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The interdiffusion in multicomponent liquids under influence of
chemical reactions has been studied. A nonlinear modification of
Fick’s law of diffusion [8, 9] is used. The concentration dependence
of the diffusion coefficient Deff for solutions “ethyl alcohol + wa-
ter” is analyzed. It has been shown that the creation of molecular
complexes (alcohol hydrates) should be taken into account in order
to explain the non-monotonic experimental dependence of Deff on
the alcohol concentration in solution (at 40÷ 60% of alcohol, the
minimum of the coefficient of diffusion is realized).

As is well known, the thermodynamics of multicompo-
nent mass transfer in liquids is described by nonlinear
differential equations [1, 2]. Thus, the diffusion co-
efficients measured in the experiment are functions of
mixture component concentrations1. A specific feature
of multicomponent solutions is the appearance of addi-
tional flows associated with the interdiffusion of different
components besides the ordinary diffusion flows. If in-
teractions between particles take place, such flows are
nonlinear, as the transport of particles of some sort is
accompanied by the transport of particles of other sorts.
In the partial case of an interaction of the “excluded
volume” type, a nonlinear mass transfer equation was
derived (in the long-wave approximation) within the lat-
tice gas model and in the phenomenological symmetry
approach based on an effective Ginzburg-Landau Hamil-
tonian [3–7].

The same view of a nonlinear mixed flow was used
in [8, 9] to describe the nonlinear diffusion kinetics in

1 Further, we examine only the effects associated with the inter-
diffusion. The self-diffusion does not change the experimentally
detected concentrations of components of solutions.

multicomponent fluids. In this paper, we use a method
developed in [8, 9] to describe the kinetic properties of
solutions C2H5OH + H2O. The results are compared
with experiment [14].

It is known that the dissolution of one substance in an-
other one is accompanied by the formation of molecular
complexes arising due to the intermolecular interaction.
In the frame of the posed problem, we now consider a
mixture of two molecular substances X and Y in the
liquid state. The interaction between molecules leads to
the formation (with some probability) of complexes of
the XnY m type (m and n are the numbers of structural
units (e.g., molecules) of a certain type in the complex).
In what follows, we will consider only the “formation–
decay” reactions:

nX +mY → XnY m, XnY m → nX +mY. (1)

Within our model, this kind of a mixture consists of three
components2: X, Y , and XnY m.

The process of mass transfer involves structural units
(molecules) of pure substances and complexes (the re-
sult of chemical reactions). Note that the real solutions
can contain molecular complexes of different composi-
tions, and the consideration of a single complex XnY m

is a certain simplification. Therefore, we will interpret
the numbers n and m as the mean (effective) numbers
for the corresponding structural units (molecules) in the
complexes.

Chemical reactions (the formation of complexes or as-
sociations) result in a local imbalance (the concentra-
tions of individual components are changed) and in the

2 Generally speaking, the componentsX and Y are not necessarily
monomolecular. In most cases, alcohols have such structural
forms of the liquid state as dimers, trimers, tetramers, etc.
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appearance of nonlinear mixing flows. The mutual move-
ment of various components occurs under the preserva-
tion of the total volume of a mixture [8, 9]. Due to this
circumstance, we will work with partial volumes, rather
than with concentrations. Within this approach, the dif-
fusion is described by the equations of continuity [9, 10]

∂Mi/∂t+ divj i = Si, (2)

j i =
∑
j

dij [Mj∇Mi −Mi∇Mj ]. (3)

Here, Mi ≡ Mi(r, t) is the volume fraction of the sub-
stance “i” in a physically infinitely small volume, whose
center is at a point r in time t; j i ≡ j i(r, t) are the flows
characterized by the mutual attraction of particles; Si
are functions of the sources (sinks) which depend on the
processes of creation (disappearance) of molecules of the
substance i; and dij are the coefficients of a symmetric
tensor (“interdiffusion coefficients”) which can be consid-
ered as mass transfer characteristics, material parame-
ters of a liquid solution.

The preservation conditions of the substance and the
volume are determined by three integrals of motion (con-
servation laws):∑
i

Mi = 1,
∑
i

ji = 0,
∑
i

Si = 0. (4)

In what follows, we neglect the shrinkage or swelling
and consider the system temperature to be constant:
T0 = const. In view of (4), we have the relations

M2 = 1−M1 −M3, ∇M2 = −∇M1 −∇M3 (5)

that allow us to exclude M2 from the relevant equations.
Given (1), the source functions can be written as fol-
lows3:

S1 = β1M3 − α1M
n
1 M

m
2 ,

S2 = β2M3 − α2M
n
1 M

m
2 ,

S3 = −(S1 + S2).

 (6)

In the process of diffusion, the molecules of substance
X are transferred both individually and in complexes

3 The equations contain only partial volumes and the phenomeno-
logical constants of reactions α, β. Therefore, the structure of
pure substances (monomolecules, dimers, trimers, etc.) is not
relevant. In chemistry, n and m are called “orders of reaction” in
reagents 1 and 2. It is noted that the orders of reactions almost
never coincide with the stoichiometric coefficients (see [11, 12] ).
So n and m should not be necessarily integers, because they can
be interpreted as the corresponding averages by group effects.

XnY m. In this case, the total (registered by devices)
flows of substances “X” or “Y” (in the free or bound
state) are defined as linear combinations

jtotal1 = j1 + η1 · j3, jtotal2 = j2 + η2 · j3, (7)

where η1 = nΔVX/(nΔVX + mΔVY ) and η2 =
mΔVY /(nΔVX+mΔVY ) are the ratios of molecular vol-
umes of pure substances and complexes XnY m). Hence,
the relative volumes, which determine the total number
of molecules of the substance (free and a part of any
combinations), are as follows:

M total
1 = M1 + η1M3, ∇M total

2 = ∇M2 + η2∇M3,

(η1 + η2 = 1). (8)

Moreover,

M total
1 +M total

2 = 1. (9)

Using (2), (8), and (9), it is easy to prove that the fol-
lowing continuity equation is satisfied (see Appendix B):

∂M total
n

∂ t
+ div jtotaln = 0. (10)

The last equation has a simple interpretation: at the
mixing, the substances do not disappear, but simply
change their states (the “free particles – bound particles”
transition).

The lack of “sources” in relation (10) allows us to pass
to the description of a general mass transfer character-
ized only the functions M total

1 and M total
2 . Since the

formation rate of complexes4 is much higher than the
characteristic speed of the diffusion (d/α) ∝ ε � 10−3

see, e.g., [13, 19, 20]), (10) can be averaged by the fast
variable τ (scale τint) that characterizes the processes of
intermolecular interaction (the complex formation and
chemical processes). This procedure yields the equa-
tion that describes only the slow process of mass transfer
(slow changing t′ on the scale τdif). Clearly, τint � τdif .

The lack of sources in (10) means that M total
1 and

M total
2 are the integrals of motion for fast processes

(chemical reactions). In other words, M total
1 and M total

2

depend only on the “slow time” t′ associated with the
mass transfer. In this case, information about the fast
(chemical) processes is implicitly included in jtotaln (7)
through Mn(t′, τ, r). The fact that M total

1 and M total
2

depend only on the “slow time”,

M1(t′, τ, r) + η1M3(t′, τ, r) ∼= M total
1 (t′, r), (11)

4 It is determined by the constants α and β.
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gives us the opportunity to average jtotaln over the “quick
time” (see, e.g., [18]). Then we arrive at the system
of mass-transfer equations with the “slow time” without
additional sources or external fields:

∂M total
n

∂ t′
+ div 〈jtotaln 〉τ = 0. (12)

We will assume that the chemical reactions are so fast
that the system can locally come to an equilibrium dur-
ing the time which much smaller than the characteristic
mass-transfer (diffusion) time. Furthermore, we neglect
the time correlations on a small time scale, which cor-
responds to the mean-field approximation. Thus, for
〈jtotaln 〉τ , we get

〈jtotal1 〉τ = [−d12 + q0〈M3〉τ ]∇〈M1〉τ+

+[−η1d23 − q0M1]∇〈M3〉τ , (13)

where

q0 = (d12 − d13) + η1(d13 − d23). (14)

The averaging time τ is chosen with regard for the con-
dition τint � τ � τdiff (τint is the characteristic time
of formation of intermolecular bonds (chemical reaction
time) and τdiff is the characteristic time of a diffusion
displacement at a distance determined by the equipment
resolution).

Considering that the liquid mixture is near the state
of local equilibrium and averaging by the “quick time,”
we obtain the following relation from (6) for the “slow
time”:

〈M3(r, t )〉τ ≈ γ [〈M1(r, t )〉τ ]n[〈M2(r, t )〉τ ]m =

= γ [〈M1(r, t )〉τ ]n · [1− 〈M1(r, t )〉τ − 〈M3(r, t )〉τ ]m,
(15)

where γ = α/β. This result together with (11) al-
low us to express 〈Mn〉τ in terms of M total

1 (r, t) (or
M total

2 (r, t)). To reduce the recording, we introduce the
notation 〈Mn〉τ ≡ Gn(M total

1 ). As a result, the system
of equations (10) becomes

∂M total
n

∂ t′
+div [Dtotal

n (M total
n )∇M total

n ] = 0, (n = 1, 2 ),

(16)

where the functionDtotal
n (M total

n ) can be found in the ex-
plicit form within the given model of chemical reactions
(sources Sn) and nonlinear flows (coefficients dnm).
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Fig. 1. Typical forms of the concentration dependence of the diffu-
sion coefficient of binary mixtures in the model {X,XnY m, Y }: 1
– n = 1, m = 3, d12 = 0.1, d13 = 0.1, d23 = 1, η = 0.25, γ = 1.

2 – n = 3, m = 3, d12 = 0.4, d13 = 0.8, d23 = 0.2, η = 0.75, γ =

100. 3 – n = 1, m = 1, d12 = 0.5, d13 = 2.0, d23 = 0.5, η =

0.5, γ = 1. 4 – n = 3, m = 3, d12 = 0.6, d13 = 0.7, d23 = 1.1, η =

0.5, γ = 100. (dnm are components of the diffusion matrix)

For a triple system described by sources (6), we obtain
the effective diffusion coefficient in the form suitable for
further numerical calculations:

Deff(M total
1 )=

(d12−q11G3)+Φ0 ·(η1d23+q11G1)
1+η1 ·Φ0

. (17)

Here, we denote

Φ0 ≡ Φ0(M total
1 ) =

=
(
n
G3

G1
−m G3

1−G1 −G3

)(
1 +m

G3

1−G1 −G3

)−1

.

(18)

Once again, we note that the opportunity to pass to
the consideration of a slow (diffusion) dynamics is re-
lated to the fact that the functions M total

1 and M total
2

are the integrals of motion for rapid (chemical) pro-
cesses. In other words, these functions depend only on
the “slow time”. Consequently, the prime at t will be
dropped.

The specific features of the functional depen-
dence Deff(M total

1 ) are determined by the parameters
αn, βn, dnm, and ΔVn. Typical forms of its concentra-
tion dependence are shown in Fig. 1. The behavior of
Def(M total

1 ) depends strongly on the type of complexes
XnY m. It is easy to verify that Deff(0) = d12 in the
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Fig. 2. Concentration dependence of relative diffusion coefficient
for ethyl alcohol in water. Points – the experimental data [14],
solid curve – is the theoretical calculation. In accordance with [14]
effective diffusion coefficient for infinite diluted solution Deff(0) =

1.2× 10−9m2/s

case where n ≥ 2,m = 1 at extremely low concentra-
tions (M total

1 → 0), and the coefficient Deff(1) = d12 for
n = 1,m ≥ 2 as M total

1 → 1. For certain relations be-
tween the parameters of the system, the functionDef(M)
has extrema. Their relative value and position can be
used to determine the qualitative characteristics of com-
plexes.

The diffusion of ethanol in aqueous solutions has stud-
ied in many works [14–17]. Below, we will focus on work
[14], in which the diffusion was studied at a stabilized
temperature. As seen in Fig. 2, the alcohol diffusivity
has a non-monotonous dependence with a deep minimum
in the region 40÷ 60% (to ∼30% of the maximum value
of Deff).

As a result of numerical calculations, we determined
the optimum values of parameters that characterize the
processes of diffusion in the “ethyl alcohol–water” mix-
ture: n = 2.5,m = 1, d′12 = 1.00, d′13 = 0.90, d′23 =
0.05, γ = 65, η1 = 0.78 (the normalization of the diffu-
sion matrix coefficients is performed by the value Def(0),
i.e., d′nm = dnm/Deff(0)). Possessing the coefficient η1,
we assume that alcohol5 behaves itself as a monomolec-
ular substance (S1). Then we obtain

ΔVW =
(

1− η1
η1

)
ΔVS ∼= 92(Å)3. (19)

5 We use the abbreviations S ≡ spirtus,W ≡ water. Lower indices
are the numbers of relevant molecules.

The last value is closest to the volume occupied by a
complex6 of three molecules of water ΔV (c)

W = 3ΔV (1)
W =

90(Å)3. Therefore, we may assume that, in our case,
Y 1 = W3. We note that, according to [21, 22], water
particles that move in the process of diffusion (“the dif-
fusing water particles”) are the units from three (on the
average) water molecules (trimers).

Thus, it turns out that the averaged (effective) hy-
drate ethanol complex has the form similar to 〈S3W3〉.
According to [14, 15], hydrates S1W3 and S3W1 play
the major role at medium and high concentrations. The
results of our calculations indicate that the “effective hy-
drate” structure belongs to the same type as the struc-
ture of real hydrates7.

Despite a substantial simplification of the model as
compared with the real case (it is known that many
different complexes of alcohol hydrates are present in
an “water–alcohol” mixture [15, 23]), the main qual-
itative features of the measured and calculated effec-
tive diffusion coefficient coincide. We note that the
numbers n and m describe, in our case, the corre-
sponding averages of molecular units in a molecule of
“effective” alcohol hydrate. For more accurate cal-
culations, it should be taken the presence of dif-
ferent types of complexes in a mixture into ac-
count.

Recall once again that we focus on experiments8 where
the total concentration of substance 1 is measured (in the
free and chemically bound states). Figure 3 shows Mp,
(p = 1, 2, 3) versus M total

1 at the above-mentioned val-
ues of the parameters of substances. As we can see, the
number of hydrates (complexes of type XnY m – sub-
stance 3) has a maximum at the total alcohol concentra-
tion ≈ 70%9.

The coefficient γ which is the ratio of the rates of
formation/disintegration of complexes can be obtained,
generally speaking, from independent experiments [11–
13].

Because the “ethanol–water” mixture is not binary,
but triple (at the mixing, new compounds such as al-
cohol hydrates appear), the transport properties of the

6 The values of volumes are taken from [17].
7 Known type of alcohol hydrates is, e.g., S1W12, but most of

hydrates are unstable formations. Therefore, we may assume
that only stable hydrates and the “debris” of unstable hydrates
take part in diffusion processes.

8 With the use, e.g., the method of evaporation, the method of
optical absorption at frequencies corresponding to inner shells,
etc.

9 Interestingly, the so-called “medical alcohol” (disinfectant with
the highest effect) has the same part of alcohol.
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system are determined by three coefficients d12, d13, and
d23. They can be considered as ordinary diffusion coef-
ficients in the presence of only two (from three possible)
components. In reality, it is not possible, may be, to real-
ize these conditions, but a simple description (e.g., with
a less number of parameters) is also impossible because
of the complexity of the system under consideration.

Finally, we underline that the mass-transfer equation
(10) does not depend on the specification of nonlinear
flows (2) and source functions (6). Due to the inertia of
devices, the characteristics registered by them are usu-
ally averaged. For example, the full flow of a substance
n can be presented in the form

〈jtotaln 〉τ ∼= −Deff
n (M total

n )∇M total
n (20)

for any molecular liquids, in which the characteristic
time of chemical reactions is small as compared with the
diffusion shift time. Thus, the Fick’s diffusion coefficient
Deff
n (M total

1 ) can be introduced not in all the cases, but
only if the mentioned condition is satisfied.

The authors thank S. Lukjanets for the indication of
the need to study the continuity equation for M total

n ,
fruitful discussions, and great help in the research.

APPENDIX А

In general, the non-linear dependence (3) is consistent with the
equilibrium condition Mi(r, t → ∞)/Mj(r, t → ∞) =const in a
heterogeneous environment10. Indeed, the gradient

∇
(
M∞i
M∞j

)
=
M∞i ∇M∞j −M∞j ∇M∞i

(M∞j )2
= 0,

(M∞n ≡Mn (r, t→∞)) (A-1)
can turn into zero only if numerator (4) is zero. As we can see
from (3), the flow stops: j i (r, t→∞) = 0. In a partial case of
homogeneous media, the equilibrium condition is simplified and
passes to the normal form: Mi(r, t→∞) =const.

But the case of two non-interacting molecular liquids is an ex-
ception. Indeed, when M3 = 0, then the condition of volume
conservation is

M1 +M2 = 1 (A-2)

Hence, we have

M2 = 1−M1, ∇M2 = −∇M1. (A-3)

Substituting (А-2) to (3)

j1 = d12 [M1(−∇M1)− (1−M2)∇M1] (A-4)

and taking (А-3) into account, we get a standard diffusion equation
in the Fick’s form

j1 = −d12∇M1 (A-5)

10 Especially demonstrative are the cases of inhomogeneous media
with fillers.
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Fig. 3. Dependence of the renormalized concentrations M1, M2,
and M3 on Mtotal

1 (i.e. the full content of a substance in the
mixture). Numbers near curves indicate mixture components. The
parameters are the same as those in Fig. 2

with the constant diffusivity d12. If each molecule of substance 1
occupies a volume ΔV1, then (А-5) yields

J1 = −D0
F∇N1, (A-6)

where J1 = j1/ΔV1 is the number of particles (molecules) of type 1
which cross a unit surface for unit time, and N1 = M1/ΔV1 is the
concentration of particles. As we can see, in the case of chemically
inert components of a mixture, the coefficient d12 coincides with
the usual Fick’s diffusion coefficient D0

F = d12.

APPENDIX B

Consider the reaction

nA+mB → C. (B-1)

Indices 1, 2, and 3 correspond, respectively, to substances A, B,
and C. Let ΔVi be the volume of molecule “i”. For the “molecular
complexes”, we have

ΔV3 = nΔV1 +mΔV2. (B-2)

Then the “share” of substance 1 in molecule 3 is

η1 =
nΔV1

nΔV1 +mΔV2
. (B-3)

As for the derivative, we obtain

∂Mtot
1

∂ t
=
∂M1

∂ t
+ η1

∂M3

∂ t
= (S1 + η1S3)− div (j1 + η1j3) (B-4)

or

∂Mtot
1

∂ t
+ div jtot1 = F1, F1 = S1 + η1S3. (B-5)

Reactions (B-1) are related to the following “source” functions:

S1 = −nΔV1f0, S2 = −mΔV2f0, S3 = +ΔV3f0, (B-6)

where

f0 = α0M
n
1 M

m
2 − β0M3. (B-7)
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Here, α0 and β0 are proportional to the synthesis rate and the
destruction rate of molecules C. Substituting, we get F1 = 0.
In this case, the equation of continuity does not depend on the
“source functions” Sn.
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ВЗАЄМОДИФУЗIЯ У ВОДНОМУ РОЗЧИНI
ЕТИЛОВОГО СПИРТУ

В.В. Обуховський, В.В. Нiконова

Р е з ю м е

Розглянуто взаємодифузiю у багатокомпонентних рiдких си-
стемах в умовах протiкання хiмiчних реакцiй. Використано не-
лiнiйну модифiкацiю закону дифузiї [8, 9]. Для сумiшi “ети-
ловий спирт–вода” теоретично проаналiзовано залежнiсть ко-
ефiцiєнта дифузiї Deff вiд вмiсту спирту. Показано, що для
пояснення експериментально зафiксованої немонотонної зале-
жностi Deff вiд концентрацiї спирту у розчинi (що має глибо-
кий мiнiмум дифузiї в областi 40–60 об’ємних вiдсоткiв спирту)
потрiбно враховувати утворення у процесi розчинення молеку-
лярних комплексiв (гiдратiв спирту).
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