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Using the impedance spectroscopy method of bifurcation identifi-
cation, the model conceptions have been worked out to establish a
functional connection between the electrode dimensions, faradaic
impedance, and Hopf instability of an electrochemical system with
an electrocatalytic reaction on a spherical electrode surface under
potentiostatic conditions. This mechanism has two bifurcation
points (two bifurcation frequencies), where the steady-states of
the system become unstable, and spontaneous oscillations appear.
The calculations show that the bifurcation frequency depends on
the electrode size and the thickness of the layer, from which elec-
troactive species diffuse.

1. Introduction

The dynamical instabilities which cause spontaneous os-
cillations are widespread in physico-chemical systems
(corrosion processes, deposition of functional coatings,
dissolution-passivation, etc.) far from thermodynamic
equilibrium [1,2].

In electrochemical systems, we can distinguish two
types of instabilities. The first type is due to the chemi-
cal kinetics and is independent of the electrode potential,
and the second type results from the combination of both
chemical and electrochemical factors [3].

A graphic method for the identification of different
bifurcations in electrochemical systems via impedance
diagrams is well known [4].

1 This paper was originally presented at the Conference “Physics
of Liquid Matter: Modern Problems 2008”.

This article presents the analysis of an instability of
the second type in an electrochemical system, in which
the anodic oxidation occurs under potentiostatic condi-
tions with the preceding stage of adsorption-desorption
of the species being discharged. This model of electro-
catalytic surface reaction was proposed in [5]. We con-
sider this reaction in the case of a spherical electrode.
The last one can be regarded in general as a spherical
granule.

2. Electrocatalytic Reactions and Kinetic
Equations at a Spherical Electrode

The anodic oxidation reaction under consideration is
[5,6]:

Abulk → As

ka
�
kd

Aads
Ke−→ P + e−. (1)

The species of one sort (Abulk) diffuse from the diffusive
layer to the spherical electrode surface (As), on which
they are adsorbed (Aads) and electrochemically oxidized
(P ). It is assumed that the electron transfer step in re-
action (1) is kinetically irreversible; ka, kd, and Ke are
the rate constants of adsorption, desorption, and elec-
tron transfer.

The stationary current-potential relation and the
faradaic impedance can be calculated with regard for the
transport processes of electroactive species and the elec-
trocatalytic processes on the spherical electrode surface.
Neglecting the ohmic losses and the influence of a dou-
ble layer, we can write the rates of adsorption-desorption
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and electron transfer as follows:

ν1(t) = Γka exp(γθ(t)/2)C(R0, t)(1− θ(t))−

−Γkd exp(−γθ(t)/2) θ(t), (2)

ν2(t) = ΓKe(t)θ(t) = Γke exp(αfE(t)) θ(t). (3)

Here, R0 is the electrode radius, C(R0,t) is the concen-
tration of electroactive species A at the electrode surface,
θ(t) is the coverage of the electrode surface with the ad-
sorbate, γ is the interaction parameter (the attraction
constant), Γ is the maximum surface concentration, F is
the Faraday’s number, R is the gas constant, T is the ab-
solute temperature, α is the symmetry factor of electron
transfer in the direction of oxidation, E is the electrode
potential, and f = F

RT =38.7 V−1.
The equations for changes in the electrode surface

coverage θ with the adsorbate and in the concentration
C(r, t) take the form

Γ
dθ

dt
= ν1(t)− ν2(t), (4)

∂C(r, t)
∂t

= D
1
r2

∂

∂r
(r2

∂C(r, t)
∂r

) (5)

with the boundary conditions

C(δ, t) = C0, (6)

JC(R0, t) = −D∂C(r, t)
∂r

|r=R0 = −ν1 (t), (7)

where JC is the diffusion flux at the surface that is re-
lated to the adsorption-desorption rate, D is the diffu-
sion coefficient, δ = R0+d, d is the Nernst diffusion layer
thickness, and C0 is the bulk concentration of species A.
The origin of coordinates coincides with the center of the
sphere.

The faradaic current density, which is defined by the
electron transfer rate, can be written as

if(t) = Fν2(t) = FΓke exp[αfE(t)]θ(t). (8)

Under steady-state conditions, i.e. when dθ/dt = 0,
∂C(r, t)/∂t = 0, one can obtain the stationary con-
centration at the electrode surface and the stationary
electrode potential from Eqs. (4) and (5) with bound-
ary conditions (6, 7), written as JC(R0) = −mC [C0 −
Cs(R0)] = −ν1 = −ν2:

Cs(R0) =
mCC0 + Γkdθse

−γθs/2

mC + (1− θs)Γkaeγθs/2
, (9)

Es = (αf)−1 ln[
mC(C0 − Cs(R0))

Γkeθs
]. (10)

Here, mC = D
d (1 + d

R0
). The potential is counted off

from the zero-charge potential of the electrode free from
species.

To calculate the faradaic impedance of the system in
question, let us consider its dynamic behavior in the
case of superimposing a small periodic signal ΔE(t) =
ΔE0e

jωt, where j =
√
−1, ω is the angular frequency,

on the stationary polarization potential Es. In this case,

E(t) = Es + ΔE(t). (11)

In response to this perturbation, the electrode surface
coverage θ(t) oscillates about the stationary state,

θ(t) = θs + Δθ(t), (12)

where θs indicates the steady-state value of fractional
coverage.

The faradaic current if(t) and the concentration
C(R0, t) oscillate according to (11) and (12) as follows:

if(t) = ifs + Δif(E, θ), (13)

C(R0, t) = Cs(R0) + ΔC(R0, θ). (14)

The expression for the faradaic impedance in the space of

Laplace transforms, F̄ (s) =
∞∫
0

f(t)e−stdt, as a function

of the complex frequency s = σ + jω is given by

Z̄f(s) =
ΔĒ(s)
Δīf(s)

=
ΔĒ(s)
FΔν̄2(s)

, (15)

since Δīf(s) = FΔν̄2(s).
It is a response of the system to a low periodic sig-

nal imposed on the steady-state potential. After some
calculations, one can obtain [7]:

Z̄f(s) = Rct×

×

{
1+

∂θν2[
√
τdscth

√
τds+λ]

Γs[
√
τds cth

√
τds+λ]−∂θν1[

√
τds cth

√
τds+ d

R0
]

}
,

(16)

where Rct = (∂Eif)−1
s = 1/FΓαfke exp(αfEs)θs is the

charge-transfer resistance, λ = d
R0

(1 + R0
D ∂Cν1), and

τd = d2

D . For convenience, partial derivatives are de-
noted as ∂xu = ∂u/∂x and are equal to

∂θν2 = Γkee
αfEs , ∂Cν1 = Γkae

γθs/2(1− θs),
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∂θν1 = Γ{kde
−γθs

2 [
γθs
2
−1]+kae

γθs
2 Cs(R0)[

γ

2
(1−θs)−1]}.

In order to pass from the Laplace space to the Fourier
space, it is necessary to perform the substitution s = jω
in Eq. (16).

In our calculations, we ignore the electrolyte resis-
tance and the double-layer impedance. In this case, the
impedance of the model system under consideration is
equal to the faradaic impedance.

3. Results and Discussion

Figure 1 shows the steady-state ifs − Es curves for the
model process (1) for different spherical electrode radii.
The current-potential curve is N -shaped. The current
magnitude is affected by two contrary factors: an in-
crease in the potential and a decrease in the concentra-
tion of electroactive species in the near-electrode layer
through the adsorption process, which is nonlinearly de-
pendent on the potential. When the diffusion rate of
electroactive species is equal to the rate of the pro-
cesses occurring at the electrode, a maximum appears
in the voltammogram. It is a consequence of the compe-
tition between the adsorption-desorption and diffusion
processes. If the rate of consumption of reacting species
predominates, the faradaic current decreases because of
the insufficient delivery rate of species from the diffusion
layer, whereas the potential increases. It is the region
of the so-called negative differential resistance (NDR)
[4], in which an instability usually arises. Such an N-
NDR system may behave itself like activator-inhibitor
systems [5,8], where the potential acts as an activa-
tor, and the concentration of electroactive species in the
near-electrode layer acts as an inhibitor.

To study the linear stability of a nonlinear system near
the stationary point, a well-known procedure consisting
in the determination of Jacobian matrix eigenvalues [9]
for the equations of state and a change in these eigen-
values at the potential change is usually used. For an
electrochemical system under potentiostatic conditions,
this is equivalent to studying the change in the faradaic
impedance zeros at a change in the electrode potential.
To establish a linear stability in an electrochemical sys-
tem, the variation of the real parts s of the above Z̄f(s)
zeros depending on the electrode potential must be stud-
ied [5,6,10–12]. The sign of the real part of the faradaic
impedance zero indicates the stability region of the sta-
tionary state under potentiostatic conditions. When the
real part of the complex zero becomes positive, the sta-
tionary state becomes unstable.

Fig. 1. Stationary polarization curves for a model process for var-
ious values of electrode radius R0 (cm): (1) 0.01, (2) 0.001, (3)
0.0001. Parameters used in calculations: Γ = 10−9 mol cm−2;
γ = 8; Γka = 0.1 cm s−1; Γkd = 10−5 mol cm−2 s−1; ke = 10 s−1;
D = 10−5 cm2 s−1; d = 10−3 cm; α = 0.5; C0 = 10−5 mol cm−3;
F = 96484 C mol−1; R = 8.314 J mol−1 K−1; T = 295 K

For our case, the impedance zeros are zeros of the
numerator of Eq. (16):

(Γs+ ∂θν2)[
√
τds cth

√
τds+ λ]−

−∂θν1[
√
τds cth

√
τds+ λ] +

d

R0
] = 0. (17)

The numerical analysis of Eq. (17) shows that there are
two Hopf bifurcations.

The Nyquist diagram, which characterizes the behav-
ior of the faradaic impedance in the complex plane at
the Hopf bifurcation point H1, consists of two distorted
semicircles and passes through the origin of coordinates
(Fig. 2). In the low-frequency range, there is an in-
ductive loop with the negative real part of the faradaic
impedance in the diagram. The point in the Nyquist
impedance diagram, at which Re(Z(ω)) = Im(Z(ω)) =
0, corresponds to the threshold resistance, at which os-
cillations set up in the system [4].

The polarization resistance Zf(ω → 0) at the Hopf
bifurcation point is negative.

The influence of the diffusion layer thickness manifests
itself in the low-frequency range of negative impedance.
The bifurcation frequency shifts to lower frequencies
with increase in the thickness of the Nernst diffusion
layer for spherical electrodes of the same radius.
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Fig. 2. Nyquist diagrams of the behavior of the faradaic impedance
in the complex plane at the Hopf bifurcation point H1 for various
R0 values (cm): (1) 0.01, (2) 0.001, (3) 0.0001

Fig. 3. Dependence of the faradaic impedance modulus, |Zf/Rct|,
at the Hopf bifurcation point H1 on lgω for various R0 values
(cm): (1) 0.01, (2) 0.001, (3) 0.0001

Dependence of the faradaic impedance modulus,
|Zf/Rct|, on lgω (Bode diagrams) at the Hopf bifurca-
tion point H1 for spherical electrodes of various radii is
shown in Fig. 3.

Nyquist faradaic impedance diagrams in the complex
plane at various points of the current-potential curve in

Parameter values of an electrochemical system at the
Hopf bifurcation point H1

R0, cm ωH, Hz θH ifH, A cm−2 EH, V d, cm
0.01 141.44 0.563 0.008867 0.1443 0.001
0.001 198.78 0.513 0.01514 0.1768 0.001
0.0001 257 0.375 0.05345 0.2582 0.001
0.001 87.7 0.612 0.008327 0.1367 ∞

Fig. 4. Nyquist diagrams of the behavior of the faradaic impedance
in the complex plane for various potential values along the station-
ary polarization curve (R0 =0.01 cm): (1) 0.139 V, (2) 0.142 V,
(3) 0.144 V

the case of approaching the bifurcation point are shown
in Fig. 4.

Parameter values of an electrochemical system at the
Hopf bifurcation point H1 at ω = ωH are listed in Table.

4. Conclusion

The electrochemical system with one sort of electroac-
tive species under potentiostatic control exhibits oscilla-
tions when the faradaic impedance approaches its zero
value from the side of the negative values of Re(Zf (ω)) as
(ω →∞). The polarization resistance of the system has
a negative value, Zf(ω →0)<0 at the bifurcation values
of parameters. The interaction of the mass-transfer and
the adsorption-desorption processes depending on the
electrode potential and proceeding to the charge transfer
reaction determines the instability of the electrochemical
system and gives rise to a negative impedance value. The
potential region, where the instability appears, decreases
with decrease in the electrode size. The dependence on
the thickness of the Nernst diffusion layer is observed at
low frequencies in the negative faradaic impedance re-
gion. In the case of semi-infinite diffusion, the region
of the negative real part of the faradaic impedance in-
creases in comparison with that in the case of the diffu-
sion from a thin layer for the same radius.

1. D. Sazou, M. Diamantopulou, and M. Pagistas, Elek-
trokhimiya 36, 1215 (2000).

2. B. Miller and A. Chen, J. Electroanal. Chem. 588, 314
(2006).

3. P. Strasser, M. Eiswirth, and G. Ertl, J. Chem. Phys.
107, 979 (1997).

4. M.T.M. Koper, J. Electroanal. Chem. 409, 175 (1996).

836 ISSN 2071-0194. Ukr. J. Phys. 2010. Vol. 55, No. 7



UNSTABLE STATES AT INTERFACES

5. M.T.M. Koper and J.H. Sluyters, J. Electroanal. Chem.
371, 149 (1994).

6. F. Berthier, J.-P. Diard, and C. Montella, Electrochimica
Acta 44, 2397 (1999).

7. V.V. Pototskaya, O.I. Gichan, A.A. Omelchuk, and
S.V. Volkov, Russian J. Electrochem. 44, 594 (2008).

8. K. Krischer, in Advances in Electrochemical Science and
Engineering, edited by R.C. Alkire and D.M. Kolb (Wi-
ley, London, 2003), Vol. 8, Chapter 2, P. 8.

9. M. Pagistas and D. Sazou, Electrochim. Acta 36, 1301
(1991).

10. M. Naito, N. Tanaka, and H. Okamoto, J. Chem. Phys.
111, 9908 (1999).

11. A. Sadkowski, Electrochimica Acta 49, 2653 (2004).
12. A. Sadkowski, Electrochimica Acta 49, 2259 (2004).

Received 22.10.09

НЕСТАБIЛЬНI СТАНИ НА МIЖФАЗНIЙ ПОВЕРХНI
СФЕРИЧНОЇ ГЕОМЕТРIЇ

В.В. Потоцька, О.I. Гiчан, А.О. Омельчук

Р е з ю м е

На основi методу iмпедансної спектроскопiї для iдентифiка-
цiї бiфуркацiї розроблено модель, яка дозволяє встановити
функцiональну залежнiсть мiж розмiром електрода, фараде-
євським iмпедансом та нестiйкiстю Хопфа в електрохiмiчнiй
системi з електрокаталiтичною реакцiєю на поверхнi сфери-
чного електрода при потенцiостатичних умовах. При такому
механiзмi iснує двi точки бiфуркацiї (двi бiфуркацiйнi часто-
ти), де стацiонарнi стани системи стають нестiйкими i вини-
кають спонтаннi коливання. Розрахунки показують, що зна-
чення бiфуркацiйної частоти залежать вiд розмiру електро-
да та товщини шару, з якого дифундують електроактивнi
частинки.
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