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Elastic 16О+16О scattering at energies of 124, 145, 250, 350, and
480 MeV is analyzed in the framework of the optical model with
the use of the nucleus-nucleus potential with a repulsive core. The
elastic scattering cross-section is calculated with regard for the
core and without it. It is shown that taking the core into account
will result in an increase of the elastic scattering cross-section at
backward angles. The decomposition of the scattering amplitude
into the near- and far-side components is studied.

1. Introduction

Much attention is recently paid to the study of elastic
scattering reactions of light and heavy ions. In order to
analyze these reactions, one needs to know the nucleus-
nucleus interaction potential that determines the elastic
scattering cross-section [1–3]. The potential of nucleus-
nucleus interaction consists of the nuclear, Coulomb, and
centrifugal parts. The Coulomb and centrifugal interac-
tions of two nuclei are well known. The nuclear part
of the nucleus-nucleus interaction can be estimated, by
employing various approaches: macroscopic, semimicro-
scopic, and microscopic ones [1–20].

The nuclear part of the interaction potential is often
parametrized by the Woods–Saxon potential [1–3] or the
double-folding potential [2–8]. These potentials are at-
tractive at any distances between nuclei. In contrast,
the proximity potential [9] or those based on the Skyrme
forces [10–14] are attractive at large and close distances
between interacting nuclei and are repulsive at very small
distances, when nuclei are strongly overlapped. This re-
pulsion is related to the high incompressibility coefficient
of nuclear matter, the contribution made by the kinetic
energy, the Pauli principle, and antisymmetrization [10–
14].

A large amount of experimental data was analyzed
with the Woods–Saxon potential or the double-folding
potential [1–8]. However, very few reactions have been
considered with the use of the potential with a repulsive
core at small distances [10, 15–21]. Works [19–21] were
devoted to the study of the elastic scattering reactions
16O+12С and 12С+12С in the framework of the optical
model on the basis of the nucleus-nucleus potential with
a repulsive core. The parameters of this potential were
found by fitting the experimental data on elastic scatter-
ing. It is worth noting that the 12С and 16O nuclei are
very stiff, that is why elastic scattering reactions with
their participation are sensitive to the behavior of the
potential at small nucleus-nucleus distances [7, 19–21].
The purpose of this work is to analyze the elastic scat-
tering reaction 16O+16O at various energies using the
repulsive core potentials from [19–21].

2. Potential Parametrization

The real part of the nucleus-nucleus potential v(R) con-
sists of the Coulomb vC(R), nuclear vN (R), and cen-
trifugal vl(R) components:

v(R) = vC(R) + vn(R) + v`(R). (1)

For the Coulomb and centrifugal components, we pro-
pose the following relations:

vC(R) =


Z1Z2e2

R , R ≥ RC ,

Z1Z2e2

RC

[
3
2 −

R2

2R2
C

]
, R < RC ,

(2)

vl(R) =
~2l(l + 1)

2M [A1A2/(A1 +A2)]R2
. (3)
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Here, A1,2 and Z1,2 denote the numbers of nucleons
and protons in the corresponding nuclei, respectively,
e is the proton charge, M is the nucleon mass, RC =
rC(A1/3

1 +A
1/3
2 ), and l is the orbital momentum.

The imaginary part of the nuclear potential consists
of the volume and surface components

W (R) = − W0

1 + exp[(R− rw(A1/3
1 +A

1/3
2 ))/dw]

−

− Ws exp[(R− rs(A1/3
1 +A

1/3
2 ))/ds]

ds{1 + exp[(R− rs(A1/3
1 +A

1/3
2 ))/ds]}2

. (4)

Such a representation of the imaginary part is common
in the theory of nucleus-nucleus collisions [1-3].

2.1. Parametrization of the Nuclear Part of the
Potential. Type А

First, we consider that the nuclear part of the poten-
tial can be parametrized in the form of a common long-
range part parametrized by the Woods–Saxon potential
and the short-range repulsive part of the core potential
Vcore(R)

vN (R) =
−V0

1 + exp
[
R− r0(A1/3

1 +A
1/3
2 )/d0

] + Vcore(R).

(5)

Here, the core potential is determined in the same way
as that in [19]:

Vcore(R) = Ccorev(R, a). (6)

Here,

v(R, a) =
4πa3

3
− πRa2 +

πR3

12
(7)

for R < 2a and v(R ≥ 2a, a) = 0, and Ccore and a are
the fitting parameters dependent on the collision energy.

Thus, we obtain 12 parameters of the potential belong-
ing to its real and imaginary parts: V0, r0, d0, Ccore, a,
RC , Ww, rw, dw, Ws, rs, and ds.

2.2. Parametrization of the Nuclear Part of the
Potential. Type B

Let us consider another parametrization of the nuclear
part of the heavy-ion potential [20, 21],

vN (R)=


−V0

1+exp
[
R−r0(A

1/3
1 +A

1/3
2 )/d0

] , R≥Rm,

b0 + b1s+ b2s
2 + b3s

3 + b4s
4, R<Rm,

(8)

where s = R − Rm. Since the nuclear part of the po-
tential and its derivative are to be continuous at the
matching point Rm, we obtain

b0 =
−V0

1 + exp[(Rm − r0(A1/3
1 +A

1/3
2 ))/d0]

, (9)

b1 =
V0 exp[(Rm − r0(A1/3

1 +A
1/3
2 ))/d0]

d0{1 + exp[(Rm − r0(A1/3
1 +A

1/3
2 ))/d0]}2

. (10)

So, the parametrization of type B is characterized by
14 parameters for the real and imaginary parts of the
potential: V0, r0, d0, b2, b3, b4, Rm, RC , Ww, rw, dw,
Ws, rs, and ds.

Thus, deriving the parameters of the potential by fit-
ting the experimental data on elastic scattering, one can
describe the angular distribution of a nuclear reaction in
the framework of the optical model.

3. Results and Discussion

3.1. Elastic Scattering

We obtain the parameters of the potential by fitting the
data on elastic 16О+16O scattering. For each collision
energy, we find a set of parameters yielding the minimum
value of χ2:

χ2 =
1
N

N∑
i=1

(σcalc(θi)− σexp(θi))2

(δσexp(θi))2
, (11)

where N is the number of experimental points, σcalc(θi)
and σexp(θi) are the theoretical and experimental values
of the cross-section at the angle θi, correspondingly, and
δσexp(θi) is the corresponding error.

In order to increase the weight of the data at large
angles, which are especially sensitive to the strength and
the form of the optical potential at small distances, we
assume (like [4, 5, 8, 19–21]) that δσexp(θi) = 0.1σexp(θi)
for all data. The reaction 16О+16O was considered at
beam energies of 124, 145, 250, 350, and 480 MeV [8].
The obtained parameters of the potential are listed in
Tables 1 (for the potential of type A) and 2 (for the
potential of type B).

Figures 1–5 show the experimental data on elastic
scattering for the 16O+16O system at beam energies of
124, 145, 250, 350, and 480 MeV, as well as the results of
fitting in the framework of the optical model for the po-
tential with a repulsive core of type A. For comparison,
Figs. 6–10 present similar calculations for the 16O+16O
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Fig. 1. Data on elastic 16O+16O scattering and calculations by
the optical model with the use of the nucleus-nucleus potential
with a repulsive core of type A for a beam energy of 124 MeV

reaction at the same beam energies but for the potential
with a repulsive core of type B.

T a b l e 1. Parameters of the optical potential of type
A for the 16O+16O system

Elab (MeV) 124 145 250 350 480
Elab (MeV) 124 145 250 350 480
V0 (MeV) 28.246 28.503 28.729 29.602 28.902
r0 (fm) 1.228 1.233 1.199 1.198 1.187
d0 (fm) 0.611 0.574 0.460 0.489 0.462
a(fm) 2.411 2.655 2.505 2.002 1.616

Ccore (MeV fm−3) 8.599 2.683 2.713 0.483 1.681
RC (fm) 6.159 6.175 6.692 6.972 6.999
Ww (MeV) 14.659 13.355 5.071 5.000 7.077
rw (fm) 1.128 1.081 1.146 1.186 1.043
dw (fm) 0.179 0.135 0.243 0.234 0.241
Ws (MeV) 15.047 16.425 18.057 14.803 17.937
rs (fm) 1.228 1.212 1.363 1.366 1.327
ds (fm) 0.781 0.717 0.857 0.899 0.867
σa (mb) 1736 1671 2049 1954 1892
χ2 16.9 17.8 10.85 5.88 6.15

a The total reaction cross-section.

Fig. 2. The same as in Fig. 1 for a beam energy of 145 MeV.

In order to demonstrate the effect of the repulsive
core, Figs. 1–10 show both the results of calculations
according to the optical model for the potential with
a repulsive core (solid curve) and without it (dotted

T a b l e 2. Parameters of the optical potential of type
B for the 16O+16O system

Elab (MeV) 124 145 250 350 480
V0 (MeV) 30.263 43.659 36.945 35.926 44.436
r0 (fm) 1.191 1.089 1.120 1.149 1.064
d0 (fm) 0.757 0.742 0.677 0. 513 0.682

b2 (MeV fm−2) 2.671 6.353 5.316 5.888 0.116
b3 (MeV fm−3) 5.547 6.609 5.527 7.229 4.984
b4 (MeV fm−4) 1.234 1.149 0. 999 1.268 1.022

Rm (fm) 6.685 6.835 5.827 6.694 5.738
RC (fm) 6.357 6.532 6.370 5.395 7.794
Ww (MeV) 15.406 13.229 11.916 32.855 17.896
rw (fm) 1.027 1.050 1.296 1.168 0.962
dw (fm) 0.159 0.251 0. 730 0. 549 0.4014
Ws (MeV) 11.687 11.712 0.030 6.249 25.462
rs (fm) 1.305 1.251 1.240 1.337 1.072
ds (fm) 0.430 0.484 0. 035 0.378 0.671
σa (mb) 1606 1555 1677 1507 1500
χ2 11.01 14.42 7.86 7.79 5.66

a The total reaction cross-section.
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Fig. 3. The same as in Fig. 1 for a beam energy of 250 MeV

Fig. 4. The same as in Fig.1 for a beam energy of 350 MeV

Fig. 5. The same as in Fig. 1 for a beam energy of 480 MeV

curve). In this case, Vcore(R) = 0 for the potential
of type А. The potential of type B without a core co-
incides with the corresponding potential with a repul-
sive core at the distances R ≥ Rwell and equals Vwell

at R < Rwell(Vwell is the minimum depth of the po-
tential and Rwell is the distance corresponding to the
minimum potential). Comparing the results for elastic
scattering given in Figs. 1–10, one can clearly see the ef-
fect of the repulsive core. Due to the inner repulsion, the
elastic scattering cross-section considerably increases at
backward angles. At forward angles, values of the cross-
section are practically the same for the potentials with
a repulsive core and without it for the both types of
parametrization.

The total cross-sections of the reaction 16O+16O given
in Tables 1, 2 are close to the corresponding values
from [8]. However, the total cross-sections found for
the parametrization of type A have larger values than
those calculated for the parametrization of type B. The
inner core does not influence the total cross-sections of
the reaction.

The values of χ2 obtained for the repulsive core po-
tential (see Tables 1, 2) are close to the corresponding
results obtained in [8]. Thus, the qualities of our de-
scription and that used in [8] are similar.
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Fig. 6. Data on elastic 16O+16O scattering and calculations by
the optical model with the use of the nucleus-nucleus potential
with a repulsive core of type B for a beam energy of 124 MeV

3.2. Potential

The real parts of the nucleus-nucleus potentials with a
repulsive core (1)–(10) for l=0 with the parameters from
Tables 1 and 2 at various collision energies are presented
in Fig. 11,a (for the potential of type A) and Fig. 11,b
(for the potential of type B). The repulsive core poten-
tial has a core at small distances and a well at medium
distances between nuclei, see Fig. 11. For comparison,
this figure also shows the proximity [9] and semimicro-
scopic [12] potentials. The depth of the well depends on
the collision energy for the repulsive core potential.

The minimum of the well evaluated at various collision
energies lies at R ≈ 4÷ 5 fm for the potential of type A
and at R ≈ 2 ÷ 3.5 fm for the potential of type B. As
a rule, the repulsive core lies at the distances R ≤ 2 fm
for any of the potentials presented in Fig. 11. Thus, the
distance, where the densities of colliding nuclei are con-
siderably overlapped and, hence, the incompressibility
of nuclear matter and the Pauli principle result in the
strong repulsion, is approximately the same for all po-
tentials. The depth of the potentials obtained in [8] for
various energies belongs to the interval between 282 and
452 MeV. As compared with these data, the repulsive

Fig. 7. The same as in Fig. 6 for a beam energy of 145 MeV

Fig. 8. The same as in Fig. 6 for a beam energy of 250 MeV
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Fig. 9. The same as in Fig. 6 for a beam energy of 350 MeV

core potentials we have proposed are shallow (see Fig.
11).

It is worth noting that, for the parametrization of type
A, the magnitude of the core essentially decreases, as the
collision energy increases, in the same way as that for the
reaction 16O+12С [19–21]. However, for the 16O+16О
reaction, the form of the potential considerably changes
at high energies for the both types of parametrization.
It is possibly due to the fact that, at very high collision
energies, nucleons in nuclei easily pass to vacant excited
levels, which results in a decrease of the role of the Pauli
principle and the contribution of the nucleon antisym-
metrization to a magnitude of the core.

3.3. Near- and Far-Side Components of the
Cross-Section

Employing the Fuller method [22], we obtained the near-
and far-side components of the decomposition of the
scattering amplitude for the 16O+16O reaction using the
potential with a repulsive core and without it (see Figs.
1–10). In [8], it was shown that the elastic scattering
cross-section for this reaction is determined by the near-
side component at forward angles and by the far-side
component at backward angles. In this case, the far-

Fig. 10. The same as in Fig. 6 for a beam energy of 480 MeV

side component is related to the rainbow phenomenon
[4–8] caused by the refraction of an incident wave due to
the strongly attractive (very deep) nucleus-nucleus po-
tential.

In our case, the near-side component for the potential
of type A is important at forward and backward angles,
and the far-side one -– at medium angles (see Figs. 1–10).
For the potential of type B, the near-side component
mainly describes the cross-section in the full range of
angles at energies of 124, 145, and 350 MeV, while the
far-side component is important at backward angles and
is responsible for the structure of oscillations caused by
the interference of the near- and far-side components. At
energies of 250 and 480 MeV, the near-side component
is important at forward and backward angles, and the
far-side one — at medium and backward angles. Due
to the repulsive core, the near- and far-side components
rise at backward angles.

We have also performed calculations with the help of
the modified Fuller method [23] that eliminates nonphys-
ical contributions to the near- and far-side components of
the decomposition of the scattering amplitude. However,
the influence of nonphysical contributions is inessential
for the considered potential parametrizations.
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Fig. 11. Repulsive core potential determined for elastic 16O+16O scattering at various beam energies: а – potential of type A; b –
potential of type B. The proximity [9] (circles) and semimicroscopic [12] (squares) potentials are also given for comparison

4. Conclusions

It is shown that the data on elastic 16O+16O scattering
can be described, by employing the shallow phenomeno-
logical potential with a repulsive core. We propose two
different parametrizations of the nuclear part of the re-
pulsive core potential with similar accuracies of descrip-
tion of the reaction cross-section. Due to the repulsive
core, the cross-sections and the near- and far-side compo-
nents of the scattering amplitude rise at backward an-
gles. However, the total cross-section of the reaction
does not depend on the core.

1. P.E. Hodgson, Nuclear Heavy-Ion Reactions (Clarendon
Press, Oxford, 1978).

2. G.R. Satchler, Direct Nuclear Reactions (Oxford Univer-
sity, Oxford, 1983).

3. P. Frobrich and R. Lipperheide, Theory of Nuclear Reac-
tions (Clarendon Press, Oxford, 1996).

4. A.A. Ogloblin, Dao T. Khoa, Y. Kondo, Yu.A. Glukhov,
A.S. Dem’yanova, M.V. Rozhkov, G.R. Satchler, and
S.A. Goncharov, Phys. Rev. C 57, 1797 (1998).

5. A.A. Ogloblin, Yu.A. Glukhov, W.H. Trzaska, A.S. De-
m’yanova, S.A. Goncharov, R. Julin, S.V. Klebnikov,
M. Mutterer, M.V. Rozhkov, V.P. Rudakov, G.P. Tiorin,
Dao T. Khoa, and G.R. Satchler, Phys. Rev. C 62,
044601 (2000).

6. V.B. Soubbotin, W. von Oertzen, X. Vinas, K.A. Grid-
nev, and H.G. Bohlen, Phys. Rev. C 64, 014601 (2001).

7. M.E. Brandan and G.R. Satchler, Phys. Rep. 285, 143
(1997); Dao T. Khoa, W. von Oertzen, H.G. Bohlen, and
S. Ohkubo, J. Phys. G 34, R111 (2007); M.E. Brandan,
Phys. Rev. Lett. 60, 784 (1988).

8. Dao T. Khoa, W. von Oertzen, H.G. Bohlen, and F. Nuo-
ffer, Nucl. Phys. A 672, 387 (2000).

9. J. Blocki, J. Randrup, W.J. Swiatecki, and C.F. Tsang,
Ann. Phys. (N.Y.) 105, 427 (1977).

10. K.A. Brueckner, J.R. Buchler, and M.M. Kelly, Phys.
Rev. 173, 944 (1969).

11. F. Stancu and D.M. Brink, Nucl. Phys. A 270, 236
(1976).

12. V.Yu. Denisov, Phys. Lett. B 526, 315 (2002).
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ПРУЖНЕ РОЗСIЯННЯ 16O+16O I ЯДЕРНО-ЯДЕРНИЙ
ПОТЕНЦIАЛ IЗ ВIДШТОВХУВАЛЬНИМ КОРОМ

О.I. Давидовська, В.Ю. Денисов

Р е з ю м е

Пружне розсiяння 16О +16О при енергiях 124, 145, 250, 350,
480 МеВ проаналiзовано в рамках оптичної моделi з викори-
станням ядерно-ядерного потенцiалу з вiдштовхувальним ко-
ром. Виконано розрахунки для перерiзу пружного розсiяння
з урахуванням i без урахування кору. Показано, що врахува-
ння кору приведе до збiльшення перерiзу пружного розсiяння
на заднiх кутах. Дослiджено розклад амплiтуди розсiяння на
ближню i дальню компоненти.
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