺

𝑔

)︂1/2
. (21)
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Fig. 9. Unit cell of the (B3) lattice, 𝑎 is the lattice constant
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The calculated longitudinal (𝑣l), transverse (𝑣t),
and average (𝑣m) sound velocities versus the hydro-
static pressure on BN are plotted in Fig. 11. As shown
in this figure, the sound velocity increases with the
hydrostatic pressure up to 4 Mbar.

One of the standard methods to calculate the De-
bye temperature (𝜃D) uses data on the elastic con-
stants, since 𝜃D can be estimated in terms of the av-
erage sound velocity 𝑣m [38]:

𝜃D =
ℎ

𝑘B
(3/4𝜋𝑉a)

1/3
𝜈m. (22)
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Fig. 12. Debye temperature versus the pressure

Here, ℎ is the Planck constant, 𝑘B is the Boltzmann
constant, and 𝑉a is the atomic volume.

At low temperatures, the vibrational excitation
arises solely from acoustic modes. Hence, at low tem-
peratures, the Debye temperature calculated from the
elastic constants is the same as that determined from
specific heat measurements.

The variation of the Debye temperature 𝜃D versus
the increasing hydrostatic pressure 𝑃 of the BN is
plotted in Fig. 12.

As shown in this figure, 𝜃D increases with the
hydrostatic pressure to reach a value of 2400 K at
𝑃 = 4 Mbar.

The Debye temperature of polycrystals of the (B3)
BN compound calculated at zero pressure is equal to
1907.6 K, which is in excellent agreement with data
available in the literature [43]. It deviates slightly
from the value 1987 K obtained in the work of Siethoff
and Ahlborn [43].

4. Conclusions

The conclusions of this study to be summarized as
follows:

The effect of the hydrostatic pressure on the elas-
tic stiffness constants of this material is revealed in
that all these elastic constants increase almost lin-
early with the pressure, except for the compliance
constants, which decrease with the increase in the
hydrostatic pressure with a negative sign for the 𝑆12.

The hydrostatic pressure effects on variations of
the shear and bulk moduli, Zener anisotropy and
Kleinman parameters, Cauchy and Born coefficients,
crystal density, longitudinal, transverse, and aver-
age sound velocities, and Debye temperature are also
studied.

The obtained values of the compliance constants
𝑆𝑖𝑗 were used to predict the anisotropy effect on the
two mechanical parameters: Young modulus 𝑌 and
Poisson’s ratio 𝑃 .

In the investigation of the stability criteria, the re-
sults showed a phase transition pressure from zinc
blende to the rock-salt (or amorphous) phase at about
4.54 Mbar, which is in good agreement with some
available theoretical data reported in the literature
and shows discrepancies with another ones.
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ВПЛИВ АНIЗОТРОПIЇ ТА ТИСКУ НА ПРУЖНI
I МЕХАНIЧНI ВЛАСТИВОСТI НIТРИДУ БОРУ (B3)

Р е з ю м е

Представлено результати розрахункiв з перших принципiв
впливу анiзотропiї та тиску на пружнi i механiчнi власти-
востi нiтриду бору (B3) в рамках теорiї збурень функцiо-
нала густини. Отримано незалежнi константи пружностi i
податливостi, об’ємний модуль, модуль зсуву, параметр анi-
зотропiї Зенера, параметр Клейнмана, коефiцiєнти Кошi i
Борна, модуль Юнга i коефiцiєнт Пуассона для напрямiв в
основних кристалографiчних площинах при впливi тиску.
Дослiджено залежностi густини кристала, поздовжньої, по-
перечної i середньої швидкостей звуку i температури Дебая
вiд тиску. При вивченнi критерiїв стабiльностi виявлено фа-
зовий перехiд при тиску близько 4,54 Мбар з фази сфале-
рита в фазу кам’яної солi в доброму узгодженнi з теоре-
тичними даними з лiтератури i в суперечностi з деякими
iншими результатами.
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