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We propose a model of suppression of a Bose condensate in a
weakly non-ideal Bose gas due to dynamic quantum fluctuations,
whose existence follows from the uncertainty principle. Two ap-
proaches to the description of the mechanism of this phenomenon
are considered: studying the motion of separate particles of the
system in the self-consistent field approximation and the analysis
of collective motions in the random phase approximation.

1. Introduction

It is well known that, at sufficiently low temperatures,
the occupation number N0 of the lowest-energy state by
Bose particles or quasiparticles (in nonequilibrium sys-
tems) represents a macroscopic value N0 ≤ N . As a
rule, this state is the one, where particles have a zero
momentum p = 0. Such a system becomes a macro-
scopic quantum one, which induces, in turn, a number
of interesting and unique properties, such as superfluid-
ity, quantum vortices and rings, interference of conden-
sates (analogs of the Josephson effect), etc. The given
phenomenon is observed in a system of sparse ultracold
atoms in a magnetic trap [1–3], superfluid helium [4–6],
exciton gas of semiconductors [9], and magnon gas [10].

From the viewpoint of statistical mechanics, the
uniqueness of the Bose–Einstein condensation (BEC)
phenomenon consists in that it can be considered as a
phase transition in the ideal gas. The problem in the case
of the ideal gas is solved exactly, because all thermody-
namic functions of both phases, the condensate density,
and the transition temperature are determined:

N0

N
= 1−

(
T

T0

)3/2

, T0 =
2π~2

m

(
N/V

2.612

)2/3

. (1)

One can see that all particles are in the Bose condensate
(BC) N0 = N at the temperature T = 0. In order to

find the spectrum of quasiparticles in a Bose gas with
repulsive interaction as well as the ground-state energies
of such a system, M.M. Bogolyubov assumed that the
Bose condensate density is not equal to the total one
N0 < N , i.e. the over-condensate particles exist even
at the absolute zero of temperature [11]. It turns out
that the number of condensate particles in this model is
determined by the interaction and the mean density:

N0 = N

(
1− 8

3

√
Na3

πV

)
, (2)

where a > 0 is the scattering length. Formula (2) is
valid under the condition a3

V/N ¿ 1, i.e. for a very low-
density (weakly non-ideal) gas. In this case, N0

N ' 1,
that is why almost all particles are in the BC. The over-
condensate particles are distributed according to a cer-
tain law; moreover, the maximum of the distribution
function ∼ p2Np falls on p/~ ∼

√
aN/V . One can see

that the interaction results in the spreading of the BC,
and the given effect must be more pronounced in strongly
interacting systems. For example, it was experimentally
established for the superfluid helium phase (He II) that
N0
N ≈ 0.07 [4, 5], i.e. the BC is strongly suppressed.
After the consistent application of the Bogolyubov

model to the description of a weakly non-ideal Bose gas,
there arose the questions concerning its generalization
for denser systems, where a3

V/N ' 1, the microscopic na-
ture of the superfluid component (as its density at T = 0
is equal to the fluid density, but N0 < N), and respec-
tively, the mechanism of BC suppression. Another dis-
coursive point regards the role of the BEC in the super-
fluidity phenomenon. The Foldy—Brueckner approach
[12] generalizes the Bogolyubov one in the sense that the
former partially takes the interaction of over-condensate
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particles into account. In this model, all particles not be-
ing a part of the one-particle condensate with the mean
value of the field operator 〈ψ̂〉 =

√
n0 are joined into

an even BC that represents an analog of Cooper pairs
in a semiconductor and are described by the ”anoma-
lous averages” 〈ψ̂ψ̂〉 6= 0 and 〈ψ̂+ψ̂+〉 6= 0. In strongly
interacting systems, for example in He II, some models
[12–14] allow the existence of higher even BCs (four-,
six-particle, and so on). Moreover, a one-particle BC
is suppressed due to the growth of the even BC due to
interaction [14]. However, such approaches meet some
difficulties such as, for example, the formation of a gap
in the spectrum of quasiparticles that is to be eliminated,
the existence of different kinds of excitations for different
condensates that should be reduced to one type, etc.

Along with the Bogolyubov–Belyaev–Brueckner field-
theoretic approach, a quantum-mechanical one initiated
in [15] and [16] with the use of the Jastrow expansion [17]
was developed. Later on, this approach starts to use the
powerful technique of collective variables first applied in
the work by M.M. Bogolyubov and D.N. Zubarev [18]
and developed in [19, 20]. In contrast to the previous
field-theoretic approach, this one does not require the
introduction of BCs of different kinds and proceeds from
the many-particle quantum-mechanical problem. Here,
the number of BCs is calculated with the help of density
matrices. It turns out that, in addition to a one-particle
BC, there also exists an even one, but higher condensates
are forbidden [21]. For example, for He II, N1/N = 0.061
and N2/N = 0.16, i.e. not all particles belong to the
condensates. These approaches also meet a number of
difficulties, such as the absence of a small parameter in
the perturbation theory based on the use of the Jastrow
expansion. That is why, one has to omit not small terms,
which results in a low accuracy of the results obtained
in this approach.

Taking into account all the complexity and diversity
of the problem of quantum Bose liquids and gases, the
problem of their description remains urgent till now. The
aim of this work is to propose and describe a real phys-
ical model of suppression of a one-particle BC in Bose
systems with repulsive short-range interaction based on
the first principles of quantum mechanics, such as the
principle of uncertainty and that of particle identity. As
was said above, the description of strongly interacting
systems meets serious mathematical difficulties. There-
fore, we will apply our model to quantitative calculations
for a weakly non-ideal Bose gas. For quantum liquids,
the mechanism of BC suppression must have the iden-
tical nature and be the same on the qualitative level.
The given problem will be considered from two basically

different positions – the analysis of the motion of one
particle of the system in the medium formed by other
atoms and that of collective motions in the system. This
gives a possibility to describe the mechanism of the same
phenomenon from different positions.

2. One-particle motion

Let us consider a collection of N interacting Bose par-
ticles confined in some volume V . In the general form,
the Hamiltonian of such a system can be presented as

Ĥ =
N∑

i=1

p̂2
i

2m
+

∑

1≤i<j≤N

Φ(|ri − rj |), (3)

where the first term denotes the kinetic energy of the
particles, whereas the second one – the potential energy
of their pairwise interaction. In the Hartree approxima-
tion, the wave function of the system is presented by the
product of the one-particle wave functions

Ψ(r1, ...rN , t) =
N∏

i=1

ψ(ri, t), (4)

where ψ stands for the normalized wave function of the
one-particle state that determines the density of the sys-
tem:
∫

V

|ψ(r, t)|2dV = 1, n(r, t)) = N |ψ(r, t)|2. (5)

For non-interacting particles, ψ = 1/
√

V .
The Schrödinger equation in the mean field approxi-

mation takes the form

i~
∂ψ(r, t)

∂t
= − ~

2

2m
4ψ(r, t)+

+ψ(r, t)N
∫
|ψ(r̃, t)|2Φ(r− r̃)dr̃. (6)

The interaction potential Φ will be considered a point
one

Φ(r− r̃) =
4π~2

m
aδ(|r− r̃|), (7)

where a is the scattering length of the order of the in-
teraction radius. Then Eq.(6) will take the form of the
well-known Gross–Pitaevskii equation [22, 23]

i~
∂ψ

∂t
= − ~

2

2m
4ψ +

4π~2

m
aN |ψ|2ψ. (8)
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Fig. 1. Wave function of the ground state of a weakly non-ideal
Bose gas. The amplitude of the state ψ(r) tends to zero if particles
overlap and specifies the mean density of the system if they are
sufficiently far from each other. The quantity l is the radius of such
a “polaron” (16) formed by the interaction of the particle with the
self-consistent field of all other atoms

Let us consider such stationary solutions of this equation
that

ψ(r, t) = ψ(r) exp
(
− i

~
χt

)
, (9)

where χ is some parameter of the energy dimension. In
this case, the previous equation (8) can be rewritten in
the form

χψ = − ~
2

2m
4ψ +

4π~2

m
aN |ψ|2ψ. (10)

The solution of this equation will be searched for, by
proceeding from the following considerations. Let some
particle be fixed at the point r = 0. At infinity, the
wave function ψ(r) of another free particle of the system
must specify the mean density in the given system, i.e.
ψ(r →∞) = 1/

√
V . As the potential acting between the

atoms is repulsive, the probability of their location close
to one another is lower than at large distances. That
is why one can suppose ψ(0) = 0 under the condition
that they cannot penetrate into each other (it is well
fulfilled for hard spheres). Then the wave function at
large distances can be presented in the form

ψ(r) =
1√
V

(1− ϕ(r)), (11)

where 0 < ϕ(r) ¿ 1. Such an assumption allows one
to linearize Eq.(10) in the region far from the origin of

coordinates and to neglect the term 2
r

∂ϕ
∂r :

∂2ϕ

∂r2
− 2m

~2

(
3UN

V
− χ

)
ϕ =

2m

~2

(
χ− UN

V

)
, (12)

where U = 4π~2
m a. In order to satisfy the boundary

condition at infinity, ϕ = 0, it is necessary to set

χ =
UN

V
=

4π~2Na

V m
≡ µ, (13)

where µ is the chemical potential of the Bose gas with
interaction (6) [24]. Then the solution of Eq.(12) takes
the form

ψ(r) =
1√
V

[
1− C exp

(
−

√
4mUN

~2V
r

)]
, (14)

where C is the integration constant. Now let us inter-
polate the given expression to the origin of coordinates
so that the condition ψ(0) = 0 be satisfied (for this pur-
pose, it is necessary to set C = 1):

ψ(r) =
A√
V

√
4mUN

~2V
r, (15)

where the constant A will be determined in what follows.
As the atoms forming the system are considered as hard
spheres, the amplitude of the state including two over-
lapping particles is very small, which is reflected by the
behavior of the wave function (Fig.1), i.e. its vanishing
in the case of the overlapping of atoms and equiprobable
positions for sufficiently remote atoms.

The obtained solution can be interpreted in the follow-
ing way. Each particle of the medium polarizes its sur-
roundings, and, as the interaction potential corresponds
to repulsive forces, there arises some rarefaction around
a particle. On the other hand, the particle itself interacts
with the formed deformation, i.e. it appears in a poten-
tial well. The dimensions of this well can be estimated,
by using function (14):

l ∼
√

~2V

4mUN
. (16)

Being in the well, the considered particle performs a
finite motion with a certain energy ε. Using relation
(10) and asymptotics (15), the energy of its interaction
with the self-consistent field of other particles can be
presented in the form

UN |ψ(r)|2 = A2 4mU2N2

~2V 2
r2 ≡ 1

2
mω2r2. (17)
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Thus, each particle moves in a potential well formed by
all the other particles of the system. In this sense, a
Bose liquid is equivalent to a collection of N harmonic
three-dimensional oscillators

− ~
2

2m
4Ξ(r) +

1
2
mω2Ξ(r) = εΞ(r). (18)

Here, the constant A =
√

2/6 is chosen in such a way
that the energy of the ground state

µ =
∂(εN)
∂N

=⇒ ε =
3
2
~ω =

2π~2Na

V m
. (19)

The solution of Eq.(18) is

Ξ(r) = C exp
(
− r2

2l2

)
, (20)

where C is the integration constant, while l can be called
the oscillatory length:

l2 =
~

mω
=

6V

2
√

2Na
. (21)

As was noted above, the interaction results in some lo-
calization of the particle in a region with the size ∆x ∼ l.
As the non-ideality parameter a

V/N increases, the local-
ization region decreases. As a → 0, the particle is com-
pletely delocalized, which corresponds to the conditions
of the ideal gas.

According to the uncertainty principle, the localiza-
tion of the particle in a region with size l results in the
uncertainty of the momentum ∆p ∼ ~/l. Then, in con-
trast to the ideal Bose gas, the particle cannot be in the
BC, as the momentum in the BC is completely deter-
mined: p = 0. Thus, we can conclude that interaction
results in the suppression of the Bose condensate. In the
limiting case of ideal gas, particles are completely delo-
calized; in this case, the momentum uncertainty tends
to zero ∆p ∼ ~/l = 0, i.e. completely agrees with the
condition of BC existence.

Let us now pass to the momentum representation ac-
cording to the well-known rule

Ξ(k) =
1

(2π)3/2

∞∫

0

eikrΞ(r)4πr2dr =

=
1

(2π)3/2

4π

k

∞∫

0

rΞ(r) sin(kr)dr = Cl3 exp
(
− l2

2
k2

)
,

(22)

where k = p/~. As was expected, the momentum uncer-
tainty (localization in the momentum space) ∆k ∼ 1/l.
Knowing the wave function (22), we can now determine
the occupation numbers for the states with momenta
k 6= 0:

Nk = N |Ξ(k)|2 = NC2l6 exp
(−l2k2

)
. (23)

The momentum distribution function of particles
∼ k2Nk reaches a maximum at the momentum

k2
m =

2
l2
∼

√
Na

V
, (24)

which coincides with the maximum of the distribution
function obtained by Bogolyubov [25]. The integration
constant C can be determined, by normalizing the wave
function Ξ(r) to one

∞∫

0

|Ξ(r)|24πr2dr = 1 =⇒ C2 =
1

π3/2l3
. (25)

The number of over-condensate particles can be ob-
tained, by integrating (23) over the whole momentum
space:

∆N = N

∞∫

0

|Ξ(k)|24πk2dk = N · 1 ⇒ N0 = 0. (26)

Thus, due to the action of the uncertainty principle, the
one-particle BC is completely suppressed in the presence
of an interaction regardless of its intensity.

Now let us take into account the principle of iden-
tity of particles. The given principle does not give a
possibility to identify atoms. This means that we can-
not choose an arbitrary particle in order to consider its
motion in the field of other particles, as we have done
it above. The coordinate uncertainty will be equal to
the linear dimension L → ∞ of the whole macroscopic
volume occupied by atoms, rather than to l. That is
why the momentum uncertainty will be equal to zero
p ∼ ~/L → 0, and all particles will be in the BC re-
gardless of interaction: N0 = N [26]. Thus, we are
faced with a paradox: due to the uncertainty prin-
ciple, the BC is completely suppressed, whereas due
to the identity principle, all particles are in the BC
regardless of the interaction intensity. In turn, the
experiment performed with He II [4–6] demonstrates
that He I includes a one-particle BC of the order of
10%.

In order to overcome the above-stated contradiction,
we consider the application of the identity principle to
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Fig. 2. Spreading of the wave packet of a particle with the initial
size ∆x0 in a system of non-interacting atoms. The packet width
∆xt indefinitely increases covering all other particles of the system

a system of interacting atoms in more details. Let us
examine a system of N identical particles. In classical
mechanics, we can trace each of them, as they move
along their trajectories and therefore do not lose their
identities. In quantum mechanics, the situation is dif-
ferent. Each particle is presented by a wave packet as a
superposition of de Broglie waves [26]:

ψ(x, t) =

+∞∫

−∞
dke−(k−k0)

2〈(∆x0)
2〉eik0x−i~k2t/2m. (27)

In this case, the wave packet width at any time moment
t amounts to

〈(∆x)2〉 = 〈(∆x)2〉0 +
~2t2

4m2〈(∆x)2〉0 . (28)

Thus, the packet indefinitely spreads in the course of
time. If we number each particle at the initial time mo-
ment, their wave packets will overlap at the following
one, and the numbering of particles will mix up. That
is, localizing one of them, we are not able to identify
it in some time. Therefore, we have no possibility to
distinguish identical particles.

The mechanism of the BC formation can be under-
stood from the following considerations. The wave
packet of each particle (27) covers ' 〈∆x〉3t

V/N other atoms
of the system; here, 〈∆x〉3t is the volume of the wave

l

Fig. 3. Stabilization of the wave packet of a particle in a Bose liquid
due to the polarization of its environment. l is the characteristic
size of the packet that covers a certain share of particles ∼ l3

V
N <

N in contrast to the case of an ideal gas

packet, V/N is the volume per one particle. Then prob-
ability (25) is equally shared between all particles due to
their identity:
∞∫

0

|Ξ(r)|24πr2dr =
1

〈∆x〉3t
V/N

=⇒ C2 = 0, (29)

as the wave packets of non-interacting particles indefi-
nitely spread 〈∆x〉3 → ∞ at t → ∞ (Fig. 2). Then we
obtain from (23) that Nk = 0, i.e. all particles of the
ideal Bose gas are in the BC.

For a system of interacting particles, the situation
somewhat changes. The wave packet of each particle
is described by the oscillatory function (20) correspond-
ing to the packet width 〈(∆x)〉 ∼ l (21). That is, the
spreading of the wave packets of particles is stopped by
interaction (Fig. 3). Then probability (25) is shared
between the particles covered by the wave packet (20),
which means that the normalizing condition can be pre-
sented in the following way:
∞∫

0

|Ξ(r)|24πr2dr = 1/
4πl3/3
V/N

⇒ C2 =
3V

4π5/2Nl6
. (30)

From here, we obtain the occupation numbers for the
states with the momenta k 6= 0:

Nk = N |Ξk|2 = N
3V

4π5/2N
exp

(−l2k2
)
. (31)
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The number of over-condensate particles can be found
integrating (31) over the whole momentum space

∆N = N

∞∫

0

|Ξ(k)|24πk2dk =
3
4π

V

l3
. (32)

As ∆N = N − N0, the number of particles in the BC
can be found in the following way:

N0 = N

(
1− 3

4π

√
3√
2

Na3

V

)
, (33)

that is we obtain a completely identical functional de-
pendence on the density of the system and the interac-
tion constants as in the Bogolyubov formula (2). The
difference in the coefficients is of the order of one and
appears due to the estimating character of our calcula-
tions. For the superfluid phase of helium, V/N ' l3,
and the BC is strongly suppressed. That is why our ap-
proximations cannot be applied to this case, though the
qualitative picture is the same. Thus, one can state that
the number of BCs in the ground state of a Bose system
is determined by the balance between the uncertainty
principle, whose suppressing action on the BC intensi-
fies with increasing the density and the interaction, and
the identity principle that leads to the macroscopic oc-
cupation of the level with k = 0.

It is worth noting that the distribution function of
over-condensate particles has a sense of the square of the
wave function. That is, before the measuring process, a
particle has no certain value of the momentum; it ap-
pears only during this process. Thus, to our mind, each
particle occupies a superposition of states with non-zero
momentum k 6= 0 and the state with zero momentum
k = 0

Ψ = C1ϕk 6=0 + C2ϕk=0

C2
1 =

3
4π

V/N

l3
, C2

2 = 1− 3
4π

V/N

l3
, (34)

where the coefficients C1 and C2 specify the probabilities
of these states and the condition l3 À V/N is realized.
That is, the BC density is determined by the probabil-
ity of each particle of the system to occupy the state
with zero momentum. In the measuring process, there
takes place a collapse (reduction) of the wave function
Ψ to the state ϕk=0 (condensate particle) or ϕk 6=0 (over-
condensate particle).

3. Collective Motion

Now let us proceed to another approach to the descrip-
tion of the same phenomenon in terms of collective vari-
ables. In this approach, the criterion of BC suppres-
sion can be directly obtained from the solution of a
many-particle problem. Let us consider a stationary
Schrödinger equation for Hamiltonian (3). We deal with
the many-particle quantum-mechanical problem consist-
ing in obtaining the solutions of the given equation in
the form of wave functions symmetric with respect to
the permutation of an arbitrary pair of N particles. The
variables describing the system will be the collective co-
ordinates

ρk =
1√
N

N∑

j=1

e−ikrj , ρ∗k = ρ−k, (35)

that represent the Fourier coefficient of the fluctuation
of the particle density

∆n(r) =
N∑

j=1

δ(r− rj)− 1
V

. (36)

The quantities ρk are symmetric with respect to permu-
tations of the particle coordinates (r1, ..., rN ), therefore
the wave functions of these particles in the collective
variable space also will be symmetric. Thus, the iden-
tity principle is fulfilled automatically, and the solutions
of the Schrödinger equation require no additional sym-
metrization. The potential energy of the many-particle
system in terms of these variables has a form

Φ(r1 . . . rN ) ≡
∑

1≤i<j≤N

Φ(|ri − rj |) =

=
N(N − 1)

2V
ν0 +

N

2V

∑

k 6=0

νk(ρkρ−k − 1). (37)

Here, νk stands for the Fourier transform of the interac-
tion potential presented as follows:

νk =
∫

e−ikrΦ(r)dr =
4π~2

m
a. (38)

Then, after the Hermitian procedure, Hamiltonian (3) in
the random-phase approximation (RPA) can be written
down in terms of the collective variables (35) [26] as

Ĥ =
∑

k 6=0

~2k2

2m

[
− ∂2

∂ρk∂ρ−k
+

1
4
ρkρ−k − 1

2

]
+
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+
N(N − 1)

2V
ν0 +

N

2V

∑

k 6=0

νk(ρkρ−k − 1). (39)

It represents the Hamiltonian of a collection of indepen-
dent harmonic oscillators, i.e. a Bose liquid can be pre-
sented in the form of such a collection. The excitation of
an oscillator of this system corresponds to the appear-
ance of one quasiparticle. The motion of each oscillator
in the ground or excited state corresponds to collective
motions of all particles of the system and is interpreted
by an observer as a perturbation of the density (fluctu-
ations, first and second sounds, etc.)

The wave function of the ground state describes zero
oscillations of a Bose liquid. That is why, in the har-
monic approximation, it is a Gaussian function of collec-
tive coordinates. Then the wave function of the ground
state can be presented in the form [19]

ψ = eU , U =
∑

k

f(k)ρkρ−k. (40)

This expression means that our system represents a col-
lection of independent harmonic oscillators, and the en-
ergy of the ground state can be presented as a sum of
the energies of oscillators

E0 =
∑

k

Ek
0 +

N(N − 1)
2V

ν0. (41)

The Schrödinger equation in terms of collective variables
for the ground state of an oscillator of the Bose liquid
can be presented as follows:

ε(k)
[
− ∂2U

∂ρk∂ρ−k
− ∂U

∂ρk

∂U

∂ρ−k
+

1
4
ρkρ−k − 1

2

]
+

+
N

2V
νk(ρkρ−k − 1) = Ek

0 , (42)

where ε(k) = ~2k2/2m. Then we can write the equations
for the coefficients f(k) and the energy as

ρkρ−k

[
−ε(k)f(k)2 +

1
4
ε(k) +

N

2V
νk

]
−

−ε(k)f(k)− 1
2
ε(k)− N

2V
νk − Ek

0 = 0. (43)

This yields

f(k) = −1
2

√
1 +

2N

V

ν(k)
ε(k)

,

Ek
0 =

1
2
~ω − 1

2
ε(k)− N

2V
νk, (44)

where the oscillator energy quantum

~ω =

√
ε(k)2 +

2N

V
ν(k)ε(k). (45)

On the other hand, Eq.(42) can be rewritten in the
following way:

− ~2

2M

∂2ψ

∂ρk∂ρ−k
+

1
2
Mω2ρkρ−kψ = E∗

0ψ, (46)

where the “mass” and the “energy” are given by

M =
m

k2
, E∗

0 = −ε(k)f(k). (47)

Based on the virial theorem, we obtain that

Mω2

2
〈ρkρ−k〉= E∗

0

2
⇒S2(k) ≡ 〈ρkρ−k〉=− 1

2f(k)
, (48)

where S2(k) denotes the structural factor of the quantum
liquid.

According to the uncertainty principle, the oscilla-
tor energy in the ground state cannot be equal to zero,
whereas, according to the virial theorem, the kinetic and
potential energies are equally shared. This zero energy
is that of the density fluctuations of the quantum liq-
uid. These fluctuations exist in the ground state of the
medium as well, which means, in turn, that the collec-
tive motion of the liquid exists even in this state. On
the microscopic level, the given collective motion corre-
sponds to the self-consistent motion of particles of the
system. This implies that not all particles can be in the
BC (or, according to our interpretation (34), occupy the
pure state ϕk=0), i.e. the one-particle BC is spread due
to dynamic fluctuations.

Using Eq.(43), the ground-state energy of the system
can be written down in the following form:

∑

k 6=0

ε(k)
[
−f(k)2ρkρ−k − f(k) +

1
4
ρkρ−k − 1

2

]
+

+
N(N − 1)

2V
ν0 +

∑

k 6=0

N

2V
νk(ρkρ−k − 1) = E0. (49)

Averaging this expression over the ground state accord-
ing to the rule ρkρ−k → 〈ρkρ−k〉 with regard for the
expression for the potential energy of the system (37)
and the evident equality E0 = 〈T 〉+ 〈Φ〉, we obtain the
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mean values of the kinetic and potential energies of the
system

〈T 〉 =
∑

k6=0

ε(k)
[(
−f(k)2 +

1
4

)
〈ρkρ−k〉 − f(k)− 1

2

]
,

(50)

〈Φ〉 =
N(N − 1)

2V
ν0 +

∑

k 6=0

N

2V
νk(〈ρkρ−k〉 − 1). (51)

As ε(k) = ~2k2/2m is the kinetic energy of one parti-
cle, the expression in brackets in (50) can be considered
as the occupation numbers of over-condensate particles
Nk. Using relation (48), the kinetic energy and the corre-
sponding occupation numbers can be presented in terms
of the function f(k) or the structural factor S2(k):

〈T 〉 =
∑

k

~2k2

2m

[
(2f(k) + 1)2

−8f(k)

]
, (52)

Nk =
(2f(k) + 1)2

−8f(k)
=

(S2(k)− 1)2

4S2(k)
. (53)

In the limiting case of non-interacting particles, we
have f(k) → −1/2. Therefore, Nk = 0, i.e. all par-
ticles are in the BC. In the case of a weakly non-ideal
Bose gas with interaction (38), the amount of the BC is
determined in the following way:

N0 = N −
∑

k 6=0

Nk = N − V

(2π)3

∞∫

0

(2f + 1)2

−8f
4πk2dk =

= N −N
8
3

√
Na3

πV
, (54)

That is, we again obtain the Bogolyubov formula (2).
This result can be considered from another viewpoint,
by rewriting (53) in terms of the fluctuation energy (45):

~ω = −ε(k)f(k) ⇒ 〈T 〉 =
∑

k

~ω(k)
[
(2f + 1)2

8f2

]
. (55)

Then the expression in brackets can be interpreted as the
distribution of virtual quasiparticles [27]. Thus, one can
state that, due to the uncertainty principle, there exist
the dynamic fluctuations with energy quanta ~ω(k) in
the ground state of the system that provide the non-
zero kinetic energy (55). These fluctuations spread the

BC, which is observed as the presence of over-condensate
particles with distribution (53). Such an interpretation
is confirmed by the following experimental fact.

In [4, 5], the distribution function of over-condensate
particles in He II was measured. The given function de-
creases with increase in the momentum (energy) of par-
ticles and is rather close to zero already at k ∼ 2 Å−1,
which is just the region of wave vectors of elementary ex-
citations. In experiments on deeply inelastic scattering
of neutrons in He II, a distribution function with charac-
teristic condensate peak was obtained. This function al-
lows one to determine the BC density that amounts to 6-
8% of the total mass at the absolute zero of temperature.
However, the kinetic energy transferred to helium atoms
by neutrons (momentum ≈ 20 Å−1) exceeds the elemen-
tary excitation energy. Due to this reason, such neutrons
are scattered by liquid helium as by a system of non-
interacting particles. In this case, each atom plays a role
of density fluctuations and has no time to interact with
its environment during the scattering. Thus, it looks as
if the scattering takes place on particles of an ideal gas.
Such a situation occurs in the so-called momentum ap-
proximation, where the transferred momentum k → ∞
[7,8]. The above-mentioned condensate peak vanishes at
lower energies of incident neutrons, which represents the
scattering on dynamic density fluctuations of the Bose
system. That is, at finite transferred momenta, the non-
zero kinetic energy of the ground state 〈T 〉 can be un-
derstood as expression (55), whereas, in the momentum
approximation, the same kinetic energy can be presented
by expression (53).

In addition to dynamic fluctuations, the BC is also
suppressed by kinematic (thermal) ones caused by the
chaotic motion of particles of the system at non-zero
temperature. The structural factor at T 6= 0 can be
found, by generalizing Eq.(48) to the excited states

Mω2

2
〈ρkρ−k〉 = ~ω

(
1
2

+ nk

)
⇒ S2 = S0

2(1 + 2nk),

(56)

where S0
2 is the structural factor at T = 0, nk is the

number of quanta of the oscillator that we understand as
the number of quasiparticles. To a high accuracy, they
can be considered distributed according to the Bose–
Einstein statistics

〈nk〉 =
1

exp(~ω/T )− 1
. (57)

Substituting the obtained structural factor in the for-
mula for the number of over-condensate particles (53),
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Fig. 4. Effect of dynamic quantum fluctuations on the Bose con-
densation temperature. T0 and T ∗0 are the above-mentioned tem-
peratures for the ideal and weakly non-ideal gases, respectively.
∆N is the number of over-condensate particles existing at T = 0
as a measure of the intensity of dynamic fluctuations

we obtain that

Nk =
(S0

2(k)− 1)2

4S0
2(k)

+
1
2

(
S0

2 +
1
S0

2

)
〈nk〉, (58)

where the system is considered weakly excited, nk ¿ 1.
Thus, it is easy to see that the kinematic fluctuations
caused by thermal motion suppress the BC along with
dynamic ones.

The BC spreading due to dynamic fluctuations must
result in a decrease of the temperature of its appearance.
In the ideal gas, this temperature is determined with the
help of formula (1). It can be understood as the limit,
where kinematic fluctuations already have no possibility
to spread the BC and which appears, for the first time,
with decrease in the temperature. In the presence of an
interaction, the BC is additionally spread by dynamic
fluctuations. That is why we can write

N0(T ) = N −N

(
T

T0

)3/2

−∆N, (59)

where ∆N is the number of over-condensate particles
at T = 0. That is, at T = T0, the BC should already
be formed, but it must become intense enough due to
the action of fluctuations to exceed the dispersion ∆N
(Fig. 4). Hence, the temperature of the BC formation
N0(T ∗0 ) = 0 can be given by the expression

T ∗0 = T0

(
1− ∆N

N

)2/3

= T0

(
1− 8

3

√
Na3

πV

)2/3

. (60)

Thus, as the non-ideality parameter a
V/N increases, the

BC formation temperature decreases. For example, this

temperature for helium exactly coincides with the tem-
perature of the λ-transition [4] and amounts to 2.17 K,
whereas the corresponding temperature of the Bose-
condensation of the ideal gas at the same density is equal
to 3.13 K.

4. Conclusions

The given work considers a model of suppression of the
one-particle BC in Bose systems with repulsive short-
range interaction. The analysis of the motion of separate
particles with the help of the Gross–Pitaevskii equation
has demonstrated that, at the absolute zero of temper-
ature, the BC is suppressed due to the action of the
uncertainty principle. Each particle polarizes its envi-
ronment due to the interaction with it and thus appears
in a potential well. In this well (that can be approxi-
mately considered oscillatory), the particle performs a
finite motion at the lowest energy level. Due to the
finiteness of this motion, the momentum has an uncer-
tainty which is the higher, the stronger is the interaction
between particles of the system. Thus, the BC is com-
pletely spread in the presence of the interaction. In its
absence (ideal gas), the oscillatory length becomes infi-
nite, and all particles get back to the BC. The allowance
for the principle of identity of particles changes the sit-
uation. The wave packets of the particles indefinitely
expand and will intersect, which results in their indis-
tinguishability. That is why we cannot fix a separate
particle in its well, as the probability of its location there
is equally shared between all particles of the system due
to their identity. Then all atoms of the system appear
in the BC. The interaction restricts the packet spread-
ing, while the oscillatory length plays a role of the wave
packet width. Therefore, the wave packets of particles
being at a sufficiently large distance do not intersect.
This means that the probability to find a particle in the
well is shared only between the particles appearing in
its wave packet, which gives a possibility to estimate
the number of BCs in a weakly non-ideal gas. The es-
timation results in the well-known Bogolyubov formula
(1). That is, we can state that, at T = 0, BCs are sup-
pressed by dynamic quantum fluctuations resulting from
the uncertainty principle. It does not restrict the range
of phenomena that cause such fluctuations, for example,
they can induce quantum phase transitions in various
systems [28].

The above-described process can be considered from
the viewpoint of collective motions of particles. The
analysis demonstrates that the BC is suppressed due
to kinematic and dynamic fluctuations. The former are
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caused by thermal motion of particles and exist at non-
zero temperatures. These fluctuations spread the BC the
stronger, the higher is the temperature, and finally result
in its complete destruction. Dynamic fluctuations are in-
duced by an interaction. In the RPA-approximation, a
Bose system can be represented as a collection of inde-
pendent harmonic oscillators. The physical meaning of
an oscillator is density oscillations propagating in the
system. Due to the uncertainty principle, the oscilla-
tion energy in the ground state is also non-zero. These
vacuum oscillations represent the above-mentioned dy-
namic fluctuations that spread the BC, as they provide
a non-zero kinetic energy in the system in the ground
state. This energy would be zero if the BC density were
equal to that of the system (as it is in the ideal gas).
The given energy can be represented as the kinetic en-
ergy of over-condensate particles. On the other hand,
the same energy can be presented as the energy of vir-
tual quasiparticles. Such a dualism is related to the fact
that, as it was demonstrated in the previous approach,
a particle has no certain momentum due to a polariza-
tion of its environment and the uncertainty principle.
The Schrödinger equation in the space of collective vari-
ables gives a possibility to calculate the above-mentioned
vacuum energy and the number of BCs. The obtained
formula coincides with the Bogolyubov one (1). In ad-
dition, it is shown that dynamic fluctuations result in
a decrease of the BEC temperature. We also obtained
an expression for the number of BCs in weakly excited
states of a Bose system, where an important role is also
played by kinematic fluctuations that represent excited
states of the above-mentioned oscillators and addition-
ally suppress the BC.

These two approaches represent different patterns of
the same mechanism of BC suppression. In the both
cases, the reason for this phenomenon consists in the
uncertainty principle, whose action is the stronger, the
more intense is the interaction between particles, and is
partially balanced by the action of the principle of parti-
cle identity. This balance causes a finite number of BCs
with a lower density than that of the system. A parti-
cle in a non-ideal Bose gas has no certain momentum,
and its distribution function represents a squared wave
function in the momentum space. One can consider that
each particle occupies a superposition of condensate and
over-condensate states. The measurement of its momen-
tum results in a reduction of the wave function to one
of these states. The weight of each state determines the
fraction of condensate and over-condensate particles ob-
served experimentally.
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ПОДАВЛЕННЯ БОЗЕ-КОНДЕНСАТУ В СИСТЕМI
ВЗАЄМОДIЮЧИХ БОЗЕ-ЧАСТИНОК

К.В. Григоришин, Б.I. Лев

Р е з ю м е

Запропоновано модель подавлення бозе-конденсату у слабоне-
iдеальному бозе-газi за рахунок динамiчних квантових флу-
ктуацiй, iснування яких зумовлено принципом невизначеностi.
Розглянуто два пiдходи до описання механiзму даного явища:
вивчення руху окремих частинок системи у наближеннi само-
узгодженого поля та вивчення колективних рухiв у наближеннi
випадкових фаз.
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