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The well-known formula for the flat detonation wave velocity derived from the Hugoniót system of equations faces difficulties, if
being applied to a spherical reactor. A similar formula has been
obtained in the framework of the theory of explosion in reacting
gas media with the use of a special model describing the transition of an explosive wave in the detonation. The derived formula
is very simple, being also more suitable for studying the limiting
processes of volume detonation.

[3]. There are also approximation formulas such as
D
A
=1−
,
Dn
r − Rx

where r is the current radius, Rx the critical radius, A
a constant, Dn the velocity of a plane wave, and D the
velocity of a spherical wave. For larger charges, if the
radius exceeds the critical one, the Eyring dependence
A
D
=1−
Dn
r

1. Introduction
The strong explosion in a small volume of a detonating
gas mixture has been studied well in modern physics
[1, 2]. The velocity of a detonation wave propagating in
a spherical reactor can be calculated absolutely precisely
with the use of a variety of original software programs

(1)

(2)

is used. The work is aimed at analyzing the development
of the process at the time moment, when the energy of
a point explosion is equal to the energy of a burned gas,
r = Rx , but provided that Rx 6= ∞. In other words,
we intended to study the initial stage of detonation in
reacting gas media by determining the scalar value of
detonation wave velocity.
2. Explosion in a Chemically Inert Gas Mixture
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Fig. 1. Schematic diagram of a shock wave from the point explosion
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Consider an explosion in a chemically inert gas mixture.
Let the point explosion occur instantly in a perfect gas
with density ρ0 , and a shock wave propagates in the gas
from the point of energy release. We intend to analyze
the initial stage of the process of shock wave propagation, when the shock wave amplitude is still so high that
the initial gas pressure, P0 , can be neglected. This assumption is equivalent to a neglect of the initial internal
gas energy in comparison with the explosion one, i.e., we
consider a strong explosion. The problem consists in the
determination of the blast wave velocity, when the wave
front is simulated by a rigid piston “jamming” the gas
volume located ahead (Fig. 1). The main regularities
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of the process are well-known [4], and there is a simple
approximate method to find them.
Let the total mass of a gas engaged into a blast wave
be concentrated in a thin layer near the front surface.
The gas density here is constant and equal to that at
the front,
γ+1
ρ0 .
γ−1

ρ1 =

(3)

This formula can be derived from the formula for strong
shock waves [5] in the case where the Mach number
M  1. To avoid a misunderstanding, note that, in this
case, we mean a transformation of a medium denoted
by subscript 0 (the medium at rest before the explosion) into a medium denoted by subscript 1. The layer
thickness Δr is determined from the condition of mass
conservation,
4πR2 Δr ρ1 =

4 3
πR ρ0 ,
3

R ρ0
R
=
3 ρ1
3



γ−1
γ+1

2D
.
γ+1

2D
2

(γ + 1) 1 − (c0 /D)

4 3
πR ρ0 .
3

4 3
πR ρ0 ,
3

d
(mu1 ) = 4πR2 αP1 ,
dt
0 < R ≤ Rx0 ET + Ek = const,
and the condition of strong explosion
M 1

(11)

are valid. Moreover, we have

i,

u1 =

where c0 is the sound velocity in the unperturbed gas.
The gas mass in the layer is finite and equal to the mass
m of the gas originally contained within a sphere of radius R,
m=

(7)

Let us denote the pressure at the inner layer side as Pc ,
and let it equal α times the pressure at the wave front,
Pc = αP1 . Newton’s second law for the layer Δr in
thickness reads

2D
,
γ+1

and
P1 =

2
ρ0 D 2 .
γ+1

(12)

Formula (12) follows from the relation
P1
2γM 2 − γ + 1
=
P0
γ+1
of work [5] in the case where M  1:
2

d
(mu1 ) = 4πR2 Pc = 4πR2 αP1 .
dt
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(10)

4πR2 Δrρ1 =

(6)

h

E = ET + Ek = const ,

(5)

In the shock wave theory, a more accurate formula is
considered, which couples the gas flow velocity behind
the shock wave front, u1 , with the front velocity D:
u1 =

where the quantity Rx0 is determined from energy considerations. At this point, the kinetic energy of the blast
wave is still high enough, and its velocity considerably
exceeds that of sound in the unperturbed gas medium.
Here, we arrive at a detailed mathematical representation of formulas and equations, by using the already
known relations (4) and (8), which are the conservation
laws for the mass and the moment, respectively. However, the latter are not enough for the problem to be
solved. One more equation is needed,


.

(9)

(4)

Since the layer is very thin, the gas velocity in it almost
does not change and coincides with that at the front,
u1 =

0 < R ≤ Rx0 ,

which is the energy conservation law. The explosion energy is constant and equal to a sum of two terms: the
potential, ET , and kinetic, Ek , energies. The general
system consists of three equations – Eqs. (4), (8), and
(10) – appended by the condition of strong explosion,
M  1, when formula (6), the relations

whence
Δr =

It can be used only within the limits

(8)

2

2γ Dc2
2γ DγPρ00
P1
2γM 2
2ρ0 D2
0
≈
=
=
=
,
P0
γ+1
γ+1
γ+1
P0 (γ + 1)
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It should be noted that, in the given system of equations,
relation (4) does not determine a connection between the
regions separated by the shock wave front (regions 0 and
1). Instead, it couples the states before the explosion
and after it. While solving this problem for the onedimensional centrally symmetric flow, we come back to
Eq. (8).
The mass itself depends on the time, so that it is the
momentum mu1 rather than the velocity that should
be differentiated with respect to the time. The mass
is subjected to the action of the force 4πR2 Pc directed
from the inside, because the pressure Pc is applied to the
inner side of the layer. The force acting from the outside
is equal to zero, because the initial pressure of the gas
is neglected. By expressing the quantities u1 and P1 in
Eq. (8) in terms of the front velocity D = dR/dt and
using formulas (6) and (12), we obtain the new relation
1 d 3
R D = αD2 R2 .
3 dt

(17)

so that
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1
4πR3
mu21
t
Pc +
.
γ−1
3
2

3 (γ − 1)(γ + 1)2
4π
3γ − 1



The internal energy is concentrated in a “cavity” confined
by an infinitesimally thin layer. The pressure in the
cavity is equal to Pc . Actually, this means that, strictly
speaking, the whole mass is not contained in the layer.
A small amount of the substance is included into the
cavity as well. In gas dynamics, the specific internal
energy
 of
 the ideal gas is calculated by the formula e =
P
1
ρ
γ−1 , where P is the pressure, ρ the density, and
γ the adiabatic index. Therefore, the internal energy is
equal to

E = ET + Ek =



D=

(16)

1 4πR3
Pc ,
γ−1 3

Determining the constant a from Eq. (19) and substituting it together with Eq. (20) into formula (15), we arrive
at the expression for the shock wave velocity in the case
of point-like explosion, Whence, we have
1/2 

(14)

where a is the integration constant. To determine the
parameters a and α, let us take the energy conservation
law into account. The kinetic energy of the gas is equal
to

ET =

(20)

E
ρ0

1/2
.

(21)

Substituting the values of a and α in formula (15), we
obtain the formula for the velocity of a blast wave at a
point explosion,

(15)

mu21
Ek =
.
2

1
.
2

α=

(13)

and integrating Eq. (13), we find
D = a R−3(1−α) ,

Since the explosion energy E is constant, the power exponent of the variable R must be equal to zero. This
means

a=

Bearing in mind that
d
d dR
d
=
=D
dt
dR dt
dR

Expressing the quantities Pc and u1 once more in terms
of D and substituting D = aR−3(1−α) , we obtain


4
2
2α
2
R3−6(1−α) .
(19)
E = πρ0 a
+
3
γ 2 − 1 (γ + 1)2

(18)

3 (γ − 1)(γ + 1)2
4π
3γ − 1

1/2 

E
ρ0

1/2

R−3/2

(22)

or

D = ξ0

E
ρ0

1/2

R−3/2 ,

where
1/2

3 (γ − 1)(γ + 1)2
.
ξ0 =
4π
3γ − 1

(23)

(24)

3. Theory of Explosion in a Combustible
Mixture of Gases
Distinctive features of the problem consist in that the
exothermic chemical reactions are possible in such a
medium. Therefore, it is quite reasonable to assume that
the blast wave continuously transforms into the detonation one. Let us consider the following model. An explosion in the gas generates a strong shock wave, which
propagates over the gas and heats it up to a state, in
which burning reactions become probable. We denote
the energy of explosion by E0 . The energy U released at
the combustion of the gas is equal to
U=

4 3
πR ρ0 Q0 ,
3 1

R 0  R1 ,

(25)
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where Q0 is the specific heat released in the medium (per
mass unit of the medium). The process is considered at
the time moment t1 , when R = R1 (Fig. 2). Supposing
that E0 > U , we determine a condition, under which the
detonation energy weakly affects the gas flow [6],
R1 < Rx ,

Rx

r
R2

Fig. 2. Scenario of the continuous transformation of a blast wave
into a detonation one: R0 is the charge radius, Rx is the threshold,
where the transformation of the strong detonation mode into the
Chapman–Jouguet one is possible

3E0
.
4πQ0 ρ0

Let the charge have a finite radius R0 . Then, when applying the conventional theory of point explosion to the
description of the motion, we have to use the estimation
R0 < R < Rx .

(27)

It should be noticed that conditions (26) and (27)
strongly restrict the scope, where the laws of point explosion in an inert gas are applicable to the flows in the
detonating medium. However, if the energy E0 is high,
and if it is released in a small volume, the flow in the
region R1 < Rx would mainly occur as it does at an ordinary point explosion. On the other hand, for the time
moment t2 , at which
R = R2

R0

o

(26)

where
Rx3 =

R1

and E0 < U ,

(28)

the combustion processes start to play a dominating role,
and the gas flow will possess the main characteristics of
the detonation combustion [6].
From the aforesaid, some interesting conclusions can
be drawn.
1. The theory of point explosion is applicable for a combustible mixture of gases within the limits R0 < R < Rx ,
if the proposed model of transformation of a blast wave
into a detonation one is valid for the given mixture. Another scenario is probable, when the detonation is impossible under the given physico-chemical conditions in
the gas medium, and the blast wave simply fades.
2. When R → Rx , the energy of the system considerably
changes, E 6= const, increasing almost twice as much,
which has to be taken into consideration while studying
the gas motion at this stage.
3. It is evident that, if R → Rx , the energy becomes
proportional to the cube of the sphere radius, E ∼ R3 .
Hence, we come to an idea of that, for the model of
point explosion in a combustible mixture of gases to be
valid at R → Rx under our conditions, it should be either
modified or extended. Look once more at formula (19)
expressing the energy conservation law. In the theory
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of point explosion for a usual non-detonable mixture of
gases, it is adopted that E = const, which results in
α = 1/2. However, in the case α = 1, Eq. (19) yields
E ∼ R3 , which is necessary in our case. One can see
that the energy conservation law allows the following set
of relations:
α = 1;

(29)



2α
2
4
2
+
R3 ;
E = πρ0 a
3
γ 2 − 1 (γ + 1)2

(30)

3 (γ − 1)(γ + 1)2
a=
16π
γ


1/2 

E
ρ0

1/2

R−3/2 .

(31)

Substituting the new values of a and α into formula (15),
we obtain

1/2  1/2
3(γ − 1)(γ + 1)2
E
D=a=
R−3/2 . (32)
16πγ
ρ0
According to the integration rules, the quantity a is a
constant. Hence, a new formula for the velocity of a
blast wave in the reacting gas medium is proposed:

D=

3(γ − 1)(γ + 1)2
16πγ

1/2 

E
ρ0

1/2

R−3/2 = const.
(33)

This result is quite possible, if one takes into account
that the energy of the system changes.
4. Results and Their Discussion
Let us determine the shock wave velocity in the critical
zone, when R → Rx (Fig. 2). As an example, let us
consider the detonating gas,
2H2 + O2 = 2H2 O + Q ,
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where Q = 286.5 kJ/mol is the thermal effect obtained at
a combustion of one mole of hydrogen. Let this reaction
(an initial explosion) be initiated. The energy of the
system is
E = V nH2 q + E0 ,

(34)

where V is the volume of some sphere, nH2 the concentration of hydrogen molecules in this sphere, q the
thermal effect produced by one hydrogen molecule, and
E0 the initial energy of a charge of radius R0 (recall that
R0  Rx , but the current radius of the sphere R → Rx ).
The volume of the sphere and the concentration of hydrogen in it are calculated using the known formulas:
V =

P0
4 3
πR , nH2 = ∗ NA c% ,
3
K T0

where KP∗0T0 = ρµ0 ; P0 , T0 , and ρ0 are the initial pressure, temperature, and density of the gas mixture; K ∗ is
the universal gas constant; NA the Avogadro constant;
c the current content of hydrogen in the mixture (it is
supposed that all the hydrogen burns out in the course
of the reaction); and µ the molar mass of the mixture.
Hence,
4 3 P0
πR
NA c% q + E0 .
3
K ∗ T0

E=

(35)

E0
(γ + 1)2 (γ − 1) NA qc%
+ (ξ00 )2
=
4γ
µ
ρ0 R 3


1/2
.

At the time moment, when R → Rx , where Rx 
R0 , the second term in the brackets tends to zero,
0
(ξ00 )2 ρE
3 → 0, whence we obtain
0R

D=

(γ + 1)2 (γ − 1) Qc%
4γ
µ

1/2
,

(37)

taking into account that Q = NA q, where Q is the thermal energy of one hydrogen mole. The final formula
(37) is suggested to describe the velocity of a detonation
wave.
Above the threshold Rx , the charge energy E0 loses
its importance; further, the energy of the system is replenished only by the first term, which demonstrates the
real wave velocity. Provided that formula (37) is valid,
the examined quantity does not depend on the mixture
pressure. At the initial time moment, the velocity is constant, and it is governed by the following parameters: the
combustion energy per one mole of the combustible gas,
Q; the fraction of the burned-out gas, c; the molar mass
of the mixture, µ; and the adiabatic index for the given
mixture of gases, γ. For a plane wave, the following
formula is widely known [5, 7]:
p
(38)
D = 2(γ 2 − 1)Q∗ ,

Substituting Eq. (35) into Eq. (33), we obtain

D=



3(γ − 1)(γ + 1)
16πγ

4/3πR3



×

×R

P0 NA c%
K ∗ T0


2 1/2



×

q + E0



P0 µ
K ∗ T0

−3/2

=

ξ00



1/2
×

E0
4/3πR3 NA qc%
+
µ
ρ0

1/2

R−3/2 ,

where
ξ00

3(γ − 1)(γ + 1)2
=
16πγ


1/2
.

(36)

Shock wave velocities

Further transformations give rise to the formula

D=
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2

(γ + 1) (γ − 1)R
4γ

−3

3

R NA qc%
E0 R
+(ξ00 )2
µ
ρ0

where Q∗ is the ratio between the energy released by
a substance to the mass flow of this substance. As a
result, by comparing formulas (37) and (38), we come
to a conclusion that they are very similar, although the
former seems to be more adequate for the description of
the continuous process of transformation of the spherical
detonation into the plane one. The results of calculations
for two different gas mixtures are compared in the Table,
where Ds is the velocity of a spherical wave calculated by
the new formula (37) at the beginning of the detonation,
when R = Rx ; Dn is the plane wave velocity at the final
stage of detonation, when R → ∞, taken from work [8];
and ε is the corresponding relative difference.
In this work, the ideal case of the transformation of
an explosive spherical wave into the Chapman–Jouguet
mode is considered. From this viewpoint, formula (37)
proves that the mode of normal spherical detonation can


−3 1/2
=

Gas mixture

Ds [m/s]

Dn [m/s]

[%]

66.6%H2 + 33.3%O2
25%C2 H2 + 75%O2

2550
2089

2830
2330

9.9
10.3
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exist at the beginning of the process, much earlier before the curvature radius can be assumed tending to the
infinity. Moreover, it demonstrates a possibility of the
existence of the normal spherical detonation with a lower
velocity of a shock wave in comparison with the classical
one. The mathematical expression (38) is “actual” at the
final stage, when the radius tends to infinity, i.e. for the
plane wave. It should be noted that, in the gas dynamics
researches, instead of the shock wave velocity, its ratio
to the sound velocity in the unperturbed gas medium,
c0 , i.e. the Mach number M , is often used,
D
.
c0

obtained for plane waves. The answer to the question
about whether or not the detonation will actually take
place can be given after studying the kinetics of a chemical reaction at the time moment, when the threshold
Rx is passed. There is no doubt that the stoichiometric
mixture of hydrogen and oxygen will generate a detonation wave. However, it is difficult to assert the same for
the mixture with 12% of hydrogen. In this case, it is
necessary to consider the reaction mechanism itself.
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s
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(40)
= γ
ρ0
µ

3. Ch. Mader, Numerical Modeling of Detonation (University
of California Press, Berkeley, 1979).

M=
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M=

(γ + 1)2 (γ − 1) Qc%
4γ 2
K ∗ T0

1/2
.
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5. Conclusion
Provided that the shock wave velocity or the Mach number is known, the solution of one of the basic gas dynamics problems can be obtained, i.e. we can find the parameters (P1 , T1 , ρ1 ) at the wave front, if we know the set
(P0 , T0 , ρ0 ) of parameters for the unperturbed medium.
In particular, the determined parameters are necessary
for studying the kinetics of a chemical reaction in the
course of the shock transition.
To summarize, it should be noted that formula (37)
determines the velocity of a detonation wave at the initial stage, if this wave is generated at the combustion of
some “portion” (the parameter c) of a combustible gas,
when R → Rx (see Fig. 2 and the model described the
transformation of a blast wave in a detonation one). This
formula is valid for a bulk spherical wave, in contrast
to formula (38) known from the literature, which was
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ВИЗНАЧЕННЯ ШВИДКОСТI ДЕТОНАЦIЙНОЇ ХВИЛI
У ВИБУХОВIЙ ГАЗОВIЙ СУМIШI
М.М. Полатайко
Резюме
У науковiй лiтературi загальновiдомою є формула швидкостi
плоскої детонацiйної хвилi, що виведена iз системи рiвнянь
Гюгонiо, проте для сферичного реактора користуватися нею
важкувато. Метою роботи стало показати можливiсть втiлення положень теорiї вибуху в реагуючих газових середовищах
для виводу подiбної формули, використовуючи спецiальну модель переходу вибухової хвилi в детонацiю. Як i в першому, так
i в другому випадку дiють закони збереження iмпульсу, маси
i енергiї, тому результати мають бути однаковими або майже
однаковими, що i пiдтвердили розрахунки. Таким чином, отримано формулу дуже просту для користування i бiльш придатну
для вивчення граничних процесiв об’ємної детонацiї.
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