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Starting with the quantum BBGKY-hierarchy for statistical oper-
ators, we have obtained a quantum non-Markovian kinetic equa-
tion including the dynamical screening of the interaction poten-
tial, which exactly takes into account the exchange scattering
in a plasma. The collision integral is expressed in terms of the
Green function of the linearized Hartree–Fock equation. This
quantum kinetic equation corresponds to the law of total energy
conservation with account of the polarization and exchange inter-
action.

1. Introduction

The famous Bogolyubov book “Problems of Dynamic
Theory in Statistical Physics” [1] is a basis for the ki-
netic theory conceptions of gases, fluids, and a plasma.
In the work of Bogolyubov and Gurov [2], the ki-
netic equation for the statistical operator of charged
particles was obtained from a chain of equations for
the density matrix. In works [3–6], a quantum ki-
netic equation that differs from the Bogolyubov–Gurov
equation was obtained, by taking the medium polar-
ization into account more properly. The correspond-
ing classical equations were derived earlier by Balescu
and Lenard [7–8]. In the quantum kinetic equation
for weakly coupled polarizable plasmas which was de-
rived by Balescu and Guernsey [5–6], the exchange
interaction of particles was retained only in the dis-
tribution functions. But it is also necessary to con-
sider the exchange interaction in the scattering am-
plitude and in the dielectric function. Moreover, the
Balescu equation involves the polarization of the sys-
tem only in the collision integral, while the thermo-
dynamics corresponds to the ideal gas; the dissipa-
tive and non-dissipative phenomena are not treated on

the equal footing. This discrepancy can be avoided if
non-Markovian effects are considered. In the book by
Kadanoff and Baym [9], general non-Markovian equa-
tions for two-time Green functions were derived. But,
in the two-time Green function method, the ques-
tion arose: which sort of relationship occurs between
these functions and and the one-time distribution func-
tion? In other words, how should the time argu-
ment in the distribution function be chosen? In the
non-Markovian case, this question is especially impor-
tant. Kadanoff and Baym made their choice on the ba-
sis of a certain hypothesis (the KB ansatz). Klimon-
tovich [10–11] proceeded from the BBGKY hierarchy
for the one-time distribution functions, where no such
problem arises. He obtained explicit expressions for
non-Markovian Landau collision integrals and Boltz-
mann kinetic equations. Later on, the KB method
and the BBGKY hierarchy were used in deriving non-
Markovian quantum equations for weakly coupled sys-
tems and neutral particle systems with a very short
interaction range [12–15]. In order to describe non-
Markovian processes in a polarizable plasma, Klimon-
tovich [16] derived a set of equations for the parti-
cle distribution function and the electric field spec-
tral function. However, the equation for the spec-
tral function was not solved, and the collision integral
was obtained only in the averaged potential approxi-
mation. The non-linear kinetic equation, which gen-
eralizes the Balescu–Lenard equation [7–8] for a spa-
tially uniform weakly non-ideal multicomponent clas-
sical plasma, has been obtained in [17–18] and, for
a non-uniform plasma, in [19]. Starting from the
quantum BBGKY-hierarchy for the distribution func-
tion, we have solved, in the so-called plasma approx-
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imation, the equation for the quantum pair correla-
tion function, the non-Markovian correction being in-
cluded. The solution to this equation can be expressed
in terms of the resolvent of the linearized Hartree–
Fock equation. As a result, we obtain a quantum
non-Markovian kinetic equation, which involves both
the dynamical screening of the interaction potential
and the exchange interaction in a non-trivial way. In
particular, this equation contains the dielectric func-
tion which exactly describes the exchange scattering
in a plasma. The quantum kinetic equation derived
satisfies the law of total energy conservation with re-
gard for the polarization and the exchange interac-
tion.

2. Quantum Non-Markovian Kinetic Equation

The quantum hierarchy for a multicomponent plasma in
the operator techniques takes the form

∂

∂t
fa(1) = [Ha(1), fa(1)] +

∑

b

Sp(2) [Uab(12), fab(12)] ,

(1)

∂

∂t
fab(12) = [Hab(12), fab(12)] +

+
∑

c

Sp(3) [Uac(13) + Ubc(23), fabc(123)] , (2)

where fa(1) and fab(12) are one- and two- particle den-
sity matrices, [A,B] is the commutator of operators.

Ha(1) =
p2(1)
2ma

is the kinetic energy, (3)

Hab(12) =
p2(1)
2ma

+
p2(2)
2mb

+ Uab(12) (4)

is the two-particle Hamiltonian, and Uab(12) is the two-
particle interaction potential.

Let us introduce the new operators [20]:

fab(12) = γab(12)f ′ab(12), (5)

fabc(123) = γabc(123)f ′abc(123), (6)

where the symmetrization operators are

γab(12) = 1 + δabηaP (12), (7)

γabc(123) = γab(12) {1 + δacηaP (13) + δbcηbP (23)} , (8)

ηa = 1(Bose),−1(Fermi); P (12) is the permutation op-
erator. Therefore,

∂

∂t
fa(1) = [Ha(1), fa(1)]+

+
∑

b

Sp(2) [Uab(12), γab(12)f ′ab(12)] , (9)

∂

∂t
f ′ab(12) = [Hab(12), f ′ab(12)]+

+
∑

c

Sp(3)[Uac(13) + Ubc(23), (1 + δacηaP (13)+

+δbcηbP (23))f ′abc(123)]. (10)

The symmetrization operators (7) and (8) are convenient
in that they give the possibility to partially transmit
the permutation operator P (12) from the density ma-
trix to the interaction potentials. The density matrices
fab(12) etc. possess the quantum symmetry properties:
P (12)fab(12) = fab(12)P (12) etc., whereas the density
matrices f ′ab(12) etc. possess only the classical symmetry
properties: P (12)f ′ab(12)P (12) = f ′ab(12) etc. For the
classically symmetric density matrices, the usual con-
ditions for the disentanglement of equations, being the
same as those in the classical statistics, hold. Specifi-
cally, in the plasma approximation [21], when the triple
correlation function is neglected, we have

f ′ab(12) = fa(1)fb(2) + g′ab(12), (11)

f ′abc(123) = fa(1)fb(2)fc(3)+

+g′ab(12)fc(3) + g′ac(13)fb(2) + g′bc(23)fa(1), (12)

where g′ab(12) is the pair correlation function. By substi-
tuting Eqs. (5), (6), (11), and (12) into Eqs. (1) and (2),

we obtain a closed set of equations for the one-particle
and two-particle statistical operators:

∂

∂t
fa(1) = [H ′

a(1), fa(1)]+

+
∑

b

Sp(2) [U ′
ab(12), γab(12)g′ab(12)] , (13)
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∂

∂t
g′ab(12) = [H ′

a(1) + H ′
b(1), g′ab(12)] + A′ab(12)+

+
∑

c

Sp(3){[U ′
bc(23), fb(2)g′ac(13)]+

+ [U ′
ac(13), fa(1)g′bc(23)]}, (14)

where

H ′
a(1) =

p2(1)
2ma

+ Ua(1), (15)

Ua(1)=
∑

b

Sp(2) [U ′
ab(12), fb(2)]≡UH

a (1)+UF
a (1), (16)

U ′
ab(12) = γab(12)Uab(12), (17)

i~A′ab(12) = [1+ηafa(1)][1+ηbfb(2)]Uab(12)fa(1)fb(2)−

−fa(1)fb(2)Uab(12)[1 + ηafa(1)][1 + ηbfb(2)], (18)

UH
a (1) =

∑

b

Sp(2) [Uab(12), fb(2)] (19)

is the Hartree field, i.e. the mean self-consistent field
and

UF
a (1) =

∑

b

Sp(2)δabηaP (12) [Uab(12), fb(2)] (20)

is the Fock field, i.e. the mean field taking only
the exchange interaction into account (Pauli’s prin-
ciple). In the plasma approximation [21], the term
[U ′

ab(12), g′ab(12)] in Eq. (13) which describes the di-
rect interaction of two particles (1,2) is not taken into
account. Let us consider the homogeneous case. In the
Wigner representation, the kinetic equation (13) takes
the form

∂

∂t
fa(p) = Ja(p) = 2~2

∑

b

∫
dp′dk[Uab(k)+

+δabηaUab(p′ − p)]g′ab(p,p′,k). (21)

Here, the spin variables are omitted for simplicity. The
solution of the equation for the pair correlation function
g′ab(p,p′,k) in a non-Markovian approximation in the

Wigner form can be expressed in the spatially homoge-
neous case in terms of the resolvent of Eq. (14) and its
source (18) as

g′ab(p, p′,k,t) = (1− ∂

∂t

∂

∂∆
)
∑

a′b′

∫
dqdq′×

×Rab,a′b′(p,p′,q,q′,k,z, µt)A
′
a′b′(q,q′,k,µt)bz=0, (22)

z = ω + i∆,

i~A′ab(p,p′,k, µt) =

= Uab(k){fa(p)fb(p′)[1+ηafa(p+
~k
2

)][1+ηbfb(p′−~k2 )]−

−fa(p +
~k
2

)fb(p′ − ~k2 )[1 + ηafa(p)][1 + ηbfb(p′)] (23)

with the resolvent Rab,a′b′(p,p′,q,q′,k,z, µt) in Eq.
(22), being a product of two resolvents

Rab,a′b′(p,p′,q,q′,k, t− t′, µt′) =

= Raa′(p,q,k, t− t′, µt′)Rbb′(p′,q′,k, t− t′, µt′) (24)

which satisfy the linearized Hartree–Fock equation

[~z + ∆kEa(p)]Raa′(p,q,k, z, t) =

= δaa′δ(p− q) + ea∆kfa(p)
∑

c

ec

∫
dp′×

×[Φ(k) + δacηaΦ(
p−p′

~
)]Rca′(p′,q,k, z, t), (25)

where

Uab(k) = eaebΦ(k),

∆kEa(p) = Ea(p +
~k
2

)− Ea(p− ~k
2

);

∆kfa(p) = fa(p +
~k
2

)− fa(p−~k
2

), (26)

790 ISSN 2071-0194. Ukr. J. Phys. 2009. Vol. 54, No. 8-9



BOGOLYUBOV APPROACH TO QUANTUM PLASMA KINETICS

Ea(p) =
p2

2ma
+ ηa

∫
dp′Uaa(

p− p′

~
)fa(p′). (27)

The solution of Eq. (25) takes the form

Raa′(p,p′,k, z, t) =
Γa(p,p′)δaa′

~z −∆kEa′(p′)
+

+
Φ(k)

εHF(ω,k)
Ψ(1)

a (p)Ψ(2)
a′ (p′), (28)

where we introduced the notations

Ψ(1)
a (p) = ea

∫
dp′′

Γa(p,p′′)∆kfa(p′′)
~z −∆kEa(p′′)

, (29)

Ψ(2)
a′ (p′) = ea′

∫
dp′′

Γa′(p′′,p′)
~z −∆kEa′(p′)

, (30)

and

εHF(ω,k) = 1− Φ(k)
∑

a

e2
a

∫
dpdp′

Γa(p,p′)∆kfa(p′)
~z −∆kEa(p′)

(31)

is the dielectric function with exchange interaction.
The exchange scattering amplitude Γa(p,p′) for Eqs.

(28)–(31) satisfies an integral equation which contains
only the exchange interaction potential,

Γa(p,p′) = δ(p− p′)+

+e2
aηa

∆kfa(p)
~z −∆kEa(p)

∫
dp′′Φ(

p− p′′

~
)Γa(p′′,p′). (32)

The quantity Γa(p,p′) depends on k and z as on param-
eters and is similar to the vertex function well-known in
many-particle perturbation theory. Formulae (28)–(32)
yield the general expression for the pair correlation func-
tion in a non-Markovian approximation with the com-
plete description of the polarization and the exchange
interaction of particles:

g′ab(p,p′,k, t) = − i

~
(1− ∂

∂t

∂

∂∆
)Φ(k)

∑
c

e2
c

∫
dzdq×

×fc(q+
~k
2

)[1+ηafc(q−~k2 )]
{ Ψ(1)

a (p)
εHF(z,k)

[
Γb(p′,q)δbc

~z −∆kEc(q)
+

+
Φ(k)

εHF(z,k)
Ψ(1)

b (p′)Ψ(2)
c (q)]∗−

− Ψ∗(1)b (p′)
ε∗HF (z,k)

[
Γa(p,q)δac

~z −∆kEc(q)
+

+
Φ(k)

εHF(z,k)
Ψ(1)

a (p)Ψ(2)
c (q)]

}
. (33)

The expressions for the collision integral and the internal
energy take the forms

Ja(p)=−2~(1−∂

∂t

∂

∂∆
)Imi

∑

bc

eaebe
2
c

∫
Φ(k)dp′dkdzdq×

×[Φ(k) + δabηaΦ(
p′−p
~

)]fc(q+
~k
2

)[1 + ηafc(q−~k2 )]×

×
{Ψ(1)

a (p + ~k
2 )

εHF(z,k)
[
Γb(p′+~k

2 ,q)δbc

~z −∆kEc(q)
+

+
Φ(k)Ψ(1)

b (p′+~k
2 )Ψ(2)

c (q)∗

εHF(z,k)
]− Ψ∗(1)b (p′+~k

2 )
ε∗HF (z,k)

×

×[
Γa(p+~k

2 ,q)δac

~z −∆kEc(q)
+

Φ(k)Ψ(1)
a (p+~k

2 )Ψ(2)
c (q)

εHF(z,k)
]
}

, (34)

U = 2Rei
∑

abc

∫
eaebe

2
c

~
dpdp′dkdzdqΦ(k)×

×[Φ(k)+δabηaΦ(
p′−p
~

)]fc(q+
~k
2

)[1 + ηafc(q−~k2 )]×

× Ψ∗(1)b (p′)
ε∗HF (z,k)

[ Γa(p,q)δac

~z −∆kEc(q)
+

Φ(k)Ψ(1)
a (p)Ψ(2)

c (q)
εHF(z,k)

]
.

(35)

The complete description of the exchange interaction of
particles is reduced to the solution of the linear integral
equation (32).

3. The Law of Total Energy Conservation

We now demonstrate that the derived kinetic equation
(34) satisfies the law of total energy conservation taking
the potential energy U (35) into account. We have

∂

∂t
(EHF + U) = 0, (36)
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where EHF is the sum of the kinetic energy of the system
and the self-consistent field energy:

EHF =
∑

a

∫
dpfa(p)

p2

2ma
+

+
1
2

∑
a

∫
dpdp′Uaa(

p− p′

~
)fa(p)fa(p′). (37)

The second term in Eq. (37) describes the energy of
the exchange interaction of particles. The self-consistent
Hartree field vanishes due to the spatial homogeneity of
the system. It is not difficult to see that

∂

∂t
EHF =

∑
a

∫
dpEa(p)

∂

∂t
fa(p), (38)

where Ea(p) is defined by Eq. (27). Let us multiply Eq.
(21) by Ea(p), integrate over the momentum, and sum
up over the plasma components. With regard for Eq.
(22), we obtain

∂

∂t
EHF = 2~2

∑

ab

∫
dpdp′dkEa(p)[Uab(k)+

+δabηaUab(p′ − p)](1− ∂

∂t

∂

∂∆
)
∑

a′b′

∫
dqdq′×

×Rab,a′b′(p,p′,q,q′,k,z, µt)A
′
a′b′(q,q′,k,µt)bz=0. (39)

Equation (25) yields the integral equation for resolvent
(24):

Rab,a′b′(p,p′,q,q′,k,z, µt) =

=
1

~z + ∆kEa(p) + ∆kEb(p′)
×

×
{

δaa′δbb′δ(p−q)δ(p′−q′)+ ea∆kfa(p)
∑

c

ec

∫
dp1×

×[Φ(k) + δacηaΦ(
p−p1

~
)]Rcb,a′b′(p1,p′,q,q′,k,z, µt)+

+eb∆kfb(p′)
∑

c

ec

∫
dp2[Φ(k) + δbcηbΦ(

p−p2

~
)]×

×Rac,a′b′(p,p2,q,q′,k,z, µt)
}

. (40)

The derivative ∂
∂∆ of expression (40) gives two terms.

For z = 0, we get

∂

∂∆
Rab,a′b′(p,p′,q,q′,k,µt) =

=−i~
( 1

∆kEa(p)+∆kEb(p′)

)2{
δaa′δ(p−q)δbb′δ(p′−q′)+

+ea∆kfa(p)
∑

c

ec

∫
dp1[Φ(k) + δacηaΦ(

p−p1

~
)]×

×Rcb,a′b′(p1,p′,q,q′,k,µt)+

+eb∆kfb(p′)
∑

c

ec

∫
dp2[Φ(k) + δbcηbΦ(

p−p2

~
)]

Rac,a′b′(p,p2,q,q′,k,µt)+

+
1

∆kEa(p) + ∆kEb(p′)
{ea∆kfa(p)

∑
c

ec

∫
dp1×

×[Φ(k)+δacηaΦ(
p−p1

~
)]

∂

∂∆
Rcb,a′b′(p1,p′,q,q′,k,z, µt)+

+eb∆kfb(p′)
∑

c

ec

∫
dp2[Φ(k) + δbcηbΦ(

p−p2

~
)]×

× ∂

∂∆
Rac,a′b′(p,p2,q,q′,k, µt)}. (41)

Substituting Eq. (41) into Eq. (40) and symmetriz-
ing the integral, it is not difficult to see that only the
first term in Eq. (41) gives a nonzero contribution to
Eq. (40), and the right-hand size of Eq. (40) represents
itself the derivation of the potential energy, which is de-
termined by Eq. (35). As a result, we obtain the law of
total energy conservation (36)
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4. Kinetic Equation with Averaged Exchange
Interaction

The collision integral (34) and the internal energy (35)
are expressed by the amplitude of the scattering inter-
action Γa(p,p′) which satisfies the linear integral equa-
tion (32). The solution of this equation in case of the
Coulomb interaction of particles is difficult and requires
an appropriate approximation. The simplest approxima-
tion is the replacement of the integrand in (32) by the
value averaged over the momentum,

Φ(k)G(z,k) =
∫

dp′′Φ(
p− p′′

~
)Γa(p′′,p′). (42)

Then the dielectric function with regard for the exchange
interaction of particles takes the form

εHF(z,k) = 1− P (z,k)[1 + P (z,k)G(z,k)]−1, (43)

where

P (z,k) = Φ(k)
∑

a

e2
a

∫
dp

∆kfa(p)
~z −∆kEa(p)

(44)

is the polarization. In the special case of the Hubbard
approximation [22], we have

G(z,k) =
1
2

k2

k2 + k2
f

. (45)

One form of G(z,k) was found for the equilibrium state
using a variation procedure [23–25]:

G(z,k) =
8π2e4~4

k2

1
P 2(z,k)

∫
dp

∫
dp′

∆kf(p)∆kf(p′)
|p− p′|2 ×

× 1
~z −∆kEa(p)

[
1

~z −∆kEa(p′)
− 1
~z −∆kEa(p)

].

(46)

Using the expression for the pair correlation function,
we find the Markovian collision integral as

Ja(p) = 4π2e4

∫
Φ2(k)(1−G(z,k))dkdq×

×δ(∆kE(q)−∆kE(p))∣∣∣ε̃(∆kE(q)/~,k)
∣∣∣
2 ×

×{f(p+
~k
2

)f(q−~k
2

)[1− f(p−~k
2

)][1− f(q+
~k
2

)]−

−f(p−~k
2

)f(q+
~k
2

)[1−f(p+
~k
2

)][1−f(q−~k
2

)]}. (47)

The internal energy of particles takes the form

U =e4

∫
dpdp′dk

Φ2(k)
∆kE(q)−∆kE(p)

1∣∣∣ε̃(∆kE(q)/~,k)
∣∣∣
2×

×{f(p+
~k
2

)f(p′−~k
2

)[1− f(p−~k
2

)][1− f(p′+
~k
2

)]−

−f(p−~k
2

)f(p′+
~k
2

)[1− f(p+
~k
2

)][1− f(p′−~k
2

)]},
(48)

where

ε̃(z,k) = 1− (1−G(z,k))P (z,k). (49)

It follows from the expessions for the internal energy
of particles (48) and for the collision integral (47) that∣∣∣ε̃(z,k)

∣∣∣
2

plays the role of the screening of the inter-
action potential Φ(k). It is of interest that Eqs. (47)
and (48) differ from the corresponding Balescu’s expres-
sions by taking the exchange interaction in this screening
into account. Moreover, the collision integral (47) con-
tains the additional renormalization of the interaction
(1 − G(z,k)). However, ε̃(z,k) does not serve as a lin-
ear response function, in contrast to the Hartree–Fock
dielectric function εHF(z,k) in Eq. (43).

In the equilibrium state, expression (48) satisfies the
fluctuation-dissipation theorem since

Im
P (z,k)∣∣∣ε̃(z,k)

∣∣∣
2 = Im

P (z,k)
εHF(z,k)

. (50)

5. Conclusion

Using the operator technique within the BBGKY hier-
archy, we have obtained a closed set of equations for
the one- and two-particle density matrices, referring to
the plasma approximation which considers also the ex-
change interaction. The equation for the pair correlation
function is solved with the help of the resolvent of the
Hartree–Fock equation. The expression obtained for the
pair correlation function takes the non-Markovian cor-
rection and the exchange interaction into account. The
latter is described by the scattering amplitude which
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obeys the integral equation formulated above. The ex-
pression for the time-dependent non-local collision inte-
gral and the internal energy are obtained with regard
for the exchange interaction and the polarization. The
quantum kinetic equation derived satisfies the law of to-
tal energy conservation involving the polarization and
the exchange interaction. The Hubbard approximation
was generalized to the non-equilibrium case.
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БОГОЛЮБОВСЬКИЙ ПIДХIД ДО КIНЕТИКИ
КВАНТОВОЇ ПЛАЗМИ

В.В. Бєлий, Ю.А. Кухаренко

Р е з ю м е

Методом М.М. Боголюбова одержано немаркiвське кiнетичне
рiвняння для квантової системи заряджених частинок з то-
чним врахуванням поляризацiї та обмiнної взаємодiї частинок.
Iнтеграл зiткнень виражено через функцiї Грiна лiнеаризова-
ного рiвняння Хартрi–Фока. Квантове кiнетичне рiвняння вiд-
повiдає закону збереження повної енергiї iз врахуванням поля-
ризацiї та обмiнної взаємодiї частинок.
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