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The problem of anomalous diffusion in the momentum space is
considered on the basis of the appropriate probability transition
function (PTF). A new general equation for the description of the
diffusion of heavy particles in a gas of light particles is formulated
on the basis of the new approach similar to one in the coordinate
space [1]. The obtained results allow one to describe the various
situations where the probability transition function has a long tail
in the momentum space. The effective friction and diffusion coefficients are determined.

1. Introduction
Interest in anomalous diffusion is conditioned by a large
variety of applications: semiconductors, polymers, some
granular systems, plasmas under specific conditions, various objects in biological systems, physico-chemical systems, etc.
The deviation from a linear-in-time dependence
hr2 (t)i ∼ t of the mean square displacement has been
experimentally observed, in particular, under essentially
non-equilibrium conditions or for some disordered systems. The average square separation of a pair of particles
passively moving in a turbulent flow grows, according to
Richardson’s law, with the third power of time [2]. For
the diffusion typical of glasses and related complex systems [3], the observed time dependence is slower than a
linear one. These two types of anomalous diffusion are
obviously characterized as superdiffusion hr2 (t)i ∼ tα
(α > 1) and subdiffusion (α < 1) [4]. For the description of these two diffusion regimes, a number of effective
models and methods have been suggested. The continuous time random walk (CTRW) model of Scher and
Montroll [5], leading to the strongly subdiffusive behavior, provides a basis for understanding the photoconductivity in strongly disordered and glassy semiconductors.
The Levy-flight model [6], leading to the superdiffusion,
describes various phenomena as the self-diffusion in micelle systems [7] and reactions and transport in polymer
systems [8] and is applicable even to the stochastic description of financial market indices [9]. For both cases,
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the so-called fractional differential equations in the coordinate and time spaces are applied as an effective approach [10].
However, a more general approach has been suggested
recently in [1,11] which avoids the fractional differentiation, reproduces results of the standard fractional differentiation method, when it is applicable, and allows
one to describe the more complicated cases of anomalous
diffusion processes. In [12], these approach has been applied also to the diffusion in a time-dependent external
field.
In this paper, the problem of anomalous diffusion in
the momentum (velocity) space will be considered. In
spite of a formal similarity, the diffusion in the momentum space is very different physically from that in the
coordinate space. It is clear, because the momentum
conservation, which takes place in the momentum space,
has no analogy in the coordinate space.
Some aspects of the anomalous diffusion in the velocity space have been investigated for the last decade in a
few papers [13–16]. On the whole, comparing with the
anomalous diffusion in the coordinate space, the anomalous diffusion in the velocity space is poorly studied. The
consequent way to describe the anomalous diffusion in
the velocity space is, to the best of our knowledge, still
absent.
In this paper, a new kinetic equation for the anomalous diffusion in the velocity space is derived (see also
[17]) on the basis of the appropriate expansion of a PTF
(in the spirit of the approach suggested in [1] for the
diffusion in the coordinate space), and some particular
problems are investigated on this basis.
The diffusion in the velocity space for the cases of
the normal and anomalous behaviors of a PTF is presented in Section 2. Starting from the argumentation
based on a PTF of the Boltzmann type, we derive a
new kinetic equation which can be applied, in fact, to
a wide class of PTFs. The particular cases of anomalous diffusion for collisions of hard spheres with the specific power-type prescribed distribution function of the
light particles are analyzed in Section 3. The univer-
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sal character of the anomalous diffusion in the velocity
space is absent, by contrast with one in the coordinate
space (when the anomalous diffusion exists for the PTFs
power-dependent for all distances). The more general
examples of the anomalous diffusion are considered as
well. In Section 4, the short review of the anomalous
diffusion in the coordinate space is presented.
2. Diffusion in the Velocity Space on the Basis
of a Master-Type Equation
Let us consider now the main problem formulated in
Introduction, namely, the diffusion in the velocity space
(V -space) on the basis of a respective master equation
which describes the balance of grains coming in and out
a point p at the time moment t. The structure of this
equation is formally similar to the master equation (41)
in the coordinate space
Z
dfg (p, t)
= dq×
dt
× {W (q, p + q)fg (p + q, t) − W (q, p)fg (p, t)} .

(1)

Of course, there is no conservation law for the coordinate space, similar to that in the momentum space. The
probability transition W (p, p0 ) describes the probability
for a grain with momentum p0 (point p0 ) to transfer from
this point p0 to the point p per unit time. The momentum transferred is equal to q = p0 − p. Assuming at the
beginning that the characteristic momenta q are small,
one may expand Eq. (1) and arrive at an equation of the
Fokker–Planck type for the density distribution fg (p, t):


dfg (p, t)
∂
∂
=
Aα (p)fg (p, t)+
(Bαβ (p)fg (p, t)) .
dt
∂pα
∂pβ
(2)

Bαβ = δαβ B, where B is the integral
Z
1
ds qq 2 W (q).
B=
2s

By neglecting the p-dependence of the PTF at all,
we arrive to the coefficient Aα = 0 (while the diffusion
coefficient is constant). As is well known, this neglect
is wrong, and the coefficient Aα for the Fokker–Planck
equation can be determined by using the argument that
the stationary distribution function is Maxwellian. On
this way, we arrive at the standard form of the coefficient M T Aα (p) = pα B which is one of the forms of the
Einstein relation. For the systems far from equilibrium,
this argument is not acceptable.
To find the coefficients in the kinetic equation which
are applicable also to slowly decreasing PTFs, let us use
a more general way based on the difference of the velocities of light and heavy particles. To calculate the function Aα , we take the fact into account that the function
W (q, p) is scalar and depends on q, q · p, p. Expanding
W (q, p) in q · p, we obtain the approximate representation of the functions W (q, p) and W (q, p + q):
1
W (q, p) ' W (q) + W̃ 0 (q)(q · p) + W̃ 00 (q)(q · p)2 , (5)
2
W (q, p + q) ' W (q) + W̃ 0 (q) (q · p)+
1
+ W̃ 00 (q)(q · p)2 + q 2 W̃ 0 (q),
2

Z
Aα (p) =

ds qqα W (q, p);

1
Bαβ (p) =
2

Z

ds qqα qβ W (q, p).

ds qqα qα W̃ 0 (q) =

pα
s

Z

ds qq 2 W̃ 0 (q).

(7)

If the equality W̃ 0 (q) = W (q)/2M T is fulfilled for the
function W (q, p), then we get the usual Einstein relation
(3)

The coefficients Aα and Bαβ describe the friction force
and the diffusion, respectively, and s is the dimension of
the momentum space.
Because the velocity of heavy particles is small, the
p-dependence of the PTF can be neglected in the calculation of the diffusion, which is constant in this case,
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(6)

where W̃ 0 (q) ≡ ∂W (q, q · p)/∂(qp) |q·p=0 and W̃ 00 (q) ≡
∂ 2 W (q, q · p)/∂(qp)2 |q·p=0 .
Then, with the necessary accuracy, Aα equals
Z
Aα (p) = ds qqα qβ pβ W̃ 0 (q) =

= pα
Z

(4)

M T Aα (p) = pα B.

(8)

Let us check this relation for Boltzmann collisions
which are described by the PTF W (q, p) = wB (q, p)
[11]:
wB (q, p) =

2π
µ2 q

Z∞
du u

dσ
×
do

q/2µ
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× arccos (1 −


q2
),
u
fb (u2 + v 2 − q · v/µ),
2µ2 u2

(9)

where (p = M v) and dσ/do and fb are, respectively, the
differential scattering cross-section and the distribution
function for light particles. For the equilibrium Maxvellian distribution fb0 , the equality W̃ 0 (q) = W (q)/2M T
is evident, and we obtain the usual Fokker–Planck equation in the velocity space with the constant diffusion
D ≡ B/M 2 and friction β ≡ B/M T = DM/T coefficients which satisfy the Einstein relation.
d
The evident generalization of the PTF wB
(q, p) to the
case of a driven (characterized by the drift velocity ud )
distribution function (p = M v) reads
d
wB
(q, p)

2π
= 2
µ q

Z∞



dσ
q2
duu ·
arccos (1 − 2 2 ), u ×
do
2µ u

q/2µ

1
∂ 2
− W̃ 00 (q)(q ·
) ]}fg (r, t).
2
∂r

(12)

We can rewrite this equation as
dfg (r, t)
= A(r)f (r)+
dt

+Bα (r)

∂
∂2
f (r, t) + Cαβ (r)
f (r, t),
∂rα
∂rα ∂rβ

(13)

where
Z
dq[exp(−i(qr)) − 1]W (q) =

A(r) =

Z∞
= 4π

dqq 2




sin (qr)
− 1 W (q),
qr

(14)

0

×fb (u2 + (v − ud )2 − q · (v − ud )/µ).

(10)

and will be considered in details separately.
For some non-equilibrium situations, the PTF can
possess a long tail. In this case, we have derive a generalization of the Fokker–Planck equation in spirit of the
above consideration for the coordinate case, because the
diffusion and friction coefficients in the form Eqs. (4) and
(7) diverge for large q if the functions have the asymptotic behavior W (q) ∼ 1/q α with α ≤ s + 2 and (or)
W̃ 0 (q) ∼ 1/q β with β ≤ s + 2.
Let us insert the expansions for W in Eq. (1) (as an
example, we choose s = 3; arbitrary s can be considered
in a similar way). With the necessary accuracy, we find
Z
dfg (p, t)
= dq{fg (p + q, t)[1 + qα ∂/∂pα ]×
dt
1
×[W (q) + W̃ (q) (q · p) + W̃ 00 (q)(q · p)2 ] − fg (p, t)×
2
0

1
×[W (q) + W̃ 0 (q) (q · p) + W̃ 00 (q)(q · p)2 ]}.
2

(11)

Bα ≡ rα B(r);

B(r) = −

i
r2

Z∞

4π
= 2
r

dqq

Z

2



dqqr[exp(−i(qr)) − 1]W̃ 0 (q) =


sin(qr)
W̃ 0 (q),
cos (qr) −
qr

(15)

0

Cαβ (r) ≡ rα rβ C(r) =
1
=−
2

Z

dqqα qβ [exp(−i(qr)) − 1]W̃ 00 (q),

C(r) = −

1
2r4

Z

(16)

dq(qr)2 [exp(−i(qr)) − 1]W̃ 00 (q) =



Z∞
2π
2cos (qr) sin(qr) 1
4 2sin(qr)
= 2 dqq
−
−
+
W̃ 00 (q).
r
q3 r3
q2 r2
qr
3
0

the Fourier transformation
R After
dp
(2π)3 exp(ipr)f (p, t), Eq. (11) reads
dfg (r, t)
=
dt

Z

f (r)

=

∂
dq{exp(−i(qr)[W (q) − iW̃ (q) (q ·
)+
∂r
0

(17)
For the isotropic function f (r) = f (r), one can rewrite
Eq. (13) in the form

1
∂ 2
∂
− W̃ 00 (q)(q ·
) ] − [W (q) − iW̃ 0 (q) (q ·
)−
2
∂r
∂r

dfg (r, t)
∂
∂2
= A(r)f (r) + B(r)r f (r) + C(r)r2 2 f (r).
dt
∂r
∂r
(18)
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In the case of a strongly decreasing PDF, the exponent
under the integrals for the functions A(r), B(r), and
C(r) can be expanded as
Z
r2
dq q 2 W (q),
A(r) '= −
6
B(r) ' −

1
3

Z

dq q 2 W̃ 0 (q); C(r) ' 0.

(19)

Then the simplified kinetic equation in the case of
a PTF which is short-range in the q variable (nonequilibrium, in general case) reads
∂
dfg (r, t)
= A0 r2 f (r) + B0 r f (r),
(20)
dt
∂r
R
where A0
≡
−1/6 dq q 2 W (q) and B0
≡
R
−1/3 dq q 2 W̃ 0 (q).
The stationary solution of Eq. (18) for C(r) = 0 is as
follows:

 Z r


0
A0 r 2
0 A(r )
fg (r, t) = Cexp −
dr 0
= Cexp −
.
r B(r0 )
2B0
0
(21)
The respective normalized stationary momentum distribution equals


3/2
B0 p 2
Ng B0
exp
−
.
(22)
fg (p) =
2A0
(2πA0 )3/2
Therefore, in Eq. (19), the constant C = Ng . Equation
(20) and distribution (22) are generalizations of those
in the Fokker–Planck case for the normal diffusion to a
non-equilibrium situation, when the prescribed W (q, p)
is determined, e.g., by some non-Maxwellian distribution
of small particles fb . To show this in another way, let us
make the Fourier transformation of (13) with C = 0 and
the respective A and Bα :

3. Models of Anomalous Diffusion in V -Space
Now, we can calculate the coefficients within the models
of anomalous diffusion.
At first, we consider a simple model system of hard
spheres with different masses m and M  m, dσ/do =
a2 /4. Let us suppose that the small particles in the
model under consideration are described by the prescribed stationary distribution fb = nb φb /u30 (where φb
is a dimensionless distribution, and u0 is the characteristic velocity for the distribution of small particles) and
ξ ≡ (u2 + v 2 − q · v/µ)/u20 . We have
Wa (q, p) =

Z∞

nb a 2 π
2µ2 u0 q

dξ · φb (ξ).

(24)

(q 2 /4µ2 +v 2 −q·vµ)/u20

If the distribution φb (ξ) = 1/ξ γ (γ > 1) possesses a
long tail, we get
Wa (q, p) =

nb a2 π ξ 1−γ
2µ2 u0 q (1 − γ)

∞

=
ξ0

nb a2 π ξ01−γ
,
2µ2 u0 q (γ − 1)

(25)

where ξ0 ≡ (q 2 /4µ2 + v 2 − q · v/µ)/u20 .
In the case p = 0, the value ξ0 → ξ˜0 ≡ q 2 /4µ2 u20 , and
we obtain the expression for the anomalous W ≡ Wa
Wa (q, p = 0) =

≡

nb a2 π
≡
23−2γ (γ − 1)µ4−2γ u3−2γ
q 2γ−1
0

Ca
.
q 2γ−1

(26)

The function A(r), according to Eq. (14), is
Z∞
A(r) ≡ 4π

dqq

2




sin (qr)
− 1 W (q) =
qr

0

2

∂
∂
dfg (p, t)
= −A0 2 fg (p, t) − B0
pα fg (p, t) .
dt
∂p
∂pα

(23)

Therefore, we arrive at the Fokker–Planck-type equation
with the friction coefficient β ≡ −B0 and the diffusion
coefficient D = −A0 /M 2 . In general, these coefficients
(Eq. (19)) do not satisfy the Einstein relation.
In the case of the equilibrium W -function (e.g., fb =
fb0 , see above), the equality W̃ 0 (q) = W (q)/2M Tb is fulfilled. Then A(r)/rB(r) = M Tb r (A0 = M Tb B0 ). Only
in this case, the Einstein relation between the diffusion
and friction coefficients exists, and the standard Fokker–
Planck equation is valid.

138

Z∞
= 4πCa

dq

1
q 2γ−3




sin(qr)
−1 .
qr

(27)

0

Comparing the reduced equation (see below) in the velocity space with that for the diffusion in the coordinate space (2γ − 1 ↔ α and W (q) = C/q 2γ−1 ), we
can establish that the convergence of the integral on
the right-hand side of Eq. (27) (3d case) is ensured if
3 < 2γ − 1 < 5 or 2 < γ < 3. The inequalities γ < 3 and
γ > 2 ensure the convergence for small q (q → 0) and
q → ∞, respectively.
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To determine the structure of the transport process
and the kinetic equation in the velocity space, we have
to find the functions W̃ 0 (q) and W̃ 00 (q).
To find W̃ 0 (q) and W̃ 00 (q) for p 6= 0, we use the full
value ξ0 ≡ (q 2 /4µ2 + p2 /M 2 − q · p/M µ)/u20 and its
derivatives on q · p at p = 0, ξ00 = −1/M µu20 and ξ000 = 0.
Then
W̃ 0 (q, p) ≡

nb a2 π −γ
ξ ,
2M µ3 u30 q 0

W̃ 00 (q, p) ≡

nb a2 πγ −γ−1
.
ξ
2M 2 µ4 u50 q 0

(28)

Therefore, for p = 0 (ξ0 → ξ˜0 ), we obtain the functions
W̃ 0 (q) ≡

(4µ2 u20 )γ nb a2 π
,
2M µ3 u30 q 2γ+1

W̃ 00 (q) ≡

(4µ2 u20 )γ+1 nb a2 πγ
.
2M 2 µ4 u50 q 2γ+3

(29)

We now establish the conditions of convergence of the
integrals for B(r) and C(r). We have
B(r) =

4π
r2

Z∞



sin(qr)
dqq cos (qr) −
W̃ 0 (q).
qr
2

(30)

0

The convergence of B(r) exists for small q if γ < 2
and for large q → ∞ for γ > 1/2.
Finally, the convergence of C(r) is determined by the
equalities γ < 2 for small q and γ > 1 for large q:
C(r) =

2π
r2

Z∞

the examples of anomalous diffusion in the coordinate
space [1]). Therefore, in the model under consideration,
the “anomalous diffusion in the velocity space” for the
power behavior of W (q), W̃ 0 (q), and W̃ 00 (q) at large q
exists if, for large q, W (q → ∞) ∼ 1/q 2γ−1 asymptotically with γ > 2. At the same time, the expansion of the
exponential function in Eqs. (14)–(17) in the integrands,
which leads to the Fokker–Planck-type kinetic equation,
is invalid for the power-type kernels W (q, p).
Let us consider now the formal general model, for
which we will not connect the functions W (q), W̃ 0 (q),
and W̃ 00 (q) with a specific form of W (q, p). In this
case, we can suggest that the functions possess the qdependences independent of one another.
As an example, these dependences can be taken as
those of the power type for three functions: W (q) ≡
a/q α , W̃ 0 (q) ≡ b/q β , and W̃ 00 (q) ≡ c/q η . Here, α, β,
and η are independent and positive. As is follows from
the consideration above, the convergence of the function W exists if 5 > α > 3 (for asymptotically small
and large q, respectively). For the function W̃ 0 (q), the
convergence condition is 5 > β > 2 (for asymptotically
small and large q, respectively). Finally, for the function W̃ 00 (q), the convergence condition is 7 > η > 5 (for
asymptotically small and large q, respectively).
For this example, the kinetic equation Eq. (13) reads
∂
dfg (r, t)
= P0 rα−3 f (r, t) + rβ−5 P1 ri
f (r, t)+
dt
∂ri
+rη−7 P2 ri rj

P0 ≡ 4πa

0


×


2 sin(qr) 2 cos (qr) sin(qr) 1
−
−
+
W̃ 00 (q).
q3 r3
q2 r2
qr
3

dζζ 2−α


sin ζ
−1 ,
ζ

(33)



sin ζ
cos ζ −
,
ζ

(34)


sin ζ
cos ζ
sin ζ
1
− 2 −
+
.
ζ3
ζ
2ζ
6

(35)



0

(31)

Therefore, to ensure the convergence of A, B, and C
at large q, we have to establish the convergence for A,
which means γ > 2. To establish the convergence for
small q, it is enough to establish the convergence for B
and C, which means γ < 2. Therefore, for the purely
power behavior of the function fb (ξ), the convergence
is absent. However, for the anomalous diffusion in the
momentum space, the convergence for small q is always
ensured in reality, e.g., by a finite value of v or by a
change of the small q-behavior of W (q) (compare with
ISSN 2071-0194. Ukr. J. Phys. 2010. Vol. 55, No. 1

(32)

where
Z∞

dqq 4 ×

∂2
f (r, t),
∂ri ∂rj

Z∞
dζqζ

P1 = 4πb

2−β

0

Z∞
P2 = 4πc

dζζ

4−η



0

Taking the isotropy in the coordinate space into account,
we can rewrite Eq. (32) in the form
dfg (r, t)
= P0 rα−3 f (r)+
dt
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+rβ−4 P1

∂
∂2
f (r, t) + rη−5 P2 2 f (r, t).
∂r
∂r

(36)

Naturally, Eqs. (32),(36) can be formally rewritten in the
momentum space (or in the velocity one) via the fractional derivatives of various orders. As is easy to see, for
the purely power behavior of the functions W (q), W̃ 0 (q),
and W̃ 00 (q), the solution with the convergent coefficients
exists for the powers in the above-mentioned intervals.
The universal character of anomalous diffusion in the velocity space in the case under consideration takes place
in the interval of powers mentioned above.
Let us consider now the particular case of anomalous
diffusion, when the specific structure of the PTF W (q, p)
provides a rapid (let us say, exponential) decrease of
the functions W̃ 0 (q) and W̃ 00 (q). Therefore, the exponential function in the integrals for the coefficients B(r)
and C(r) can be expanded, which gives B(r) = B0 and
C(r) ' 0, respectively. At the same time, the function
W (q) ≡ a/q α has a purely power dependence on q.
Then the kinetic equation (13) reads
∂
dfg (r, t)
= P0 rα−3 f (r, t) + B0 ri
f (r, t)
dt
∂ri

(37)

or, formally in the momentum space,
dfg (p, t)
∂
= P0 Dν f (p, t) + B0
[pi f (p, t)],
dt
∂pi

(38)

where ν ≡ (α − 3) (2 > ν > 0), and we inthe fractional differentiation operator Dν ≡
Rtroduced
ν
drr exp(−ipr) in the momentum space to compare
this equation with a similar one in [13]. The stationary
solution of Eq. (37) is


P0 rν−1
fg (r, t) = C exp −
.
(39)
B0
The similar consideration can be used for other types of
anomalous diffusion in the velocity space. The physically
important applications based on the physical models for
the W (q, p) function will be considered separately.
4. Appendix: Diffusion in the Coordinate Space
on the Basis of a Master-Type Equation
Let us consider the diffusion in the coordinate space on
the basis of a master equation which describes the balance of grains coming in and out a point r at the time
moment t. The structure of this equation is formally
similar to the master equation in the momentum space
(see, e.g., [1, 11]). Of course, there is no conservation
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law for the coordinate space, similar to that in the momentum space:
dfg (r, t)
=
dt

Z

dr0 {W (r, r0 )fg (r0 , t) − W (r0 , r)fg (r, t)} .
(40)

The probability transition W (r, r0 ) describes the probability for a grain to transfer from the point r0 to the
point r per unit time. We can rewrite this equation in
the coordinates ρ = r0 − r and r as
Z
dfg (r, t)
= dρ×
dt
× {W (ρ, r + ρ)fg (r + ρ, t) − W (ρ, r)fg (r, t)} .

(41)

Assuming that the characteristic displacements are
small, one can expand Eq. (41) and get the Fokker–
Planck-type equation for the density distribution fg (r, t)


dfg (r, t)
∂
∂
=
Aα (r)fg (r, t) +
(Bαβ (r)fg (r, t)) .
dt
∂rα
∂rβ
(42)
The coefficients Aα and Bαβ , describing the acting force
and the diffusion, respectively, can be written as functionals of the PTF in the coordinate space W (with dimension s) in the form
Z
Aα (r) = ds ρρα W (ρ, r)
(43)
and
1
Bαβ (r) =
2

Z

ds ρρα ρβ W (ρ, r).

(44)

In the isotropic case, the probability function depends
on r and the modulus of ρ. For a homogeneous medium,
when r-dependence of the PTF is absent, the coefficients
Aα = 0, while the diffusion coefficient is constant with
Bαβ = δαβ B, where B is the integral
Z
1
ds ρρ2 W (ρ).
(45)
B=
2s
This consideration cannot be applied to specific situations, in which the integral in Eq. (45) is infinite. In that
case, we have to examine the general transport equation
(40). We will now consider the problem for the homogeneous and isotropic case where the PTF depends only
ISSN 2071-0194. Ukr. J. Phys. 2010. Vol. 55, No. 1
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on |ρ|. By the Fourier transformation, we arrive at the
following form [11] of Eq. (40):
Z
dfg (k, t)
= ds ρ [exp(ikρ) − 1] ×
dt
×W (|ρ|)fg (k, t) ≡ X(k)fg (k, t),

(46)

where X(k) ≡ X(k). We assume a simple form of the
PTF with a power dependence on the distance W (ρ) =
C/|ρ|α , where C is a constant and α > 0. Such a singular dependence is typical of the jump diffusion probability in heteropolymers in solution (see, e.g., [18], where
the different applications of the anomalous diffusion are
considered on the basis of the fractional differentiation
method). In the one-dimensional case, we find
Z∞
X(k) ≡ −4

2



du sin

ku
2


W (u) =

0

3−α

= −2

C|k|

describes the so-called superdiffusion (or Levy flights).
The solution of Eq. (49) in the Fourier space reads
fg (k, t) = exp(−C|k|µ t),

(50)

which corresponds in the coordinate space to the socalled symmetric Levy stable distribution:


x
1
L
; µ, 0 .
(51)
fg (x, t) =
(kt)1/µ
(kt)1/µ
In the general case, it follows from Eq. (46) that
fg (k, t) = C1 exp[X(k)t]

(52)

with some constant C1 .
The consideration on the basis of a PTF given in this
section allows us to avoid the fractional differentiation
method and to consider more general physical situations
of the non-power probability transitions. Let us consider that for a simple example. Taking (in the onedimensional case) a PTF W (u) in the form
1 − exp[−σup ]
,
uα
with p > 0, we get the function
Z∞
3−α
α−1
X(k) = −2
C|k|
dζ×

(53)

W (u) = C

α−1

Z∞
dζ

sin2 ζ
.
ζα

(47)

0

0

For the values 1 < α < 3, this function is finite and equal
to
X(k) = −

C Γ[(3 − α)/2] |k|α−1
√
,
2α π Γ(α/2)(α − 1)

(48)

×

{1 − exp[−σ(2ζ/|k|)p ]} sin2 ζ
≡
ζα

≡ −23−α C|k|α−1 T (σ/|k|p , α).

(54)
p

where Γ is the gamma-function. At the same time, the
integral in Eq. (45) for such a PTF is infinite, because
the usual diffusion is absent.
The procedure considered for the simplest cases of a
power dependence of the PTF is equivalent to the equation with the fractional space differentiation [10, 18]

It is easy to see that the function T (σ/|k| , α) is finite
for 1 < α < p + 3, because, for the small values of the
distance for p > 0, the divergence is suppressed also for
some powers α > 3. A simple calculation for α = 2 and
p = 1 leads to the following result which cannot be found
by the usual fractional differentiation method:

dfg (x, t)
= CΔµ/2 fg (x, t),
dt

T (σ/|k|, 2) =
(49)
=

where Δµ/2 is a fractional Laplacian, a linear operator,
whose action on the function f (x) in the Fourier space
is described by Δµ/2 f (x) = −(k 2 )µ/2 f (k) = −|k|µ f (k).
In the case considered above, µ ≡ (α − 1), where 0 <
µ < 2. For more general PTFs, which (for arbitrary
values of ρ) are not proportional to the α power of ρ,
the method described above is also applicable, although
the fractional derivative does not exist.
In the case of a purely power dependence of the PTF,
the non-stationary solution for the density distribution
ISSN 2071-0194. Ukr. J. Phys. 2010. Vol. 55, No. 1



π
σ
− arctan(|k|/σ) +
ln 1 + k 2 /σ 2 .
2
2|k|

(55)

The asymptotic behavior of the function X(k) for k → 0
(or σ → ∞) is similar, as follows from Eq. (55), to
the case W (u) = C/uα . In the case under consideration where α = 2, the limit X(k → 0) → −πCk.
For large values of k (k → ∞ or σ → 0), we find
X(k) → (σ/k) ln(k/σ).
In general case, the universal behavior of the function
X(k) is ensured by asymptotic properties of the PTF for
large distances for 1 < α < p + 3.
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5. Conclusions
In this paper, the problem of anomalous diffusion in the
momentum (velocity) space is consequently considered.
The new kinetic equation for anomalous diffusion in the
velocity space is derived without suggestion about the
equilibrium stationary distribution function. The model
of anomalous diffusion in the velocity space is described
on the basis of a respective expansion of the kernel in
the master equation. The conditions of convergence for
the coefficients of the kinetic equation are found in the
particular cases. A wide variety of anomalous processes
in the velocity space exists, because the three different
coefficients in the general diffusion equation are present
even in the isotropic case. The example of the Boltzmann kernel with the prescribed distribution function
for light particles is studied, in particular for the interaction of hard spheres. In general, the Einstein relation for
such a situation is not applicable, because the stationary
state can be far from equilibrium. For the normal diffusion, the friction and diffusion coefficients are explicitly
found in the non-equilibrium case. In the equilibrium
case, the usual Fokker–Planck equation is reproduced as
a particular case.
We also shortly reviewed the anomalous diffusion in
the coordinate space.
The author is thankful to W. Ebeling, M.Yu. Romanovsky, and I.M. Sokolov for valuable discussions of
some problems reflected in this work. I would like to
thank M.S. Karavaeva for the permanent stimulating
interest. I also express my gratitude to the Netherlands Organization for Scientific Research (NWO) and
the Russian Foundation for Basic Research (grant 07-0201464-a) for support of my investigations on the problems of stochastic transport in gases, liquids, and plasmas.
1. S.A. Trigger, G.J.F. van Heijst, and P.P.J.M. Schram, J.
of Physics, Confer. Ser. 11, 37 (2005).
2. A.S. Monin and A.M. Yaglom, Statistical Fluid Mechanics: Mechanics of Turbulence (MIT Press, Cambridge,
1975), Vol. II.
3. B. Rinn, P. Mass, and J.P. Bouchaud, Phys. Rev. Lett.
84, 5405 (2000).

142

4. R. Metzler and J. Klafter, Phys. Rep. 339, 1 (2000).
5. H. Scher and E.W. Montroll, Phys. Rev. B 12, 2455
(1975).
6. J. Klafter, M.F. Schlezinger, and G. Zumofen, Phys. Today 49, 33 (1996).
7. A. Ott, J-P. Bouchaud, D. Langevin, and W. Urbach,
Phys. Rev. Lett. 65, 2201 (1994).
8. I.M. Sokolov, J. May, and A. Blumen, Phys. Rev. Lett.
79, 857 (1997).
9. P. Gopikrishnan, V. Plerou, L.A.N. Amaral, M. Meyer,
and H.E. Stanley, Phys. Rev. E 60, 5305 (1999).
10. B.J. West, M. Bologna, and P. Grigolini, Physics of Fractal Operators (Springer, New York, 2003).
11. S.A. Trigger, G.J.F. van Heijst, and P.P.J.M. Schram,
Physica A 347, 77 (2005).
12. S.A. Trigger, Phys. Lett. A 372, 8, 1288 (2008).
13. H.C. Fogedby, Phys. Rev. Lett. 73, 2517 (1994); S. Jespersen, R. Metzler, and H.C. Fogedby, ArXiv 9810176
v1, [cond-matt. stat.-mech.], 15 October 1998.
14. E. Barkai, Phys. Rev. E 60, 5305 (2003).
15. E. Barkai, J. of Stat. Phys. 115, 1537 (2004).
16. W. Ebeling and M.Yu. Romanovsky, Contr. Pl. Physics.
(in print, 2009).
17. S.A. Trigger, ArXiv 0907.2793 v1, [cond-matt. stat.mech.], 16 July 2009.
18. D. Brockmann and I.M. Sokolov, Chem. Phys. 284, 409
(2002).
Received 03.11.09

АНОМАЛЬНИЙ ТРАНСПОРТ У ПРОСТОРI
ШВИДКОСТЕЙ: РIВНЯННЯ ТА МОДЕЛI
С.О. Триггер
Резюме
Проблему аномальної дифузiї в iмпульсному просторi розглянуто на основi вiдповiдної функцiї iмовiрностi переходiв. Нове загальне рiвняння для опису дифузiї важких частинок у
газi легких частинок одержано на основi нового наближення,
яке використано автором ранiше для дифузiї в координатному
просторi. Одержанi результати дозволяють описати рiзнi ситуацiї, коли функцiя iмовiрностi переходiв має довгий хвiст у
iмпульсному просторi. Одержано ефективнi коефiцiєнти тертя
та дифузiї.

ISSN 2071-0194. Ukr. J. Phys. 2010. Vol. 55, No. 1

