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The perturbation theory formalism is used to calculate the cor-
rections to the generalized collective modes caused by weak cross
correlations between thermal and viscoelastic dynamic processes
in simple and complex liquids. The general formulation of this
perturbation theory up to the second order of magnitude inclusive
is performed. The theory is tested by the example of the simplest
dynamic models of liquids, and the obtained results are analyzed
as compared with the accurate solutions for these models. It is
shown that, under appropriate conditions, the results of perturba-
tion theory allow one to reproduce the known solutions for these
models.

When studying the nature of dynamic processes in sim-
ple and complex liquids, an important problem is to in-
vestigate their collective dynamics and to find the col-
lective mode spectra that characterize the basic types
of collective processes in a system. The hydrodynamic
description is based upon the basis of dynamic variables
including the densities of all conservative quantities, i.e.
the particle density n̂k (partial densities of the compo-
nents n̂k,α in the case of a multicomponent liquid), the
flux density Ĵk, and the total energy density êk deter-
mined in the Fourier transform space as follows:

n̂k =
1
V

N∑
j=1

exp(ikrj),

êk =
1
V

N∑
j=1

ej exp(ikrj) =
1
V

N∑
j=1

 p2
j

2m
+
∑
l 6=j

Vjl

 eikrj ,

Ĵk =
1
V

N∑
j=1

mṙj exp(ikrj).

The time derivative of the particle density is related to
the flux density, namely its projection Ĵk onto the wave
vector k (the longitudinal component):

˙̂nk = iLN n̂k =
ik
m

Ĵk =
ik

m
Ĵk.

Here, rj denote the space coordinates of the j-th particle,
pj = mṙj is the momentum, m and ej are the particle
mass and energy, respectively, Vjl is the pair interaction
potential, and iLN is the Liouville operator for the N -
particle system.

As is known, the hydrodynamic model often appears
insufficient for the correct description of liquids [1–3] and
cannot explain some results of experiments and numeri-
cal calculations. This concerns particularly a change of
the sound velocity in liquids and dense gases (namely
the registration of the fast sound phenomenon in [4–6]
and the positive (or negative) sound dispersion [7, 8]),
the appearance of propagator oscillation modes in ion
systems [1], etc.

In this case, a more adequate description is realized
with the use of extended models that consider both hy-
drodynamic variables and their time derivatives of higher
fluxes, in particular, the derivative of the density flux
(partial fluxes), energy density, and so on. For example,
the thermoviscoelastic model of simple liquids includes
the variables

{nk, ṅk, ek}+ {n̈k, ėk}.

For multicomponent liquids, we obtain, respectively,

{nk,α, Jk,α, ek}+ {J̇k,α, ėk}.
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At the same time, due to the inclusion of a large number
of additional dynamic variables, the system of macrody-
namic equations becomes rather complicated for the an-
alytical consideration. Though, in some cases, it is pos-
sible to neglect cross correlations supposing them weak.
Then a complex dynamic model is decomposed into sev-
eral simpler ones, for which it is easy to analytically
calculate the collective eigenmode spectrum. Models of
this kind often can rather accurately describe the main
processes in the system in certain ranges of the wave
number. It is illustrated by the regions of partial and
coherent dynamics [9] discovered in binary mixtures.

If the cross correlations in a certain region of wave
vectors and frequencies become small, then the simpli-
fied models neglecting them allow one to understand the
physical mechanism of the mode formation and provide
some useful information for the interpretation of exper-
iments. However, it is sometimes necessary to consider
also the corrections to collective modes that will appear
when allowing for weak cross correlations, in particu-
lar, between the energy and the partial densities, the
energy and the density fluxes, or the density and mo-
mentum fluxes. In the case of the simplified models
with no regard for cross correlations, it is easy to find
the collective mode spectrum of the system analytically.
Therefore, there arises an idea to develop and to use the
corresponding perturbation theory. This problem is ide-
ologically close to the stationary perturbation theory in
quantum mechanics.

In this case, the unperturbed problem can be the col-
lective mode problem for a system without cross corre-
lations, whose kinetic matrix consists of several smaller
blocks. The eigenvalues and eigenvectors for each of
them can be searched for independently. It is evident
that the eigenvectors of different blocks of the unper-
turbed problem will be orthogonal to one another. The
perturbation of the kinetic matrix is chosen as a ma-
trix of the same order as the initial one with the corre-
sponding cross correlators of the static or dynamic na-
ture (neglected in the unperturbed matrix) at the cross
positions, and all other elements equal to zero.

The aim of this work is to construct the general formu-
lation of such a perturbation theory and to demonstrate
its application to some simple dynamic models of liquids.

1. Generalized Hydrodynamic Matrix and
Collective Excitation Spectrum

The problem of the calculation of the collective exci-
tation spectrum of a system {zα(k)} in the method of
generalized collective modes is reduced to the problem

of finding the eigenvalues and the eigenvectors of the
generalized hydrodynamic (kinetic) matrix T(k) [1, 2]:

T(k)X̂(k) = X̂(k)ẑ(k), (1)

that includes two contributions T(k) = −iΩ(k)+Φ̃(k, 0),
where iΩ(k) and Φ̃(k, z) are the frequency matrix and
the memory function matrix of the system, respectively,
and ẑ(k) is the diagonal matrix of eigenvalues: zαβ(k) =
δαβzα(k). The frequency matrix is calculated in terms
of the static equilibrium correlation functions as

iΩ(k) = 〈iLPkP−k〉〈PkP−k〉−1.

In the symmetrized form, it is anti-Hermitian (which
will be discussed in detail in what follows). Therefore,
it makes only imaginary contributions to the eigenval-
ues zα(k) that describe the characteristic frequencies of
the propagator oscillation modes. The memory function
matrix

Φ̃(k, z) = 〈(1− P)iLNPk(z + (1− P)iLN )−1×

×(1− P)iLNP−k〉〈PkP−k〉−1

in the symmetrized form is Hermitian and has only real
(and single-sign [10]) eigenvalues, which provides the de-
cay of the time correlation functions with time. Here, Pk

is the collection of basis dynamic variables used for the
description of the system, 〈...〉 means the equilibrium
statistical averaging, and P = 〈...P−k〉〈PkP−k〉−1Pk

is the Mori projection operator. The obtained eigen-
values zα(k) yield the collective mode spectrum of the
system calculated in the framework of a certain dynamic
model determined by the collection {Pk}, while the cor-
responding eigenvectors xα = {X̂i,α} allow one to cal-
culate the amplitudes of these modes that describe the
contribution of a definite mode into the time correlation
functions (TCF):

Fij(k, t) =
s∑

α=1

Gijα (k) exp(zα(k)t), (2)

where the amplitudes Gijα (k) are searched for as

Gijα (k) =
s−1∑
l=0

X̂i,αX̂
−1
α,lFlj(k, 0). (3)

If the basis of dynamic variables Pk can be divided
into subclasses, the cross correlations between which are
considered small due to some physical reasons, then the
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collective mode problem is simplified and can be rather
easily solved analytically in the zero-order approxima-
tion with respect to these correlations. The elements
of the cross correlations, that are considered small and
not taken into account in the zero-order approximation,
can be estimated with the help of perturbation theory
in the first, second, and other orders in these quanti-
ties.

This problem looks rather similar to the problem of
the stationary perturbation theory in quantum mechan-
ics, but a more detailed investigation reveals the con-
siderable and fundamental differences. First of all, it is
the non-Hermitian character of the generalized hydro-
dynamic matrix, which, in the general case, results in
the nonorthogonality of the eigenvectors corresponding
to different eigenvalues. It is worth noting that the or-
thogonality plays an extremely important role in quan-
tum mechanics for the construction of the perturbation
theory formalism. That is why the further study re-
quires a more detailed consideration of the properties
of the generalized hydrodynamic matrix. First of all,
in order to simplify the calculations of the collective
modes, one can perform the orthogonalization of the
matrix of static correlation functions 〈PkP−k〉 bring-
ing it to the diagonal form. Such an orthogonaliza-
tion can be carried out with the help of the Gram–
Schmidt procedure using the technique of projection op-
erators [11].

Second, it is necessary to ensure the orthogonality of
the eigenvectors corresponding to different eigenvalues
of the generalized hydrodynamic matrix and to solve the
problem of normalization of the eigenvectors that, gen-
erally speaking, represent the functions of k. This aim
can be achieved by additionally symmetrizing the gen-
eralized hydrodynamic matrix, which is reached due to
the transformation Pα

k → Pα
k/〈Pα

kPα
k〉

1/2.
In order to better formulate the general idea and

the construction scheme of perturbation theory for the
calculation of the collective modes, let us consider a
simple example of the dynamic model of a liquid de-
scribed by the collection of dynamic variables that in-
cludes such densities of the local motion integrals as
the particle density nk, its first time derivative (or the
flux density), and the time derivative of the momen-
tum flux density, i.e. {nk, ṅk, n̈k}. Neglecting the cross
viscoelastic correlations, such a basis can be divided
into two subclasses of variables {nk, ṅk} + {n̈k}, each
of them having its independent eigenvalues and corre-
sponding eigenvectors. For such a model, one can pro-
ceed to the symmetrized and orthogonalized basis [12].
Then the generalized hydrodynamic matrix takes the

form

T0(k) =


0 icT k 0

icT k 0 0

0 0 ( c
2
∞
c2T
− 1) 1

τ

 . (4)

In this case, it is easy to find the eigenvalues corre-
sponding to two sound complex-conjugate modes z(0)

± =

±icT k and one relaxation mode z
(0)
3 = −( c

2
∞
c2T
− 1) 1

τ .
Here, cT and c∞ stand for the isothermal and high-
frequency velocities of sound, respectively, while τ is the
correlation time for the time correlation density func-
tion. The isothermal velocity of sound cT is determined
from the equality c2T k

2 = 〈ṅkṅ−k〉〈nkn−k〉−1|k→0 =
(kBT/mSnn(0))k2, where Snn(k) = 〈nkn−k〉 is the
static structural factor related to the compressibility of
the system in the limit k → 0; c2∞ is the so-called zero
or high-frequency velocity of sound that allows only for
elastic effects (similarly to a solid body) and is deter-
mined as c2∞k2 = 〈n̈kn̈−k〉〈ṅkṅ−k〉−1|k→0. The eigen-
vectors corresponding to these modes are also easy to
find, and their normalization to 1 yields x(0)

3 = (0, 0, 1),
x(0)
± = 1√

2
(∓1, 1, 0). It is evident that all of them are

mutually orthogonal, but of most importance is the or-
thogonality of the vector x(0)

3 to the other eigenvectors.
As will be shown below, it is important for the gener-
alization of this simple example and the successive con-
struction of the perturbation theory.

After including the cross correlations, the general-
ized hydrodynamic matrix can be presented in the form
T(k) = T0(k) + δT(k), where the symmetrized pertur-
bation matrix

δT(k) =


0 0 0

0 0 ik
√
c2∞ − c2T

0 −ik
√
c2∞ − c2T 0

 (5)

contains the expression
√
c2∞ − c2T that can be consid-

ered small at close values of c∞ and cT . In this case,
there arises the typical problem of perturbation theory
in the matrix form.

2. General Formulation of Perturbation Theory

Thus, the general statement of the problem is as fol-
lows: we are interested in the spectrum of eigenvalues
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and eigenvectors of the generalized hydrodynamic ma-
trix that can be presented as the sum of two terms
T = T0+λδT, where T0 is the matrix without regard for
cross correlations and λ is some formal parameter which
is considered small. Then the problem of finding the
spectrum of eigenvalues and eigenvectors for the matrix
T0 can be solved rather easily, while δT will represent
the matrix of cross correlations that are small and can
be taken into account when calculating the spectrum of
eigenvalues and eigenvectors of the matrix T with the
help of perturbation theory.

Thus, supposing that the cross correlations between
certain variables are small, the corrections to the
eigenmodes and the corresponding eigenvectors can be
searched for as expansions in the frame of perturbation
theory:

zα = z(0)
α + λδz(1)

α + λ2δz(2)
α + . . . ,

xα = x(0)
α + λδx(1)

α + λ2δx(2)
α + . . . .

All these expansions can be substituted into the matrix
equation (1). Then, with regard for the relation

T0(k)X̂(0)(k) = X̂(0)(k)ẑ(0)(k),

one can equate the expressions of the same order of
smallness on the left- and right-hand sides of this equa-
tion. This procedure yields a chain of linear equations
(similarly to the case of the stationary perturbation the-
ory in quantum mechanics), which allows one to find the
corrections to the eigenvalues and the eigenvectors in-
duced by a perturbation. We recall that, when finding
a solution in quantum mechanics, it is important that
the unperturbed eigenvectors corresponding to different
eigenvalues of the Hamiltonian are orthogonal, as the
Hamiltonian is Hermitian. In the case of the general-
ized hydrodynamic matrix, this statement is not true.
However, it is important that the orthogonality con-
dition will be satisfied for sure for some eigenvectors,
because the basis of dynamic variables in this class of
problems can be divided into independent subclasses:
{Pk} = {Pµ

k,P
ν
k}, the cross correlations between which

are not taken into account in the zero-order approxima-
tion. For instance, such independent subclasses in the
above-considered example are Pµ

k = {nk, ṅk}, Pν
k = n̈k.

Each of these subclasses provides an independent ma-
trix block, its independent eigenvalues, and the corre-
sponding eigenvectors. Moreover, it is absolutely evi-
dent that the eigenvectors x(0)

α for different subclasses
will be orthogonal, because they will have the struc-
ture x(0)

α = {x1,α, . . . , xµ,α; 0, . . . 0} at α = 1, . . . , µ and

x(0)
α = {0, . . . , 0;xµ+1,α, . . . , xµ+ν,α} at α = µ+1, ..., µ+
ν. The scalar product of such vectors can be determined
as (xαxβ) =

∑
i

x∗i,αxi,β , and an arbitrary matrix A in

the representation of the eigenvectors of the matrix T(0)

is determined as Āαβ = (xαAxβ) =
∑
i,j

x∗i,αAijxj,β . It is

obvious that the cross correlation matrix δT in this rep-
resentation will always have a zero diagonal δT̄αα = 0
and even more: the only non-zero components will be
those δT̄αβ , for which α and β correspond to different
subclasses. It is also worth finding the conjugate matrix
T̄ ∗αβ =

∑
i,j

x∗i,βTijxj,α. Recurring to the above example,

it should be noted that the only non-zero components in
it are δT̄3α and δT̄α3, α = 1, 2(+,−).

Thus, substituting the expansions of perturbation the-
ory into Eq. (1) and keeping the terms up to the second
order of magnitude inclusive, we obtain

T0(k)x(0)
α (k) = x(0)

α (k)ẑ(0)
α (k), (6)

δT(k)x(0)
α (k) + T0(k)δx(1)

α =

= x(0)
α (k)δẑ(1)

α (k) + δx(1)
α (k)ẑ(0)

α (k), (7)

δT(k)δx(1)
α (k) + T0(k)δx(2)

α =

= δx(1)
α (k)δẑ(1)

α (k) + δx(2)
α (k)ẑ(0)

α (k) + δx(0)
α (k)ẑ(2)

α (k).
(8)

Without the additional conditions from (7), δx(1)
α is de-

termined ambiguously, so we can impose the additional
normalization condition (xαx

(0)
α ) = 1. When normaliz-

ing the unperturbed eigenvectors to 1, it results in the
relations (x(0)

α δx(1)
α ) = 0, (x(0)

α δx(2)
α ) = 0. Multiplying

Eq. (7) by x(0)
α and considering what was written above,

one can see that all the first corrections to the modes
δz

(1)
α = 0. The first-order correction to the eigenvectors

will be searched for in the form δx(1)
α =

∑
γ
aαγx

(0)
γ , where

aαγ are unknown coefficients of the first order of small-
ness. Substituting this expansion into (7) and multiply-
ing it scalarly from left by the fixed x(0)

β from another

subclass, it is easy to show that δT̄αβ = aβα(z(0)
β − z

(0)
α ).

Hence, we obtain the following expression for the first
correction to the eigenvectors:

δx(1)
α =

∑
β/

δT̄βα

z
(0)
α − z(0)

β

x(0)
β . (9)
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I.M. MRYGLOD , V.M. KUPOROV

Performing similar operations with Eq. (8), one can find
the second correction to the eigenvalues:

δz(2)
α =

∑
β/

δT̄ ∗αβδT̄βα

z
(0)
α − z(0)

β

. (10)

Here, β/ denotes that the summation is performed over
β from a subclass different from that of α. The condition
for this perturbation theory to be valid is evidently the
requirement |δT̄αβ | � |z(0)

α − z(0)
β |.

3. Simplest Examples of Application

In order to illustrate the formulated formalism, we use
it for the consideration of several simple examples that
correspond to the known dynamic models for a simple
liquid with available analytical solutions.

3.1. Hydrodynamic model

The hydrodynamic model is specified by the basis of vari-
ables {nk, ṅk, hk}, where the enthalpy density hk =
ek−〈ekn−k〉〈nkn−k〉−1nk appears instead of the energy
density ek due to the orthogonalization of the collection
of densities of conservative variables. The symmetrized
hydrodynamic matrix in the limit of small k has the form

T(k) =


0 icT k 0

icT k Dlk
2 φṅh − iωṅh

0 φhṅ − iωhṅ Dhk
2

 , (11)

where the matrix elements corresponding to thermovis-
cous cross correlations include both static correlators
(due to the elements of the frequency matrix ωṅh, ωhṅ)
and dynamic contributions taken into account by means
of the elements of the memory functions φhṅ, φṅh with
the known analytical expressions [2]. In the symmetrized
form, we can write φhṅ = −φṅh = −ik2ξ(k, 0)/

√
TCVm

and iωṅh = −iωhṅ = ik(αP /κT )
√
TV /ρCV , where we

operate with the limit values of the generalized isother-
mal compressibility κT , the linear coefficient of thermal
expansion αP , and the heat capacity CV at k → 0, the
non-hydrodynamic transport coefficient (so-called ther-
mal viscosity) ξ(k, 0) |k→0 → 0, the mass density ρ, and
the thermodynamic temperature T .

In the zero-order approximation, one can often neglect
the cross correlations of the thermal density with the
particle density and its flux, by dividing matrix (11) into
two terms

T(k) = T0(k) + δT(k),

where

δT(k) =


0 0 0

0 0 φṅh − iωṅh

0 φhṅ − iωhṅ 0

 . (12)

The generalized collective modes of the model with the
matrix T0(k) without cross correlations will have the
form (to within k2)

z
(0)
± = −Dlk

2/2± icT k, z
(0)
3 = −Dhk

2. (13)

Here, Dh = (V/CV )λ, where CV and λ are the limit
values of the generalized heat capacity CV (k) and the
generalized heat conduction λ(k, z) at k → 0, z = 0,
respectively, whereas Dl is the longitudinal viscosity co-
efficient.

The eigenvectors of the unperturbed problem normal-
ized to 1 can be found easily: x(0)

h = (0, 0, 1), x(0)
± =

(1/
√

2)(±1, 1, 0).
On the following stage, one can include the cross cor-

relations with the use of perturbation theory. It is ob-
vious that, among the matrix elements δT̄αβ , the only
non-zero ones will be δT̄3α and δT̄α3 at α = 1, 2(+,−).

According to (10), the second-order corrections to the
modes are searched for as

δz
(2)
3 =

2∑
α=1

δT̄ ∗3αδT̄α3

z
(0)
3 − z(0)

α

,

δz(2)
α =

δT̄ ∗α3δT̄3α

z
(0)
α − z(0)

3

, α = 1, 2(+,−). (14)

Calculating the product δT̄3αδT̄α3 accurate to k2, we
obtain

δT̄3αδT̄α3 = −k2

(
αP
κT

)2
TV

2ρCV
. (15)

Substituting (15) into (14) and taking the values of
z
(0)
α into account, we find the corrections to the eigen-

values in the second order of perturbation theory:

δz
(2)
3 = − V 2Tλ

2ρC2
V c

2
T

(
αP
κT

)2

k2, (16)

δz
(2)
± = − V 2Tλ

2ρC2
V c

2
T

(
αP
κT

)2

k2±
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±i
(
αP
κT

)2
TV

2ρCV c2T
cT k. (17)

Hence,

z3 ' z(0)
3 + δz

(2)
3 = −V λ

CV

(
1 +

V T

2ρCV c2T

(
αP
κT

)2
)
k2,

(18)

z± ' z(0)
± + δz

(2)
± = −

(
Dl

2
+

V 2Tλ

2ρC2
V c

2
T

(
αP
κT

)2
)
k2±

±icT k

(
1 +

(
αP
κT

)2
TV

2ρCV c2T

)
. (19)

One can see that, in the case of sound perturba-
tions and the thermal relaxation mode, the correction
renormalizes the damping coefficients ∼ k2. For the
sound modes, the velocity of sound is also renormal-
ized. It is also easy to see that all the relations include
the quantity (αP /κT ) that actually plays the role of a
small parameter of perturbation theory. Recalling the
expression for the generalized isothermal compressibil-
ity 1/κT (k) = nkBT/Snn(k) and comparing it to the
above expression for the isothermal velocity of sound,
one can notice a simple relation existing between them:
1/κT = c2T /ρ, ρ = nm. This fact allows us to rewrite
the second term in (17) and explicitly obtain the renor-
malization factor of the velocity of sound in (19) in the
well-known form γ = 1 + TV α2

P /κTCV . That is, tak-
ing the cross correlations between the energy and den-
sity fluctuations into account results in the renormaliza-
tion of the isothermal velocity of sound into the adia-
batic one cs = cT

√
γ. In this case, we used the relation√

1 + x ≈ 1 + x/2 that is valid at small x. This means
that, in the case of the hydrodynamic model, the pertur-
bation theory yields the standard form of sound modes
with the adiabatic velocity of sound:

z± ' z(0)
± + δz

(2)
± = −Γk2 ± icsk, (20)

where the sound damping coefficient 2Γ = Dl + (γ −
1)(V/CV )λ, and the formal smallness parameter of per-
turbation theory is presented by the quantity γ − 1 =
(c2s − c2T )/c2T .

Keeping the terms of the order of k3 in the expansion
of the hydrodynamic modes in terms of the wave number
and considering the correction to the velocity of sound

c(k) = cT
√

1− (D2
l /4c

2
T )k2 in (13), we obtain

z± ' z(0)
± + δz

(2)
± = −Γk2 ± icsk

√
1−

D2
l

4c2T
k2. (21)

As concerns the damping coefficients, the analysis of
expressions (18)-(19) demonstrates the renormalization
of the longitudinal viscosity and the coefficients of sound
damping and heat conduction in the expressions for the
corresponding modes, which is caused by the allowance
for thermoviscous correlations.

3.2. Viscoelastic model

In the case of simple liquids, this dynamic model is based
upon the basic variables that include the partial parti-
cle density and two of its time derivatives {nk, ṅk, n̈k}.
The variable n̈k describes a change of the momentum
flux and also allows for elastic effects. In practice, this
model can be used for the description of the systems, in
which the effects of thermal expansion are inessential, for
instance, in the case of some liquid metals. The orthog-
onalization results in the physically equivalent collection
{nk, ṅk, n3,k}, where n3,k = n̈k−〈n̈kn−k〉〈nkn−k〉−1nk.
This model is formally similar to the previous one, as
two of its first variables will be the same, while the
energy density is replaced by the stress tensor density,
whose correlations with the other two variables can be
neglected in the zero-order approximation of perturba-
tion theory. Thus, the elements of the kinetic matrix cor-
responding to the correlations with n3 or n̈ will be con-
sidered small. The further consideration of the system
is formally reduced to the thermoviscous one by means
of replacing h by n3.

Some differences will appear in the values of the prin-
cipal and cross elements of the frequency matrix and the
memory function matrix. The unperturbed model in the
symmetrized basis will yield the generalized kinetic ma-
trix (4).

The unperturbed eigenvalues will be z
(0)
± = ±icT k,

z
(0)
3 = ( c

2
∞
c2T
−1)/τ , i.e. two conjugate sound modes and a

relaxation one corresponding to the viscoelastic Maxwell
relaxation [13], whereas the corresponding eigenvectors
are x(0)

3 = (0, 0, 1), x(0)
± = 1√

2
(∓1, 1, 0). The sym-

metrized matrix of cross correlations is specified by ex-
pression (5).

Thus, we have

δT̄3αδT̄α3 = −1
2
k2(c2∞ − c2T ), (22)
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and the corrections to the eigenvalues at arbitrary τ have
the form

δz
(2)
3 = −c2T k2τ

(c2∞/c
2
T − 1)2

(c2∞/c2T − 1)2 + c2T k
2τ2

, (23)

δz
(2)
± =

−c2T k2τ(c2∞/c
2
T − 1)2 ± icT τ2(c2∞ − c2T )k3

2[(c2∞/c2T − 1)2 + c2T k
2τ2]

. (24)

The correlation time τ for the time correlation den-
sity function takes both thermal and viscous effects into
account, and its expression follows from the Landau–
Placzek relation for the dynamic structural factor of a
simple liquid [13,14] that includes both the thermal con-
tribution ∼ k2 and the viscoelastic one.

That is why it is appropriate to consider separately the
case where thermal effects are taken into account (γ 6= 1)
and the case where they can be neglected as compared
to viscous ones (γ = 1). In the first case, we obtain the
hydrodynamic behavior of τ (τ ∼ k−2). Therefore, the
non-zero memory function φ2 = ( c

2
∞
c2T
− 1) 1

τ ∼ k2 will
behave itself in the same way as in the hydrodynamic
model. In the second case, the hydrodynamic contri-
bution into the correlation time contains the quantity
γ − 1 ≈ 0 that disappears when neglecting the thermal
fluctuations. Thus, it is worth taking into account the
next contribution related to the longitudinal viscosity
Dl, namely τ |k→0 → Dl/c

2
T .

First, we consider the case γ 6= 1 in more details,
where thermal processes are taken into account implic-
itly, and the correlation time is determined from the
Landau–Placzek relation

τ =
γ − 1
γ

(
V λ

CV
k2

)−1

,

i.e., τ ∼ k−2. Using the notation (c2∞/c
2
T−1)(1/τ) ≡ dk2

and taking the relation z
(0)
3 = −dk2 into account, we

obtain

z3 ' z(0)
3 + δz

(2)
3 = −dk2

(
1− c2∞ − c2T

c2T

)
, (25)

z± ' z(0)
± + δz

(2)
± = −d(c

2
∞ − c2T )
2c2T

k2±

±icT k
(

1 +
c2∞ − c2T

2c2T

)
. (26)

As one can see, the formal parameter of perturbation
theory is presented here by the difference between the

isothermal and zero velocities of sound (c2∞ − c2T )/c2T .
The use of the approximate formula 1 + x/2 ≈

√
1 + x

yields 1 + (c2∞− c2T )/2c2T ≈ c∞/cT in (26), that is, there
takes place the renormalization of the velocity of sound
from the isothermal to the high-frequency one: cT → c∞.
As is known, c∞ > cs > cT . It is worth noting that the
accurate solution for the case τ ∼ k−2 yields the sound
modes exactly with the high-frequency velocity of sound
z± = ±ikc∞ + Dk2. Such a situation takes place in
liquids, in which a sound of high frequency (from here
we borrow the term “high-frequency") behaves in a liquid
as in an elastic medium similar to a solid body (the case
of low-compressible liquids, for example, liquid metals).
This fact explains the effective increase of the velocity
of sound in liquids as a result of the elastic mechanism
of sound propagation.

However, from the physical point of view, the case
where thermal effects are completely excluded, i.e. γ = 1
and viscous processes are considered dominant will be
more proper for this model [12]. In this case, the corre-
lation time τ = const is finite even in the hydrodynamic
limit, and there arises an unperturbed relaxation mode
with a finite lifetime z(0)

3 = (c2∞/c
2
T − 1)(1/τ) ≡ d0 =

const, whereas corrections (23)–(24) at small k will de-
pend on the relation between the quantities appearing
in the denominator, namely k and the characteristic pa-
rameter k1 = (c2∞/c

2
T −1)/c3T τ = (c2∞−c2T )/cTDl, where

it is taken into account that τ |k→0 → Dl/c
2
T .

If k � k1, then the corrections to the damping coeffi-
cients will be of the order of k2 [12]: δz(2)

3 = −c2T τk2 =
−Dlk

2, Re (δz(2)
± ) = −c2T τk2/2 = −Dlk

2/2. Of higher
interest are the corrections to the imaginary parts of the
collective modes that make changes to the dispersion
law. For instance, formally passing to the hydrodynamic
limit in (24) and keeping the terms ∼ k3, we obtain the
quadratic correction to the velocity of sound [12]

δc(2) = cT (Dl/d0)k2 = cT
D2
l

2(c2∞ − c2T )
k2 ≡ cTβk2. (27)

Thus, we have a positive correction to the linear dis-
persion caused by viscous processes that is really ob-
served experimentally, which is reported in the literature
[8]. This result explains qualitatively the real behavior
of the dispersion dependence.

At k ∼ k1, the situation will be different. Accord-
ing to (23)–(24), the corrections to the damping coeffi-
cients will behave in a more complicated way, namely as
adk2/(d + ak2), whereas the positive correction to the
dispersion has the form bk3/(d+ ak2).
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For the viscoelastic model, one can find the accurate
solution of the eigenvalue problem in the hydrodynamic
limit searching for it in the form of the expansion z(k) =
d0 + ick+ dk2 + bk3 + .... The first order of k enters the
matrix T(k) only with the imaginary unit, hence all the
contributions of odd orders, except for the first and third
ones, will be imaginary. In particular, calculating the
mode spectrum of the system for the case τ = const =
Dl/c

2
T to within k3, we find

z± = −Dlk
2/2± icT k(1 + βk2),

z3 = −c
2
∞ − c2T
Dl

+Dlk
2, (28)

which does not conflict with the solution with correc-
tions (23)–(24) of perturbation theory. The correction
to the velocity of sound ∼ k2 can be obtained keeping
the k3 terms in the expansion of z(k) and extracting the
imaginary part of the corresponding contribution. The
accurate result gives

β =
D2
l

8
5− c2∞/c2T
c2∞ − c2T

=
D2
l

2(c2∞ − c2T )
+
D2
l (1− c2∞/c2T )
8(c2∞ − c2T )

,

(29)

where the first term coincides with correction (27) by
perturbation theory derived from the general expression
(17), while the second one ∼ c2∞/c2T − 1 follows from the
continuation of the expansion of z(k) up to k3 [see rela-
tion (21 and the text before it] and the known expansion√

1 + x ' 1 + x/2.
In addition to the positive dispersion of the velocity

of sound, we note the appearance of the terms ∼ Dlk
2

in the relaxation modes in the same way as in the hy-
drodynamic model.

3.3. Thermoviscoelastic model

This model can be considered as a generalization of the
two previous ones and is based upon the collection of dy-
namic variables {nk, ṅk, n̈k} + {hk} or {nk, ṅk, n3,k} +
{hk} taking thermal effects into account (in addition to
viscoelastic ones), whose correlations can be supposed
small and considered as a perturbation. Thus, the un-
perturbed model is chosen in the form {nk, ṅk, n3,k},
while the cross correlations of the energy hk with other
variables are introduced as perturbations.

The generalized hydrodynamic matrix without cross
correlations for such a model in the symmetrized basis
has the form

T0(k) =

=



0 icT k 0 0

icT k 0 −ik
√
c2∞ − c2T 0

0 ik
√
c2∞ − c2T (

c2∞
c2

T
− 1) 1

τ
0

0 0 0 V
CV

λk2


, (30)

whereas the thermoviscous cross correlations are consid-
ered as perturbations

δT(k) =



0 0 0 0

0 0 0 −iωṅh

0 0 0 φ3h

0 −iωhṅ φh3 0


. (31)

Here, in contrast to the previous case, the correlation
time τ remains finite in the limit k → 0 even at γ 6= 1
and tends to Dl/c

2
T in the hydrodynamic limit, while φh3

and φ3h stand for the memory functions constructed on
the variables h and n3.

As for the initial conditions, we assume that c2∞ − c2T
is not small, and k � k1 in the hydrodynamic limit.
Using the accurate solution for the viscoelastic model
(28) in the hydrodynamic limit, we obtain the following
eigenvalues for the unperturbed model (30):

z
(0)
± = −Dlk

2/2± icT k(1 + βk2),

z
(0)
3 = −c

2
∞ − c2T
Dl

+Dlk
2,

z
(0)
4 = − V

CV
λk2, (32)

where β is determined from (29).
For the “unperturbed” eigenvectors normalized to 1,

we find x(0)
± = (1/

√
2){±1, 1, 0, 0}, x(0)

3 = {0, 0, 1, 0},
and x(0)

4 = {0, 0, 0, 1}.
The cross correlation matrix in the symmetrized basis

will have non-zero elements at the corresponding cross-
correlation positions.

The small parameter of perturbation theory is again
presented by αP /κT or the characteristic quantity
(α2
PTV )/(κTCV ) = γ − 1. The corrections to the eigen-

modes of the system induced by the inclusion of the cross
correlations (31) will be calculated with the help of the
above expressions of perturbation theory (10). We have

δT̄4±δT̄±4 = − α
2
PTV

2κTCV
c2T k

2, δT̄43δT̄34 = φh3φ3h ∼ k4,
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because the symmetrized functions φh3 and φ3h are pro-
portional to k2. After that, the use of expressions (10)
and the accurate modes (32) allows one to obtain the
corrections to the sound and thermal modes:

z± = −Dlk
2/2− α2

PTV ((V/CV )λ+Dl/2)
2κTCV

k2±

±icT (1 + βk2)
(

1 +
α2
PTV

2κTCV

)
k, (33)

z4 = − V

CV
λk2

(
1− α2

PTV

κTCV

)
− α2

PTV

κTCV
Dlk

2. (34)

In other words, we again observe the renormalization
of the isothermal velocity into the adiabatic one cs =
cT
√
γ, if we use the expansion 1 + x/2 ≈

√
1 + x, the

renormalization of the damping coefficients, and replace
c2T τk

2/2 by c2sτk2/2. Moreover, we get the renormaliza-
tion of the thermal capacity into CP = γCV , by taking
the relation (1 + x)−1 ≈ 1 − x at small x into account.
In this case, one can state that the correlation time is
renormalized into τk→0 → Dl/c

2
s. As for the correction

to z3, it will be proportional to k4 in the hydrodynamic
limit. It is worth noting that z(0)

3 = const 6= 0 in the
limit k → 0, which is typical of excitations of the kinetic
type. For the thermal mode z(0)

4 , the obtained correction
is proportional to k2, which means the renormalization
of the heat conduction caused by the mutual correlations
of thermal and viscoelastic processes.

Thus, we finally find

z± = −Dlk
2/2− (γ − 1)

V

CV
λk2 ± i(cs + δc(2)s )k

z3 = −c
2
∞ − c2s
Dl

+D2
l k

2

z4 = − V

CP
λk2 − (γ − 1)Dlk

2. (35)

As one can see, there appears a quadratic positive dis-
persion of the adiabatic velocity of sound induced by
the viscoelastic correction (29). The consideration of the
renormalization of the sound velocity into the adiabatic
one yields the quadratic correction in the form

δcs = cs
D2
l

8
5− c2∞/c2T
c2∞ − c2T

k2, (36)

which provides the positive dispersion of the adiabatic
velocity of sound.

It is evident that a more accurate solution requires
the study of the thermoviscoelastic model also including
thermoelastic correlations n̈ − h, as well as correlations
with the enthalpy flux ḣ, i.e. we should start within the
five-variable model [15]. This would expand and compli-
cate the description due to the appearance of the effects
of thermodiffusion and thermal elasticity.

4. Conclusions

Thus, the corrections to the generalized collective modes
caused by the cross correlations between dynamic pro-
cesses of different nature can be calculated with the use
of perturbation theory. We propose a general formal-
ism of such an approach in the dynamic theory of liq-
uids. General expressions of perturbation theory up to
the second order of magnitude inclusive are obtained.

It is shown that, in spite of the formal similarity of
the constructed formalism to the stationary perturbation
theory in quantum mechanics, the perturbation theory
of this kind has some fundamental differences. First,
the eigenvectors of the unperturbed kinetic matrix are
not orthogonal in the general case, in contrast to the
quantum-mechanical theory, where the orthogonality of
the eigenvectors is ensured by the Hermitian character
of the Hamiltonian. Second, the specific character of
the structure of the generalized hydrodynamic matrix
results in certain peculiarities in the calculation of the
unperturbed eigenvectors. As a result, the first correc-
tion of perturbation theory to the collective modes of
the system will be equal to zero, while the first nontriv-
ial corrections will appear only in the second order.

The proposed perturbation theory is tested by the ex-
ample of the simplest dynamic models of a simple liq-
uid. It is shown that the results obtained in such a way
correctly describe the effects of renormalization of the
velocity of sound and the damping coefficients in the hy-
drodynamic limit, whereas the approximate analytical
expressions are reduced to the known results when sum-
ming up the corresponding series of perturbation theory.

The obtained results give grounds to believe that there
are good prospects to use perturbation theory in the
proposed form for studying more complicated models,
particularly those of multicomponent liquids.
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ТЕОРIЯ ЗБУРЕНЬ ДЛЯ КОЛЕКТИВНИХ МОД
У ДИНАМIЦI ПРОСТИХ ТА СКЛАДНИХ РIДИН

I.М. Мриглод, В.М. Купоров

Р е з ю м е

Формалiзм теорiї збурень використано для обчислення попра-
вок до узагальнених колективних мод, викликаних слабкими
перехресними кореляцiями мiж тепловими та в’язкопружними
динамiчними процесами в простих та складних рiдинах. Збу-
довано загальне формулювання такої теорiї збурень до другого
порядку включно. Проведено її апробацiю на вiдомих найпро-
стiших динамiчних моделях рiдин та виконано аналiз отрима-
них результатiв порiвняно з точними результатами для цих мо-
делей. Показано, що результати теорiї збурень дозволяють за
вiдповiдних умов вiдтворити вiдомi результати для цих моде-
лей.
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