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We discuss possible approaches to the problem of the rigorous
derivation of quantum kinetic equations from the underlying many-
particle dynamics.

For the description of a many-particle evolution, we construct
solutions of the Cauchy problems of the BBGKY hierarchy and
the dual BBGKY hierarchy in suitable Banach spaces.

In the framework of the conventional approach to the descrip-
tion of a kinetic evolution, the mean-field asymptotics of the quan-
tum BBGKY hierarchy solution is constructed. We develop also
alternative approaches. One method is based on the construction
of the asymptotics of a solution of the initial-value problem of the
quantum dual BBGKY hierarchy. One more approach is based on
the generalized quantum kinetic equation that is a consequence of
the equivalence of the Cauchy problems of such evolution equa-
tion and the BBGKY hierarchy with initial data determined by
the one-particle density operator.

1. Introduction

We develop a formalism suggested by Bogolyubov [1,2]
for the description of the evolution of infinitely many
particles. The evolution equations of quantum many-
particle systems arise in many problems of modern sta-
tistical mechanics [5]. In the theory of such equations
during the last decade, many new results have been ob-
tained, in particular concerning the fundamental prob-
lem of the rigorous derivation of quantum kinetic equa-
tions and, among them, the kinetic equations describing
the Bose condensate [3,10-13].

A description of quantum many-particle systems is
formulated in terms of two sets of objects: observ-
ables and states. The mean value functional defines
a duality between observables and states. As a conse-
quence, there exist two approaches to the description of
the evolution. Usually, the evolution of many-particle
systems is described in the framework of the evolution
of states by the BBGKY hierarchy for marginal den-
sity operators [1, 2, 4-6]. An equivalent approach to
the description of the evolution of many-particle sys-
tems is given by the dual BBGKY hierarchy [5, 17]
in the framework of the evolution of marginal observ-
ables.
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The aim of this work is to consider links between
the infinite-particle dynamics and quantum kinetic equa-
tions.

A conventional approach to the problem of the rigor-
ous derivation of kinetic equations from the underlying
many-particle dynamics consists in the construction of
a suitable scaling limit [9], for instance, the Boltzmann—
Grad limit or the mean-field limit [5, 15] of a solution of
the initial-value problem of the BBGKY hierarchy. As a
result, the solution limit is governed by the limit hierar-
chy preserving the chaos property, and the one-particle
density operator satisfies the kinetic equation [10-13].
Here, we formulate new methods of solving the men-
tioned problem which are based on the description of a
many-particle evolution by the dual BBGKY hierarchy.

We outline the structure of the paper and the main
results.

In Section 2, we introduce some preliminary defi-
nitions and construct a solution of the Cauchy prob-
lem to the dual BBGKY hierarchy for marginal observ-
ables and the canonical BBGKY hierarchy for marginal
density operators of quantum many-particle systems.
We formulate also one more approach to the descrip-
tion of the quantum many-particle dynamics which is
based on an equivalence of the Cauchy problem of the
BBGKY hierarchy with initial data determined by the
one-particle density operator and the corresponding ini-
tial value-problem for a generalized quantum Kkinetic
equation.

In Section 3, the results obtained in the previous sec-
tion are used to analyze the mean-field asymptotics of
constructed solutions, in particular to derive a nonlinear
Schrédinger equation and its generalizations. We for-
mulate also new methods of the derivation of quantum
kinetic equations from the underlying many-particle dy-
namics. One method is based on the study of the scaling
limits of a solution of the initial-value problem of the
dual BBGKY hierarchy. Another method is based on a
generalized quantum kinetic equation.

Finally in Section 4, we conclude with some observa-
tions and perspectives for the future research.
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2. Dynamics of Quantum Many-Particle
Systems

We study possible approaches to the description of the
evolution of quantum many-particle systems, namely
the Heisenberg and Schrodinger pictures of the evolu-
tion. We introduce hierarchies of evolution equations
for marginal observables and states and construct a solu-
tion of the Cauchy problems of these hierarchies in suit-
able Banach spaces. We develop also one more approach
based on the generalized quantum kinetic equation that
is a consequence of the equivalence of the Cauchy prob-
lems of such evolution equation and the BBGKY hierar-
chy for a certain class of initial data.

2.1. Dual BBGKY hierarchy

We will consider a quantum system of a non-fixed (i.e.
arbitrary but finite [14]) number of identical (spinless)
particles obeying the Maxwell-Boltzmann statistics in
the space R”. We will use units where h = 27rh = 1 is
the Planck constant, and m = 1 is the mass of parti-
cles. The Hamiltonian of such a system H = @,  H,
is a self-adjoint operator with the domain D(H) = {¢ =
@%O=0¢n € Fn | Yn € D( n) € Hn’z ||Hn¢nH2
oo} C Fy, where Fyy = @,° yH®" is the Fock space
over the Hilbert space H (H® = C). Assume H =
L?(R”) (the coordinate representation); then an ele-
ment ¢ € Fy = @, L*(R"™) is a sequence of func-
tions ¢ = (@/}0, V1(q1), s Un(qr, -5 qn), - - ) such that
112 = |ol* + 02y [dar - . dguln(ar, - - qn)* <
+00. On the subspace of infinitely differentiable func-
tions with compact supports 1,, € L3(R"") C L*(R""™),
the n-particle Hamiltonian H,, acts according to the for-
mula (Hy = 0)

n

=1

i<j=1

(i, j)bn, (1)

where K (i)y, = —3Ag v, is the operator of kinetic
energy, (i, j)¢Yn = ®(|¢; — ¢;])¥n is the operator of a
two-body interaction potential satisfying the Kato con-
ditions, and € > 0 is a scaling parameter.

Let a sequence g = (I,g1,..., gn,...) be an infinite
sequence of self-adjoint bounded operators g,, defined on
the Fock space Fy = @, H®" over the Hilbert space
H (H° = C, and I is a unit operator). An operator g,
defined in the n-particle Hilbert space H,, = H®" will
be denoted by ¢,(1,...,n). For a system of identical
particles obeying the Maxwell-Boltzmann statistics, one
has g, (1,...,n) = gn(i1,...,i,) for any permutation of
indices {i1,...,i,} € {1,...,n}.
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Let the space £(F3) be the space of sequences g =
(Lgl, iy Gny e ) of bounded operators g, (I is a unit
operator) defined on the Hilbert space H,, and satisfying
the symmetry property g,(1,...,n) = gn(i1,...,4,), if
{#1,...,in} € {1,...,n}, with an operator norm. We
will also consider a more general space £,(Fy) with a
norm

,.YTL
max —- ||9n||2(m
n

lalle, Fr) = na

where 0 < v < 1 and ||.|[¢(,) is an operator norm.
An observable of the many-particle quantum system is
a sequence of self-adjoint operators from £ (F).

On the space £,(Fx), we consider the initial-value
problem of the dual BBGKY hierarchy.

The evolution of marginal observables is described by
the initial-value problem for the following hierarchy of
evolution equations:

+ € Z Mnt(zaj))

%GS(LY): (;No(i) Py Gs(t,Y)+

Z Nint (41, 42)Gs—1 (£, Y\ {1 }), (2)
]17’5]2 1

Gy(t) |i—o= G4(0), s>1. (3)

In Egs. (2), we use the notation ¥ = (1,...,s). The
operators Np, Viy are consequently defined on D(Ny) C
£ (Fp) as follows:

No(j)g = —ilg, K(3)], (4)
Here, [+, -] is a commutator of operators. We refer to the

evolution equations (2) as the quantum dual BBGKY
hierarchy, since the canonical BBGKY hierarchy [5] for
marginal density operators F'(t) is the dual hierarchy of
evolution equations with respect to the following bilinear
form [17,20]:

(G)|F0)=>" %Trl,...,s G (1) Fs(0)- (6)
s=0 "~

If H = L?(RY), the evolution equations (2) in terms
of the kernels of operators G4(t), s > 1, are given in the
form of the equations

ZgGs(ta qi,. .-

5 Q53 Qs ) =
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S S

N (_%Z(—Aqi +Ag) ++e Y (Bg—df)-

i=1 1=i<j

_(I)(Qz - qj))>Gs(t7q1a c 'aqs;qlla ce aq;)—’_

S

+e Z (®(q; — ¢;) — ®(ai — q5))x

1=i#j
XGsfl(t7q1,'“;qja"'aQS;qu»'"aqja"'7Q;)7
where (qla"'7qj7"'7QS) = (q17"'aqj717qj+17'"7QS)'

To construct a solution of the abstract initial-value
problem (2), (3), we introduce some necessary facts.

If g € £(Fx), we define the group G(t) = ®22,Gn ()
of operators

gn(t)gn _ eitHn In e—itHT,,. (7)

This group of operators is defined by a solution of the
initial-value problem of the Heisenberg equation for ob-
servables of quantum many-particle systems.

On the space £,(Fp), the one-parameter mapping
R! > ¢t — G(t)g defines an isometric *-weak continuous
group of operators, i.e. it is a C§-group. The infinitesi-
mal generator N' = @~ ; N, of the group of operators
(7) is a closed operator for the x-weak topology. On its
domain of the definition D(N) C £, (Fp), which is ev-
erywhere dense for the *-weak topology, N is defined in
the sense of the s-weak convergence of the space £, (Fx)
as follows:

W lim 1 (G(t)g — ) = i(Hg — gH) = Ng. ®)
Here, H = @, ,H, is Hamiltonian (1) of the many-
particle system, and the operator: Ng = —i(gH — Hg)
is defined on the domain D(H) C F3. We remark that
operator (8) is the generator of the Heisenberg equation.

We define the n-th order (n > 1) cumulant of the
groups of operators (7) as

An(t) = An(t, X) = (9)

= 2

P: X=J, X,

DR =0 T Gixa @),

X, CP
where )", is the sum over all possible partitions P of the

set X = (1,...,n) into |P| nonempty mutually disjoint
subsets X; C X.
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We formulate some properties of cumulants (9) of
groups of operators (7) [21]. If n =1, for g1 € D(N7) C
£(H1), the generator of the first-order cumulant in the
sense of the x-weak convergence of the space £(H;) is
given by operator (8), i.e.

Wi (5 (20(1) ~ Dy — (Vg),) =0,

where the operator AV is defined by (8) or (4). In the case
n = 2, we have, in the sense of the x-weak convergence
of the space £(Ha2),

1
W*flg% (E Q[Q(t, 1,2)g2 — E(Mnt(laQ) )gg) =0.

Let n > 2. As a consequence that we consider a system
of particles interacting by a two-body potential (1), we
have

w— }g% Ean(t)gn =0.

We introduce also some abridged notations: Y =
(1,...,5), X = Y\{j1,.--,Js—n}, the set (Y\X); con-
sists of one element of Y\X = (j1,...,4s-n), i.e. the
set {j1,...,Js—n} 18 a connected subset of the parti-
tion P (|P| = 1, |P| denotes the number of parti-
tions). We will also denote the set (Y\ X); by the symbol
{j1> s ajsfn}l-

On the space £,(Fy) for the abstract initial-value
problem (2),(3), the following statement is valid.

A solution of the initial-value problem to the quantum
dual BBGKY hierarchy (2),(3) is determined by the ex-
pansion (s > 1)

S

G(tY) =Y ﬁx

n=0

(10)

S

<

jl#'“?éjs—n:l

Ay (t, (Y\X)1, X) Gy (0, Y\X),

where the operator Ay 1y (t, (Y\X)1, X) is the (14 n)-th
order cumulant (9) defined by the formula

EZlH»n (t’ (Y\X)la X) =

- ¥

P: {(Y\X)1,X}=U,X:

(D)= (P =) T G (8 X0).

X, CP

If G(0) € DN) C £,(Fxn), it is a classical solution,
and, for arbitrary initial data G(0) € £,(Fn), it is a
generalized (weak) solution.
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Thus, solutions of the first two equations of hierarchy
(2) are given by the expansions

Gy(t,1) =2A41(¢,1)G1(0,1),
Ga(t,1,2) = A1 (¢,{1,2}1)G2(0,1,2)+

+25(t,1,2)(G1(0,1) + G1(0,2)),

where the first-order cumulant 2 (¢,{1,2};) =
Go(t,1,2) is defined by group (7).

2.2. BBGKY hierarchy

The sequence F' = (I,Fy,...,F,,...) defined on the
Fock space F3; of self-adjoint positive density operators
F,, (I is an identity operator) describes the state of a
quantum system of a non-fixed number of particles. The
marginal density operators F,,, n > 1, whose kernels are
known as marginal or n-particle density matrices defined
on the n-particle Hilbert space H,, = H®", are denoted
by F,.(1,...,n). For a system of identical particles de-
scribed by the Maxwell-Boltzmann statistics, one has
F,(1,....,n) = F,(i1,...,4n) if {i1,...,in} € {1,...,n}.
We will consider states of a system that belong to
the space £L(Fy) = P,_,a"L'(H,) of sequences
f= (I, fisooos fns - ) of trace class operators f,, =
fn(1,...,n) € £Y(H,) satisfying the above-mentioned
symmetry condition, equipped with the trace norm

n=0

where Trq ., are the partial traces over 1,...,n parti-
cles, and o > 1 is a real number. By £}, we denote
the everywhere dense set in £1 (F) of finite sequences
of degenerate operators with infinitely differentiable ker-
nels and compact supports.

On the space £l (Fy), we consider the following
initial-value problem of the quantum BBGKY hierarchy
(the quantum Bogolyubov chain of equations):

2 Rult) = ~( Mo+ e DT Nnslin)) )+
+ZTI'3+1( _-/\/int(i75+ 1))E€+1(t)7 (11)
Fu(t) o= Fa(0), s> 1. (12)
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If fe Li(Fn) C DW) C LL(Fx), the operators N,
Nint are consequently defined by (4), (5). We remark
that hierarchy (11) is the dual hierarchy of equations to
hierarchy (2).

In terms of the kernels F(t,q1,-..,4s;4],---,q.) of
s-particle density operators Fy(t), i.e. marginal or s-
particle density matrices, Eqs. (11) take the canonical
form of the quantum BBGKY hierarchy [2]

0
i*Fs(t,ql,...

7y —
8t 7qs)_

i
7QS7q17"'

JrZ/quH((I’(Qi —Qst1)—
i=1

—O(q) — os1)) Fsr1 (6, q1, - Qs, Gs1544, - 0oy Ast1)-

To construct a solution of the initial-value problem
(11)-(12), we introduce some preliminary facts.

On the space £} (F3), we define the following group
G(—t) = ®22(Gn(—t) of operators:

gn(_t)fn = e_itH" fn eitH"~

On the space £1(Fy), mapping (13): t — G(—t)f is
an isometric strongly continuous group which preserves
the positivity and the self-adjointness of operators. A
solution of the initial-value problem of the von Neu-
mann equation for a statistical operator is defined by
this group.

If f e &lo(Fr) C DN) in the sense of the norm
convergence of the space £!(Fy), there exists a limit,
by which the infinitesimal generator —N = &2 (—N,,)
of the group of operators (13) is determined as

(13)

lim 1(g(—t)f —f)=—i(Hf - fH) = -Nf,

t—0 t (14)

where H = @, ,H,, is Hamiltonian (1) and the opera-
tor —i(H f — fH) is defined on the domain D(H) C Fy.
We note that operator (14) is the generator of the von
Neumann evolution equation.

Let X = (1,...,n). The n-th order cumulant [18, 19]
of the groups of operators (13) is defined as (n > 1)

U (—t) = Ap(—t, X) = (15)
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)PP =D T G (1),

X,CP

- ¥

P: X={J,X;

where ) ; is the sum over all possible partitions P of
the set {1,...,n} into |P| nonempty mutually disjoint
subsets X; C X.

If n=1,for fi € £{(H1) € DWN1) C £1(H;) in the
sense of the norm convergence in £!(H;), the generator
of the first-order cumulant is given by operator (14), i.e.

1
lim |5 @ (=t:1) = 1) fr = (= NF) [ g1 g, = 0-

In the case n = 2 for cumulant (15), we have

. 1
}E)% H;Q[Q(ft)fg — 6( *Mnt(lv 2))f2H£1(’H2) =0.

Let n > 2. As a consequence that we consider a system
of particles interacting by a two-body potential, it holds

. 1
tlgr(l) H;Q’ln(_t)anL‘l(Hn) =0

We introduce the following notations: Yp =
(X1,...,X|p|) is a set, whose elements are |P| mutu-
ally disjoint subsets X; CY = (1,...,s) of the partition
P: v = UL X, Since ¥p = (X1,..., Xp|), Y1 is the
set consisting of one element Y = (1,..., s) of the parti-
tion P (|P| = 1). To underline that the set (1,...,s) is
a connected subset (the cluster of s elements) of a par-
tition P (|P| = 1), we will also denote the set Y7 by the
symbol {1,...,s}1.

On the space £!(Fy) for the abstract initial-value
problem (11), (12), the following statement is valid [19].

If F(0) € £L(Fx) and o > e, then, for t € RY, there
exists a unique solution of the initial-value problem (11),
(12) given by the expansion (s > 1)

1
Fs(ta Y) = Z ETrs—i-l,...,s-&-n 211-‘,—71(_t)F’s-‘rn(Oa X)7 (16)
n=0

where

2[1+n(_t) = Q’l1+n(_tvylas +1,... 8+ TL) =

- 5

Py, X\Y}=U,X:

DPEH Pl =1 IT Gixa (-0

X;CP

is the (14+n)-th order cumulant (15) of the groups of op-
erators (13), Y p is the sum over all possible partitions
P of the set {Y1,s+1,...,s+n} into |P| nonempty mu-
tually disjoint subsets X; C {Y1, X\ Y}.

838

For initial data F(0) € £} ((Fp), it is a strong solu-
tion, and, for arbitrary initial data of the space £ (Fy),
it is a weak solution.

The condition o > e guarantees the convergence of
series (16) and implies that the mean value of a number
of particles is finite. This fact follows if we renormalize
sequence (16) in such a way: Fy(t) = (N)*F,(t). For
arbitrary F(0) € £L(F3), the mean value (6) of the
number of particles

(N)(t) = Tr1 Fu(t, 1) (17)

in state (16) is finite. In fact,
(VD] < cal F(O) ey (700 < 00,

where ¢, = €?(1 — £)7! is a constant. To describe the
evolution of an infinite-particle system, we have to con-
struct a solution of the initial-value problem (11), (12)
in more general spaces than £L (7). This problem will
be discussed in Conclusion.

We remark that, for classical systems of particles, the
first few terms of the cumulant expansion (16) for the
BBGKY hierarchy were obtained in [7],[8]. The methods
used by Green and Cohen were based on the analogy
with the Ursell-Mayer cluster expansions for equilibrium
states.

A solution of the initial-value problem (11), (12) is
usually represented as the perturbation (iteration) se-
ries [4,11,12]. On the space £} (F3), expansion (16) is
equivalent to the iteration series.

Indeed, if an interaction potential is a bounded oper-
ator, then, for f, € £'(H,), an analog of the Duhamel
formula for group (13) holds

(Go(—t,1,...,5) = [[ (-t D) fo = (18)
=1

t

:E/dTHgl(—t+T,l)(_ Z J\[int(iaj)>gs(_7)fs~

4 1=1 i<j=1

Then, according to the unitary property of group (13) on
the space £ (F), the solution expansion (16) reduces
to the iteration series of BBGKY hierarchy (11)

Fy(t,1,...,5) =
i t tn—1

— Ze"/dtl... / dtn Trsi1, s4nGs(—t +t1)x
n=0 79 0
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1nt Zla s+ ))gerl(_t] + tg) e

<3 (-

7,1 1
s+n—1
.. gernfl(_tnfl + tn) Z ( - Afint(in, s+ n)) X
in=1

ng+n(_tn)Fs+n(0a1a-~-a3+n)' (19)

If F(0) € £4(Fp), this series exists and converges for a
finite time interval [4, 11].

As was mentioned above, functional (6) of mean val-
ues defines a duality between marginal observables and
marginal states. If G(t) € £,(Fy) and F(0) € £L(Fn),
then functional (6) exists, provided that a = y~! > e,
and the following estimate holds:

{GOIF®)] = (GOIFO)] <

e*(1 —~e)~'|G(0) | F(0

Hxv(fﬁ) )Hsi_l(Fn)'

2.3. Generalized quantum kinetic equation

We consider one more approach to the description of
the evolution of states of quantum many-particle sys-
tems. Let the initial data be completely characterized
by the one-particle density operator F}(0), for example,
the initial data satisfying the chaos property (Maxwell—
Boltzmann statistics)

F©(0) = (I, F1(0,1),

H Fi(0,4),..).

In that case, the initial-value problem of BBGKY hier-
archy (11), (12) is not a completely well-defined Cauchy
problem, because the generic initial data are not in-
dependent for every density operator Fs(t), s > 1, of
the hierarchy of equations (11). Thus, this naturally
yields the opportunity of reformulating such initial-
value problem as a new Cauchy problem for the one-
particle density operator, i.e. Fi(t), with independent
initial data F3(0) and the explicitly defined functionals
Fy(t,1,...,s | Fi(t)), s > 2, of the solution F}(t) of this
Cauchy problem instead other s-particle density opera-
tors Fy(t), s > 2 [5,16].

Consequently, for an initial state satisfying the
chaos property, i.e. F(9(0), the state of a many-
particle system described by the sequence F(t) =
(I, Fy(t,1),...,Fs(t,1,...,5),...) of the s-particle den-
sity operators (16) can be described by the sequence

F(t| Fi(t) = (I, Fi(t,1), F2(t, 1,2 | Fi(t)),...

ISSN 2071-019/. Ukr. J. Phys. 2009. Vol. 5/, No. 8-9

LSF (1, s F), .

of the functionals stated above.

At first, we define the sequence F(t | Fy(t)) of func-
tionals. The functionals Fj (t,l, 58 Fl(t)), s > 2,
are represented by the expansions over products of the
one-particle density operator Fy(t) (for particles obeying
the Maxwell-Boltzmann statistics)

Fy(t,1,...,s| Fi(t)) = (20)
o0 1 s+n
=3 1 s+ sn Dign () [T A,
n=0 i=1
where  the evolution operators Uy, (t) =
Viin(t,{1,...,8h,s + 1,...,s + n),n > 0, are

defined from the condition that expansion (20) of the
functional Fy (¢ | Fi(¢)) must be equal term-by-term to
expansion (16) of the s-particle density operator Fy(t).

The low-order evolution operators Uii,(t), n > 0,
have the form

V(Y1) = A (¢, V1), (21)

%g(t,Yl,s—&— 1) = (22)

Zé\[g(t,yl,S—F 9[1 t, Y1 Z

(t,j,s+1),

where 2, (t) is the n-th order cumulant (semiinvariants)
of scattering operators

con) = Gn(—t 1, ... (23)

G1(t) = I is the identity operator.
In terms of scattering operators (23), evolution oper-
ators (21),(22) get the form

m1 (ta Yl) = és(t Y)7

Vst Yi,5+1) = Gop1 (1, Y, 5+ 1)—

—é\s(t,Y) i: Q\Q(t’j7s + 1) + (S - 1) Q\s(tvy)'

Jj=1

For F1(0) € £!(H), the sequence F(t | Fy(t)) of func-
tionals (20) exists, and series (20) converges under the
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condition that ||F1(0)|| < e}, i.e. if the mean value of
particles is finite [16].

We remark that expansions (20) are an nonequilib-
rium analog of expansions in powers of the density of
the equilibrium marginal density operators [1, 7, §].

We now formulate the evolution equation for the one-
particle density operator Fi(t), i.e. for the first element
of the sequence F(t | Fy(t)). If | F1(0)]| < e™', it repre-
sents by series (16) convergent in the norm of the space

£i(H)

n+1

HFl()z

where 24, (—t) is the (1 4+ n)-th order cumulant (15)
of groups of operators (13). Let F1(0) € £§(H). Then,
by differentiating series (24) with respect to the time
variable in the sense of norm convergence of the space
£1(H,1), according to properties of cumulants (15), we
find that the one-particle density operator Fj(t) is gov-
erned by the initial-value problem of the following non-
linear evolution equation (the generalized quantum ki-
netic equation)

Fi( Z — T2 tn Agn (- (24)

nO

0

&Fl(t? 1) =

—Ni(D)Fi(t 1)+ (25)

n+2

HFltl

- -/\/.mt(1 2 le+n

=1
+ 7;) ETI“Q,S,...,H-&-?(

Fy(t,1)]4=0 = F1(0,1). (26)
In the kinetic equation (25), the evolution operators
V1in(t) = V14n(t,{1,2}1,3,...,2+n), n > 0, are de-
fined as above.

For initial-value problem (25),
statement holds [16].

If F1(0) € £5(H) is a non-negative density operator,
then, provided | F1(0)|| < e™!, there exist a unique strong
global in time solution of the initial-value problem (25),
(26) which is a non-negative density operator represented
by series (24) convergent in the norm of the space £'(H)
and a weak one for arbitrary initial data Fy(0) € £1(H).

As a result, the following principle of equivalence of
the initial-value problems (11), (12) and (25), (26) is
true.

If the initial data are completely defined by the trace
class operators Fy(0), then the Cauchy problem (11),
(12) is equivalent to the initial-value problem (25),

(26), the following
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(26) for the generalized kinetic equation and function-
als Fs(t,l 58| Fl(t))7 s > 2, defined by expansions
(20) under the condition that | Fy(0)|| < et

We note that this statement is valid also for more gen-
eral initial data than F()(0), namely the initial data de-
termined by the one-particle density operator F3(0) and
operators describing initial correlations. In this case,
the initial correlations are a part of the coefficients of
Eq. (25) and functionals (20).

Thus, if the initial data are completely defined by the
one-particle density operator, then all possible states
of infinite-particle systems at an arbitrary moment of
time can be described within the framework of the one-
particle density operator without any approximations.

We remark that functionals (20) are formally con-
cerned with the corresponding functionals of the Bo-
golyubov method of the derivation of kinetic equations
[1]. Indeed, functionals (20) and the corresponding Bo-
golyubov functionals coincide if the principle of weaken-
ing of correlations for functionals (20) holds. The proof
of this assertion is similar to the proof [5] of an equiva-
lence of the BBGKY hierarchy solution (16) and itera-
tion series (19).

3. Derivation of a Nonlinear Schrédinger
Equation

We consider the problem of the rigorous derivation of
quantum kinetic equations from an underlying many-
particle dynamics by the example of the mean-field
asymptotics of the above-constructed solutions of quan-
tum evolution equations. We formulate new approaches
to the derivation of a nonlinear Schrédinger equation
(subsections 3.2 and 3.3).

3.1. Mean-field limit of the BBGKY hierarchy
solution

We present the main steps of the construction of the
mean-field asymptotics of solution (16) of the initial-
value problem (11), (12). For that, we introduce some
preliminary facts on the asymptotic perturbation of cu-
mulants.

If f, € £1(H,), then, for an arbitrary finite time in-
terval, there exists the following limit of the strongly
continuous group (13):

Hgl t.] f‘;HSl(H =0.

Jj=1

(27)

lim ||
e—0

According to an analog of the Duhamel formula (18) and
(27) for the second-order cumulant 2s(—t, Y7, 54 1), we
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have
s+1
hmH( ng tYl,S—f—l /dtlngl —t+11,7 )
j=1
s s+1
X(_ ZMnt(iaer 1)) H gl(_tlal))fs+1|‘£1(7_‘s+l) - 0
=1 =1

In general case, the following equality holds:

t tn—1

hm”( Appn(— )—/dtl... / dty, [] Ga(—t+
0 J=1

0
S s+1
+t1,5) Y (= Nane(in, s + 1)) [ Gu(—t1 +t2,51) ..
’i1:1 j1:1
s+n—1 s+n—1
H Gi(~tn-1+tn,jn-1) Z (= Nint(in, s +n))x
Jn—1=1 in=1
s+n
X H gl na.]n fs+nH21 Hotn) =0. (28)
]n—l

Thus, if, for the initial data Fy(0) € £'(H,), there
exists the limit f,(0) € £'(H,), i.e.,

lim |e* F(0) =0,

Ol g2,
then, according to (28) for an arbitrary finite time inter-
val, there exists the mean-field limit of solution (16) of
the BBGKY hierarchy

= O’

!EI%) Hest(t) - fs(t)Hsl(Hs)

where f4(t) is given by the series

fs(t, 1. .,8) = (29)
0o ¢ tn—1 s

=Y [t [ dtaTrn e [[ G-t 4 )%
n=07} A j=1

®

s+1

) [T 61(—t1 +ta. 1) -

ji=1

_-/V’int(ilvs""_ 1
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s+n—1 s+n—1

H Gi(~tn-1+tn, jn—1) Z (=Nint (in, s4+1)) x
Jn—1=1 in=1
s+n
X H gl na]n fs+n( )
In=1

which converges for a bounded interaction potential for
a finite time interval [11].

If £(0) € £5(Fp), the sequence f(t) = (I, fi(t),- ..,
fs(t),...) of limit marginal density operators (29) is a
strong solution of the Cauchy problem of the Viasov hi-
erarchy

D10 =3 (~ M) L)+ (30)
i—1

+Z’I‘rs+1 mt(l s+ 1))fs+1(t)u

fs()]t=0 = f5(0), s> 1 (31)

We observe that, if the initial data satisfy the chaos
property (for particles obeying the Maxwell-Boltzmann
statistics)

s> 2,

Fo(t 1, 8) =0 = [ ] /10,5,
j=1

then solution (29
Vlasov hierarchy (30

) of the initial-value problem of the
), (31) possesses the same property

fs(talvﬂs):]:[fl(ta])a s> 2. (32)
j=1

To establish equality (32), we introduce marginal cor-
relation density operators [20]

Gs(t,1,...,s) = (33)

s+n

HGlol

where A4, (—t) = Asqn(—t,1,. .., s+n) is the (s+n)-th
order cumulant (15) of the groups of operators (13), and
G1(0) = F1(0). In the same way as (28) for arbitrary
t € R, we have the equality

- E T‘ra-i-l .,8+n s+n

1
— Agyn(— t,1,...,s+n)fs+nH£1(Hs+n):o. (34)
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Let

lim [[e G1(0) — =0

O)HEI(Hl)
hold. Then, according to (34) for the correlation density
operators (33), we obtain

lim |e* G(t) =0. (35)

Hsl(HS)

In view of the fact that the marginal density operators
(16) are expressed in terms of the correlation density
operators (33) by the cluster expansions

Y) = ﬁFl(t,iH-

+ > IT Gix. it x0),

P: {Y}=U, X, XiCP
1P| % 5

5> 2,

and taking equality (35) into account, the following
statement is valid.

If there exists the mean-field limit of the initial data
Fy(0) € £ (H,)

lim HGGF

e—0

1,...,8) — Hfl(()’j)Hsl(Hs) =0
j=1

then, for a finite time interval for solution (16) of the
BBGKY hierarchy, the limit

- Hfl(t’j)Hﬂl(’H&) =0

Jj=1

lim [[e*Fy(t, 1, 5)

holds, where f1(t) is the solution of the Cauchy problem
of the quantum Vlasov equation

SR = (- No() A 1)+ (30)
+Trg (= NMine(1,2)) f1 (1) f1(2,2),
fi(®)]e=0 = f1(0). (37)

Thus, in consequence of the chaos property (32), we
derive the quantum Vlasov kinetic equation (36).

For a system in the pure state, i.e. f1(t) = [1¢) (Y]
(Py, = |t)(¢¢| is a one-dimensional projector onto a
unit vector |¢;)) or in terms of the kernel f(¢,q,q¢) =

842

¥ (t, q)1(t, ') of the marginal one-particle density opera-
tor f1(t), the Vlasov kinetic equation (36) is transformed
to the Hartree equation

.0

Zalﬁ(ﬁa Q) - _§Aq’¢)(ta q)+

+/dq"1>(q — et d)Pu(t,q). (38)
If the kernel of the interaction potential ®(q) = d(q) is

the Dirac measure, then, from (38), we derive the cubic
nonlinear Schridinger equation

S plta) = 5 Aglt0) + [0(t ) Po(t0).

ot
Thus, the following statement holds:

i | €E(6) — [0 s = O
where [¢;) is the solution of the cubic nonlinear
Schrodinger equation.

In the case of representation (19) of the solution of the
Cauchy problem (11), (12) of the BBGKY hierarchy by
the iteration series, the last statement is proved in works
[10-13).

3.2. Mean-field limit of generalized kinetic
equation

We construct the mean-field limit of a solution of the
initial-value problem of the generalized kinetic equation
(25).

If there exists the limit f;(0) € £}(H;) of initial data
(26),

lim [|e 7, (0) =0,

0l g1 2,

then, according to (27) and (28) for an arbitrary finite
time interval, there exists the limit of solution (24) of
the generalized kinetic equation (25)

lim || 7 (1) =0, (39)

= Al g1

where f1(t) is a strong solution of the Cauchy problem
(36), (37) of the quantum Vlasov equation represented
in the form of the expansion

filt, 1) =
-5 o
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s+1
XZ Ning (i1, 5 + 1)) Hg1(*t1 +t2,51) -
’Ll 1 j1:1
s+n—1 s+n—1
H gl(*tn—l‘i’tnvjn—l) Z (*Mnt(inas‘i’n))x
Jn—1=1 in=1
s+n s+n
X H gl(_tnajn) H fl(oai)v (40)
Jn=1 i=1
and the operator N, is defined by formula (5). For

bounded interaction potentials, series (40) converges for
a finite time interval.

If f € £Y(H,s) and the interaction potential is a
bounded operator, then, for scattering operators (23),
an analog of the Duhamel formula holds:

(gs(, ,...,s)—[)fsz

Z -/V’int(i’ j))gs(_T)fs~

i<j=1

(41)

:eo/drll;[lgl(r,l)(—

Then, according to definition (21) of the evolution op-
erators Uy, (¢t,{1,...,8}1,s+1,...,8+n),n >0, ex-
pansion (20) and equality (41) yield

,5}1) 7[

Correspondingly for n > 1, it holds:

tim || (1 (2, {1, Vsllerie,) =0

ll—{% ||le+n(t)f5+n”£1(7’f5+n) =0

Since a solution of the initial-value problem (25), (26)
of the generalized kinetic equation converges to a solu-
tion of the initial-value problem (36), (37) of the quan-
tum Vlasov kinetic equation as (39), functionals (20)
satisfy the relation

liir(l)Hest(t,l,.. s| Fy(t

Hflt]HL‘,l(’H a

j=1

where f1(t) is defined by series (40) which converges for
a finite time interval.

The last equality means that the chaos property (32)
preserves in time in the mean-field scaling limit.

Thus, we conclude that the results of the previous sub-
section concerning the derivation of the Hartree equation
and the nonlinear Schrédinger equation take place also
in the case of the generalized quantum kinetic equation
(25).
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3.3. Mean-field limit of a dual BBGKY
hierarchy solution

Consider the mean-field limit of a solution of the initial-
value problem of the dual BBGKY hierarchy (2).

For an arbitrary finite time interval, there exists the
following limit of the x-weak continuous group of oper-
ators (7) in the sense of the #-weak convergence of the
space £(Hs):

w*— lim (G, (¢ Hgl ~t,7)9s) = 0. (42)

According to an analog of the Duhamel formula (18)
and (42) for the second-order cumulant 25(¢,1,2) in the
same sense as above, it holds:

1
w*—lim (= Ap(t,1,2)g2—
e—0 ‘€

2
/dtlnglt—tl, mt12H (t1,0)g2) = 0.

(43)

Thus, if, for initial data G5(0) € £(Hs), there exists
the limit ¢5(0) € £(Hs), i.e. the relation
wr— lin% (€7°G4(0) — g5(0)) =0 (44)
holds, then, according to (42) and (43), for an arbitrary
finite time interval, there exists the mean-field limit of
solution (10) of the dual BBGKY hierarchy (2) in the
sense of the #-weak convergence of the space £(Hs):

wr— 213(13 (€7°Gs(t) — gs(t)) = 0. (45)

The limit operator gs(t) in (45) is given by the expansion

t tn 1
s(,Y) Z/dtl / dt, GOt —t1)x
0
X Z Mnt Zkl ) 'Lkz) gg_l(tl —t9)...
iy Fiky =1
gs n+1( tn) Z Afint(iknuikn+1)x

Uy Pk, =1
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ngfn(tn) gsfn(07 Y\{iku e Uy, })7 (46)
where gg*nJrl(tn*l - n) = gs n+1( - tnvy\{ikla
ik, 1 }) = I1 Gi(tn_1 — tn,j) is the

FEY\{ing seesine, 1 }
group of operators (7) of noninteracting particles.

If g(0) € £(Fx), the sequence ¢(t) = (go,91(t),- .-,
gs(t),...) of the limit marginal observables (46) is a gen-
eralized solution of the initial-value problem of the dual
Viasov hierarchy

(t,Y) ZNO ) gs(t, Y)+

i=1

0
agS

+ D Nl d2) g1 (8, Y\ )),

J1#j2=1

(47)
s> 1.

9s(t) |t=0= 9s(0),

Consider the mean-field limit of the additive-type ob-
servables, i.e.

(48)

GM(0) = (0,GM(0,1),0,...).

In that case, solution (10) of the dual BBGKY hierarchy
(2) has the form

Y)Y 6iV0,5).

j=1

Ggl) (t7 Y) = A, (t7 (49)

If, for the additive-type observables G1)(0), condition
(44) holds, i.e.

- gi(0) =0,

€—

wh— lirr(l) (e_ngl)(O)
then, according to statement (45), for (49), we have
W lim (G (0) — gl (1)) =0,
where

et (0, 1),

gV (t,1) = G,

gél)(tv L, 2) =

V(0,1

i 2
/dtlﬂglt—tl, mt12z (t1,1)
) =

j=1

844

or, as a special case of (46), the limit operator ggl)(t) is
defined by the expansion

t ts—2
1>(t,Y):/dt1... / dte_1 GO(t —t1)x
0 0

X Z Nint iy 5 i8,) GOy (81 — t2) ...

gy Fiky =1

G (ts—2 —ts—1) Z Nint (U, 4, ke, ) X
ihy_ 4 Fikg=1
xG(ts—1) 9 (0, Y \{iny, -k, })- (50)

Let the initial state satisfy the chaos property (32)

Hfloj

Then, if g(t) € £,(Fy) and f1(0) € £'(H;), the mean
value functional

f(v)

s> 2.

o0

(GO1FO) =3 5 Truega(ts 1,
s=0

1_[f10Z

exists, provided that || f1(0)[|g1(3,) <7
In consequence of the equality

(g ()] £ (0) Z Try, gV () [ £2(0,9)
! i=1

= Tr1 g{" (0) (1, 1),

where g( )( t) is given by (50) and fi(¢,1) is solution (40)
of the quantum Vlasov equation (36), we find that the
initial-value problem (47), (48) for additive-type observ-
ables and the initial state £(¢)(0) describes the evolution
of quantum many-particle systems as by the Vlasov ki-
netic equation.

Correspondingly, the chaos property (32) in the
Heisenberg picture of evolution of quantum many-
particle systems is fulfilled, which follows from the equal-
ity (k > 2)

=1
:Zy

s=0

(g® ()] £9(0)) s g

Hf10z
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k
1 k .
= g 0 ] A9),

where f1(t,1) is given by expansion (40).

Thus, if the initial state is a pure state, i.e. f5(0) =
[10) (1g|®%, we conclude that, in the Heisenberg pic-
ture of evolution, the initial-value problem (47), (48)
describes the evolution of quantum many-particle sys-
tems which is governed by the Hartree equation (38)
in the Schrédinger picture of evolution or it is gov-
erned by the cubic nonlinear Schrédinger equation, if
the interaction potential ®(q) = d(q) is the Dirac mea-
sure.

4. Conclusion

The concept of cumulants (9) of the groups of opera-
tors (7) of the Heisenberg equations or cumulants (15)
of the groups of operators (13) of the von Neumann
equations forms the basis of the groups of operators for
quantum evolution equations, as well as the quantum
dual BBGKY hierarchy and the BBGKY hierarchy for
marginal density operators [18,19, 21].

As was mentioned above, for the initial data F'(0) €
£1(Fy), the average number (17) of particles is fi-
nite. In order to describe the evolution of infinitely
many particles [5], we have to construct solutions for
initial marginal density operators belonging to more
general Banach spaces than £.(Fy). For example,
it can be the space of sequences of bounded oper-
ators containing the equilibrium states [4]. In that
case, every term of solution expansions for the BBGKY
hierarchy (11) and correspondingly for the general-
ized kinetic equation (25) and functionals (20) con-
tains the divergent traces [5, 8]. In the case of the
dual BBGKY hierarchy (2), the problem consists in the
definition of mean value functional (6) which contains
the divergent traces [17, 21]. The analysis of such a
question for quantum systems remains an open prob-
lem.

We formulate two new approaches to the rigorous
derivation of kinetic equations from the underlying
many-particle dynamics. These approaches enable one
to describe the kinetic evolution if the chaos prop-
erty (32) is not fulfilled initially, i.e. in the pres-
ence of initial correlations. Such Cauchy problem
takes place in the case of a kinetic evolution of the
Bose condensate [2, 3]. As a result, we can formu-
late the kinetic equations both for a Bose gas and a
Bose condensate, i.e. the nonlinear Schrédinger equa-

ISSN 2071-019/. Ukr. J. Phys. 2009. Vol. 5/, No. 8-9

tion and the Gross—Pitaevskii equation [11, 12|, respec-
tively.
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MNIAXoA1n JO BUBOAY KBAHTOBUX KIHETUYHIMX
PIBHAHBb

B.I. I'epacumenko
PezmomMme

Y poboTi PO3IVISIHYTO MOXKJIUBI MIAXOAU JI0 HPOOJIEMH CTPOrOro
BUBO/ly KBAHTOBHUX KiHETUYHHUX PiBHSHb i3 0AraTo4acTUHKOBOI U~
HaAMIiKH.

Jist onucy 6araTo9acTUHKOBOI €BOJIIOIIT TOOYA0BAHO PO3B’SI3KU
3amad Komi gsa iepapxili BBI'KI Ta ayasipHOl iepapxil piBHSIHBb
BBI'KI y Bignosiganx 6aHaXOBUX IPOCTOPAX.

846

Ha ocnoBi Tpaguniiinoro migxoay 10 Onucy KiHETHYHOI €BOJIIO-
il moOYI0BAHO TPAHMIO CEPEHBOIO IOJIS JJIs PO3B’SI3KY KBaH-
ool iepapxii BBI'KI. Po3BunyTOo Takox ajgbrepHaTWBHI IIigxo-
nu. Opue 3 HEUX HOJArae B MOOYIOBI aCHMITOTHKH DPO3B’SA3KY
[IOYaTKOBOI 3ajad4i 1y KBaHTOBOI ayaJibHOI iepapxil BBI'KI. Ile
OIUH T'PDYHTYETbCA HA Y3araJilbHEHOMY KBAHTOBOMY KiHETHUYHOMY
PiBHsIHHI, 110 € HACJIAKOM eKBiBaJieHTHOCTI 3aja4 Ko ajst mpo-
ro esoJrioliiinoro piBusiHHA Ta iepapxil BBI'KI y Bumnaaky modya-
TKOBHX YMOB, sIKi BUBHAYAIOTHCSI OJHOYACTHHKOBUM CTATUCTUIHUM

OIIepaTOPOM.
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