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Low-frequency vibrations of DNA with counterions between phosphate groups of different strands of the double helix are studied
in the framework of a developed phenomenological model. The
frequencies, amplitudes, and Raman intensities of DNA modes in
the frequency interval from 10 to 200 cm−1 are calculated for the
case of Mg2+ counterions at different positions with respect to the
double helix strands (near or between phosphate groups). The
calculations show that the counterions between phosphate groups
influence the modes of H-bond stretching in the base pairs and the
modes of backbone vibrations mostly. Using the calculated intensities and the frequencies of vibrations, the low-frequency Raman
spectra of Mg-DNA are built. The obtained spectra allow us to
distinguish the positions of counterions with respect to the phosphate groups of the DNA double helix.

1. Introduction
The indispensable condition of the DNA double helix
structure in a solution is the presence of metal counterions that neutralize the negatively charged phosphate
groups of the macromolecule backbone. The counterions
together with water molecules form the ion-hydrate shell
around the double helix [1]. The disposition of counterions, their type and concentration in the shell determine the mechanisms of such important processes as the
nucleic-protein recognition, interaction with biologically
active compounds, helix-coil transition, etc. [2–7].
In a water solution, only the average picture of the ionhydrate shell can be determined experimentally [8–11].
On the other hand, the computational methods give the
information about probable localization sites of counterions in a DNA macromolecule and respective residence
times only [12–16], which is insufficient for the interpretation of experimental data and the understanding of the
mechanisms of DNA functioning. So, the development of
methods of determination of the positions of counterions
in the DNA ion-hydrate shell is urgently needed.
In our works [17–21], it was demonstrated that the
information about a disposition of counterions and their
influence on the DNA vibrational dynamics can be ex-
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tracted from the low-frequency (<200 cm−1 ) spectra of
DNA in solutions. This spectral range is characteristic of transverse vibrations of the double helix structural elements [22–26]. We have found that the vibrations of counterions with respect to the phosphate groups
(ion-phosphate vibrations) also fall in the low-frequency
range. The ion-phosphate vibrations are interconnected
with the modes of DNA low-frequency vibrations and
can influence the internal dynamics of a double helix.
The frequency and the intensity of ion-phosphate modes
depend on the counterion type and the structure of a
double helix that is confirmed by experimental data [27–
30].
The case where each counterion is tethered only to one
phosphate group (single-strand neutralization) has been
considered in our previous works [17–21]. At the same
time, the experimental and computational data [5, 31–
35] show that the counterions can be also localized between phosphate groups of different strands of the double
helix (cross-strand neutralization). For example, Mg2+
ions are the most likely for the disposition between crossstrand phosphate groups [5, 31, 32].
In the present work, the vibrations of DNA with Mg2+
counterions in different positions with respect to the double helix phosphate groups are studied. The model describing the low-frequency vibrations of DNA with counterions is extended, and the frequencies, amplitudes, and
the Raman intensities of DNA models lower than 200
cm−1 are estimated for the case of Mg2+ counterions.
The obtained results show that the counterion localization essentially influences the low-frequency modes of the
DNA double helix.
2. Model of Low-frequency Vibrations of DNA
with Counterions in Cross-stranded Position
The cross-stranded localization of counterions is favorable in the case of short distances between phosphates of
different DNA strands (about 7÷10Å) [5, 31–35]. Such
distances can be realized in different conformations of
the double helix, for example, in the case of A-, D-,
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and Z -forms of DNA [2]. In these conformations, the
counterions are localized in grooves of the double helix
and coordinate several phosphate groups. In the present
work, we consider the case where the counterion is localized in the minor groove of the double helix between
phosphate groups of the same monomer link.
At a sufficient concentration of ions in a solution, the
localization of counterions along a DNA macromolecule
can be rather regular, since the backbone of the double
helix has a uniform structure. Therefore, such a structure has been considered in our previous works [17–19]
as an ionic lattice (ion-phosphate lattice). Following this
conception, we consider the double helix with counterions in the cross-stranded position as a partial case of the
ion-phosphate lattice.
The internal dynamics of the DNA ion-phosphate lattice is described with the use of the four-mass model
[22–26]. In the framework of this model, the phosphate
groups of DNA are considered as masses located on the
strands of the double helix (m0 : PO2 +2O+C05 ). The
bases with deoxyribose rings (nucleosides) are considered as the physical pendulums with mass m and reduced length l that are coupled by the elastic forces (Hbonds) at the center of the double helix. The counterions are represented as the masses ma that are localized
between cross-strand phosphate groups of the monomer
link (Fig. 1,a).
The displacements of nucleosides and phosphate
groups in a DNA monomer link are described by means
of Xi1 , Xi2 , Yi1 , and Yi2 coordinates (Fig. 1,b). The rotational vibrations of pendulum-nucleosides with respect
to the phosphate groups are described by deviations θi1
and θi2 from the angle θeq describing their equilibrium
position in the plane of the complementary DNA pair.
The deoxyribose and the base vibrate respectively each
other inside the nucleoside (intranucleoside vibrations),
which is described by changes of the pendulum lengths
ρi1 and ρi2 . The vibrations of counterions are described
by the coordinate ξi . The motions of structural elements
of a monomer link are considered in a plane orthogonal
to the helical axis.
The energy of low-frequency vibrations of DNA with
counterions can be written in the form
X
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Ehi + Eci + Ei,i+1 ,
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Fig. 1. The model of low-frequency vibrations of DNA with
counterions in the cross-stranded position. a) The double chain
of nucleotides with counterions. l is the reduced length of a
pendulum-nucleoside; θeq is the equilibrium angle; i and j enumerate monomer links and chains of the double helix, respectively; m,
m0 , and ma are the masses of nucleosides, phosphate groups, and
counterions, respectively. b) Monomer link of the model shown
in a plane orthogonal to the helical axis. Xij , Yij , θij , ρij , and
ξi are the coordinates of vibrations (see text); δi is the H-bond
stretching in base pairs

The energy of vibrations of structural elements in a
monomer link i of the DNA double helix has been determined in the framework of four-mass model [22–26] as
follows:
Ehi

=
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X
M
j
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(Ẋij
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σρ2ij + βθij
+ δi2 +
,
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2 j=1

(2)

where index j enumerates chains of the double helix;
M = m0 + m is the nucleotide mass; a = sin θeq ;
b = cos θeq ; α, σ, and β are the force constants of Hbond stretching in base pairs, intranucleoside mobility,
and rotation of nucleosides with respect to the backbone
chain in the base-pair plane, respectively; the variable
δi describes the stretching of H-bonds in the base pairs
and is determined here in the same way as in [23–26]:
δi ≈ la(θi1 + θi2 ) + Yi2 + Yi1 + b(ρi1 + ρi2 ).

(3)

i

where Ehi is the monomer link energy; Eci is the energy
of counterions tethered to the phosphate groups; Ei,i+1
is the interaction energy of the structure elements along
the double helix; i = 0, ±1... ± N (Fig. 1,a).
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The energy of counterion vibrations in the case of the
cross-strand neutralization can be written as
Eci =

2 h
X
ma
j

2 i
γ
ξ˙i2 +
Yij + (−1)j ξi
,
2
2

(4)
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where γ is the force constant of counterion vibrations.
The term Ei,i+1 in formula (1) describes the interactions between the neighboring monomers in the chain.
According to our approach [17–19], we will consider
the limited long-wave vibrational modes of the ionphosphate lattice that are sufficient for the interpretation of the experimental vibrational spectra. As known,
only long-range lattice vibrations interact with the electromagnetic fields and manifest itself in vibrational spectra [36]. In long-wave limit, when the wave vector
tends to zero (k̄ →0), the frequencies of optical-type
modes weakly depend on k̄. In the theory of lattice vibrations, such an approximation is the same as the neglect
of the interaction along the chain. So, in the following consideration, we will neglect the interaction term:
Ei,i+1 ≈ 0.
On the basis of formulas (1)–(4), we can write the
equations of motion for the system. In the variables
Xi = Xi1 + Xi2 , xi = Xi1 − Xi2 , Yi = Yi1 + Yi2 ,
yi = Yi1 − Yi2 , θi = θi1 + θi2 , ηi = θi1 − θi2 ,
ρi = ρi1 + ρi2 , ui = ρi1 − ρi2 , and ξi = ξi , the
system of equations of motion splits into two subsystems of coupled equations. The first subsystem consists of 4 equations with respect to Xi , Yi , θi , and
ρi coordinates describing symmetric long-wave vibrations in the DNA monomer link. The second subsystem consists of 5 equations with respect to xi ,
yi , ηi , ui , and ξi coordinates characterizing antisymmetric long-wave vibrations in the DNA monomer
link.
To find the normal vibrations of the system, we search
for solutions of the equations of motions in the form
qi = q˜i cos(ωt), where qi = {Xi , xi , Yi , yi , θi , ηi , ρi , ui , ξi }
and q˜i = {X̃i , x̃i , Ỹi , y˜i , θ˜i , η˜i , ρ˜i , ũi , ξ˜i } are the coordinates and the amplitudes of displacements, respectively.
The resulted equations for the frequencies of normal vibrations of the system in a long-wave limit have the
form


2
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y˜i aω 2 + x̃i ω 2 b − η˜i l(β0 − ω 2 ) = 0;








y˜i bω 2 − x̃i ω 2 a − ũi σ0 − ω 2 = 0;







y˜i γ0 − ξ˜i 2γ0 − ω 2 = 0;
where α0 = 2α/M ; β0 = β/ml2 ; σ0 = σ/m; γ0 = γ/ma .
Using the existence condition for a solution of Eqs.
(5) and (6), we determined the frequencies of longwave vibrations. The system of equations (5) gives 4
modes of vibrations. Three of them are of the optical type and one of the acoustic type. The modes
of the optical type describe symmetric motions of the
+
double helix backbone (ωB
) and the stretching of H+
+
bonds in base pairs (ωH and ωHS
). The system of
equations (6) gives 5 modes of vibrations. Three of
them are of the optical type and two of the acoustic
type. The modes of the optical type describe antisym−
metric vibrations of the double helix backbone (ωB
),
−
intranucleoside vibrations (ωS ), and ion-phosphate vi−
brations (ωIon
). As we can see in the case of crossstrand neutralization, there is only one mode of anti−
symmetric ion-phosphate vibrations ωIon
, while, in the
case of single-strand neutralization, there is also the
+
symmetric ion-phosphate mode ωIon
[17–19]. The frequencies of the acoustic modes are equal to zero in our
case, since we consider the limited long-range vibrations.
To analyze the character of DNA low-frequency vibrations, we found the analytical forms for the modes
+
+
−
−
ωH
, ωB
, ωIon
, and ωB
using the rigid nucleoside approximation of the four-mass model [22]. In the framework of this approximation, vibrations of the phosphate
groups along the Y -axis (the coordinates Y and y) and
the vibrations of pendulum-nucleosides (the coordinates
θ and η) are considered only. The resulted formulas
show that the frequencies of symmetric vibrations depend on all force constants of the model. In contrast,
the modes of antisymmetric vibrations depend only on
some definite force constant determining the motions of
structural elements. So, the modes of symmetric vibrations of a DNA double helix should be sensitive to the
counterion localization, whereas the modes of antisymmetric vibrations should be the same as those in the
case of the four-mass model without counterions [22–
26].
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3. Frequencies and Amplitudes of Vibrations of
DNA with Counterions
To calculate the frequencies and the amplitudes of vibrations, we considered the cases of DNA with Mg2+
counterions in cross-stranded and single-stranded positions. A Mg2+ ion is known to be highly hydrated [37].
Therefore, it is considered together with the hydration
shell consisting of 6 water molecules. The size of the
[Mg(H2 O)6 ]2+ complex and its charge suit the best for
the localization between phosphate groups of a DNA
monomer link.
The force constants α, σ, and β and the reduced length
l are taken the same as those in the four-mass model
for B -DNA [22–26]. The equilibrium angle θeq in the
case of cross-strand neutralization is determined from
the geometry of a monomer link with the distance between phosphates 8.5 Å that corresponds to the experimental data [32]. The estimated value is θeq = 55◦
that is essentially higher than that in the case of the
model of DNA with single-stranded counterions [17–19].
The constants γ for DNA with hydrated Mg2+ counterions in different positions with respect to the phosphate groups are calculated using the approach developed in [19]. In the framework of this approach, the ionphosphate interaction is considered analogously to the
interaction of ions in an ionic lattice. The ion-hydrate
shell of DNA with counterions is taken into consideration by the dielectric constant and the Madelung constant of the ion-phosphate lattice. The dielectric constant is considered the same as that for Na-DNA [19].
The distance between a counterion and a phosphate
group is taken equal to 4.25Å according to the experimental data [32]. According to our estimations, the
Madelung constant is close to 1. The obtained value of
the constant γ for DNA with [Mg(H2 O)6 ]2+ counterions in cross-stranded and single-stranded positions is 45
kcal/molÅ2 .
To determine a character of low-frequency vibrations
for DNA with hydrated Mg2+ counterions in the singlestranded position, we calculated the amplitudes of vibrations in the same way as in [18, 19]. For DNA with
hydrated Mg2+ counterions in the cross-stranded position, the following expressions are obtained analogously
T a b l e 1.
The frequencies of Mg-DNA conformational vibrations for the case of counterions in the crossstranded and single-stranded positions (cm−1 )
Mode

+
ωIon

+
ωH

+
ωB

+
ωHS

−
ωIon

−
ωS

−
ωB

Cross-strand
Single-strand

—
126

108
102

54
13

84
43

118
123

78
61

15
12
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to [18, 19]:
s
kB T
θ̃ = 2
;
E0+

s
η̃ = 2

kB T
.
E0−

(7)

Here, kB is the Boltzmann constant, T is the temperature (300 K), and
ρ̃
Ỹ
+ la + b
θ̃
θ̃

E0+

= 2α

E0−

 2
ũ
+γ
=β+σ
η̃

!2

 2
ρ̃
+γ
+β+σ
θ̃

ỹ
ξ˜
−2
η̃
η̃

Ỹ
θ̃

!2
;

!2
.

(8)

The ratio between amplitudes in (7) and (8) can be determined from Eqs. (5) and (6).
The frequencies and the amplitudes of vibrations for
DNA with counterions in the cross-stranded position are
calculated, by using formulae (5)–(8). To compare the
character of DNA conformational vibrations under different counterion localizations, the frequencies and the
amplitudes of vibrations of Mg-DNA with counterions in
the single-stranded position are determined, by also using the scheme developed in our previous work [18, 19].
The calculated frequencies of vibrations (Table 1)
show that the counterions in the cross-stranded position influence the frequencies of symmetric vibrations
+
+
+
+
ωH
, ωHS
, and ωB
. The frequency ωH
becomes slightly
+
higher, the frequency ωHS increases about twice, and
+
the frequency ωB
increases by several times, as compared with the case of DNA with Mg2+ counterions in
the single-stranded position. The frequencies of anti−
symmetric backbone vibrations ωB
and intranucleoside
−
vibrations ωS in the case of cross-strand neutralization
are practically the same as those in the case of DNA
without counterions [23–26]. The calculated frequencies of vibrations of DNA with Mg2+ counterions in the
single-stranded position are close to the frequencies of
Cs-DNA obtained in our previous work [19], which is
due to high masses of Cs+ and hydrated [Mg(H2 O)6 ]2+
ions. The frequencies of ion-phosphate vibrations are
close to 120 cm−1 for both cases of counterion localization.
The calculated amplitudes of vibrations (Table 2)
show that the character of low-frequency vibrations of
a double helix depends essentially on the counterion localization with respect to the phosphate groups. The
+
mode of symmetric backbone vibrations ωB
in the case
of cross-strand neutralization is characterized by smaller
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Fig. 2. The calculated low-frequency Raman spectra of DNA with
Mg2+ counterions in the cross-stranded (a) and single stranded (b)
positions. The half-width of the spectral lines is 5 cm−1 . Heavy
line shows the resulted spectra. I is the relative intensity

amplitudes of vibrations as compared with the case of
single-strand neutralization. The exception is the amplitude of intranucleoside vibrations that is high. Therefore, this mode may be considered as the mode of intranucleoside vibrations as well. The mode of antisym−
metric backbone vibrations ωB
in the case of crossstranded neutralization has high amplitudes of phosphate (x̃ and ỹ) and pendulum-nucleoside (η̃) vibrations
in both cases of counterion localization. The mode ωS− is
characterized by a large amplitude of intranucleoside vibrations (ũ) that is higher in the case of cross-strand
+
neutralization. The modes of H-bond stretching ωH
+
and ωHS are characterized by large amplitudes of intranucleoside vibrations (ρ̃) and the H-bond stretching
(δ̃) for both considered cases of counterion localization.
−
The mode of ion-phosphate vibrations ωIon
in the case
of counterions in the cross-stranded position is characterized by the displacements of counterions and by the
intranucleoside mobility the same as that in the case
of single-stranded counterions. In the case of single+
stranded counterions, the mode ωIon
is also characterized
by the H-bond stretching in the base pairs (δ̃), which is
due to the high mass of hydrated Mg2+ counterions (132
a.u.m.).

right-angle geometry is determined as follows [20, 21]:


2
2
4
X
X
3κJ0 (ν0 − νn ) 
Jn ≈
(
Anj )2 + (
Bjn )2  ,
(9)
n
1 − exp(− khν
)
j=1
j=1
BT
Anj = [(bjyy − bjxx )ϑs + 2(−1)j bjxy ϑc ](θejn + ρenj /l),
Bjn = [(bjyy − bjxx )(−1)j ϑc − 2bjxy ϑs ](θejn + ρenj /l),
where κ = 13 × 28 π 5 /(9c4 ); J0 and ν0 are, respectively,
the intensity and the frequency of incident light; νn =
ωn /2π is the frequency of molecular normal vibrations;
index n means the mode of normal vibrations; c is the
velocity of light; h is the Planck constant; bjxx , bjxy , and
bjyy are the components of the nucleoside polarizability
tensor; ϑs = sin 2θeq ; and ϑc = cos 2θeq .
In calculating the mode intensities by formulae (9), the
necessary polarizabilities of nucleosides are estimated
with the help of the bond polarizability scheme [39]. The
frequencies and the amplitudes of vibrations for the case
of DNA with Mg2+ counterions in the cross-stranded
and single-stranded positions are taken from Tables 1
and 2. As a result, the calculated spectra for Mg-DNA
at different counterion localizations with respect to the
phosphate groups are built (Fig. 2).
The calculations show that, at frequencies higher than
50 cm−1 , three bands are observed in the spectrum of
T a b l e 2.
The amplitudes of Mg-DNA conformational vibrations for the case of counterions in the crossstranded and single-stranded positions
Cross-strand
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–

+
ωH

+
ωB

+
ωHS

Mode

−
ωion

−
ωS

−
ωB

Ỹ (pm)
X̃(pm)
θ̃ (◦ )
ρ̃ (pm)
δ̃ (pm)

–
–
–
–
–

5
–6
1
14
9

–20
–17
4
–14
3

–6
14
0
–12
7

ỹ (pm)
x̃(pm)
η̃ (◦ )
ũ (pm)
ξ̃ (pm)

2
–9
1
9
6

–14
3
1
–22
6

–44
–52
14
1
–27

Mode

+
ωIon

+
ωH

+
ωB

+
ωHS

Mode

−
ωion

−
ωS

−
ωB

Ỹ (pm)
X̃(pm)
θ̃ (◦ )
ρ̃ (pm)
ξ̃+ (pm)
δ̃ (pm)

–10
1
1
13
15
5

5
0
0
5
–11
10

–59
–47
14
2
–2
–1

–14
–11
2
–19
7
6

ỹ(pm)
x̃(pm)
η̃ (◦ )
ũ (pm)
ξ̃− (pm)

–11
1
1
12
17

5
–5
0
–20
10

–25
–48
14
0
–1

Single-strand∗

4. Intensities of the Raman Modes of DNA
with Counterions
To determine the low-frequency Raman spectra, the intensities of DNA modes are calculated in the framework
of a phenomenological approach developed in our works
[20, 21]. The approach is based on the valence-optic
theory [38] and our model for DNA conformational vibrations with counterions [17–19]. According to this
approach, the intensity of some DNA mode that is observed in the Stokes part of a Raman spectrum at the

Mode

∗

ξ̃+ = ξ̃1 + ξ̃2 and ξ̃− = ξ̃1 − ξ̃2 , where ξ̃1 and ξ̃2 describe the
vibrations of counterions that are tethered to the first (j = 1)
and the second (j = 2) DNA strands, respectively.
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DNA with Mg2+ counterions in the cross-strand position. The band near 55 cm−1 arises due to the mode
+
of backbone vibrations (ωB
). The modes of intranucleo−
side vibrations (ωS ) and H-bond stretching in base pairs
+
(ωHS
) form the band near 80 cm−1 , and the modes of
+
H-bond stretching in base pairs (ωH
) and ion-phosphate
−
vibrations (ωIon ) form the band near 110 cm−1 (Fig. 2,a).
In the spectrum of Mg-DNA with counterions in the
single-stranded position, the mode of ion-phosphate vi+
brations ωIon
near 120 cm−1 is the most intensive. This
is due to the high mass of hydrated Mg2+ counterions,
which disturbs the vibrations of internal structural elements of the double helix. Other modes have low intensities (Fig. 2,b). The structure of the Mg-DNA spectrum
in this case resembles that of the spectrum of Cs-DNA
[20, 21]. The obtained results show that the spectra of
Mg-DNA essentially depend on the counterion localization with respect to phosphate groups of the double helix.
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Резюме
В рамках розвинутої феноменологiчної моделi дослiджено
низькочастотнi коливання ДНК з протиiонами, якi розташованi мiж фосфатними групами рiзних тяжiв подвiйної спiралi. Розраховано частоти, амплiтуди та iнтенсивностi мод КР
ДНК в дiапазонi вiд 10 до 200 см−1 для випадку протиiонiв Mg2+ у рiзних положеннях вiдносно подвiйної спiралi (бiля фосфатiв або мiж ними). Розрахунки показали, що мiжланцюжковi протиiони впливають переважно на моди розтягу
водневих зв’язкiв в парах азотистих основ та моди коливань
остова. Використовуючи одержанi значення частот та iнтенсивностей, побудовано низькочастотнi спектри КР Mg-ДНК.
Одержанi спектри дозволяють визначати положення протиiонiв вiдносно фосфатних груп подвiйної спiралi ДНК.
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