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The work is devoted to studying some new classical electrody-
namics models of interacting charged point particles and the as-
pects of the quantization via the Dirac procedure related to them.
Based on the vacuum field theory no-geometry approach devel-
oped in [6,7,9], the Lagrangian and Hamiltonian reformulations
of some alternative classical electrodynamics models are devised.
The Dirac-type quantization procedure for the considered alter-
native electrodynamics models, based on the obtained canonical
Hamiltonian formulations, is developed.

1. Introductory Setting

It is well known [5, 11, 13, 42] that the “quintessence”
of the classical relativistic electrodynamics in the
Minkowski spaceM4 := E3×R of a moving charged point
particle consists in a successive derivation of the Lorentz
force expression

F := qE + qu×B, (1.1)

where q ∈ R is a particle electric charge, u ∈ E3 is its
velocity vector (expressed here in the light speed c units),

E := −∂A/∂t−∇ϕ (1.2)

is the corresponding external electric field and

B := ∇×A (1.3)

is the corresponding external magnetic field acting on
the charged particle, being expressed through the suit-
able vector A : M4 → E3 and scalar ϕ : M4 → R po-
tentials. Writing fields (1.2) and (1.3), we have denoted,
by “∇,” the standard gradient operation with respect to
the spatial variable r ∈ E3 and, by “×,” the vector prod-
uct in the three-dimensional Euclidean vector space E3

naturally endowed with the usual scalar product 〈·, ·〉.
Let the additional Lorentz condition

∂ϕ/∂t + 〈∇, A〉 = 0 (1.4)

for the potentials (ϕ, A) : M4 → R× E3 satisfying the
Lorentz-invariant wave field equations

∂2ϕ/∂t2 −∇2ϕ = ρ, ∂2A/∂t2 −∇2A = J (1.5)

be imposed. Here, ρ : M4 → R and J : M4 → E3 are,
respectively, charge and current densities of the ambient
matter satisfying the charge continuity relation

∂ρ/∂t + 〈∇, J〉 = 0. (1.6)

Then the well-known [13, 5, 42, 11] classical electromag-
netic Maxwell field equations

∇× E + ∂B/∂t = 0, 〈∇, E〉 = ρ,

∇×B − ∂E/∂t = J, ∇×B = 0 (1.7)
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hold for all (r, t) ∈M4 with respect to a chosen reference
system K.

We note that the Maxwell equations (1.7) are not di-
rectly reduced, via definitions (1.2) and (1.3), to the
wave field equations (1.5), if the Lorentz condition (1.4)
is not taken into consideration. This fact becomes very
important if we change our subject of reasonings to the
determining role of the Maxwell equations (1.7) with
(1.6) and put the Lorentz condition (1.4) jointly with
(1.5) and the continuity relation (1.6) into consideration
as governing relations. Concerning the assumptions for-
mulated above, the following proposition holds.
Proposition 1.The Lorentz-invariant wave equations
(1.5) for the potentials (ϕ,A) : M4 → R× E3 considered
jointly with the Lorentz condition (1.4) and the charge
continuity relation (1.5) are completely equivalent to the
Maxwell field equations (1.7).
Proof. Really, having substituted the partial derivative
∂ϕ/∂t = −〈∇, A〉 following from (1.4) into (1.5), one
easily obtains that

∂2ϕ/∂t2 = −〈∇, ∂A/∂t〉 = 〈∇,∇ϕ〉+ ρ. (1.8)

Relation (1.8) yields the gradient expression

〈∇,−∂A/∂t−∇ϕ〉 = ρ. (1.9)

Taking the electric field definition (1.2) into account, ex-
pression (1.9) is reduced to

〈∇, E〉 = ρ, (1.10)

entering the first pair of the Maxwell equations (1.7).
Having now applied the operation “∇×” to (1.2), we

obtain, owing definition (1.3),

∇× E + ∂B/∂t = 0, (1.11)

being the next equation entering the first pair of the
Maxwell equations (1.7).

Applying now the operation “∇×” to (1.3):

∇×B = ∇× (∇×A) = ∇〈∇, A〉 − ∇2A =

= −∇(∂ϕ/∂t)− ∂2A/∂t2 + (∂2A/∂t2 −∇2A) =

=
∂

∂t
(−∂ϕ/∂t− ∂A/∂t) + J = ∂E/∂t + J, (1.12)

we now obtain the resulting equation

∇×B = ∂E/∂t + J

exactly coinciding with that entering the second pair
of the Maxwell equations (1.7). The final “no-magnetic
charge” equation

〈∇, B〉 = 〈∇,∇×B〉 = 0

entering (1.7) follows easily from the elementary differ-
ential identity 〈∇,∇×〉 = 0, thereby finishing the proof.

¤
The proposition above allows us to consider the po-

tential functions (ϕ, A) : M4 → R× E3 as fundamen-
tal ingredients of the ambient vacuum field medium, by
means of which we can try to describe the related physi-
cal behavior of charged point particles imbedded into the
space-time M4 filled in with the vacuum field medium.
This way of reasoning is strongly supported by the next
important observation.
Observation. The Lorentz condition (1.4) means, in

reality, the scalar potential field ϕ : M4 → R continuity
relation, whose origin lies in some new field conserva-
tion law characterizing the deep intrinsic vacuum field
medium structure.

To make this observation more clear and exact, let us
recall the definition [13,42,5,11] of the electric current
J : M4 → E3 in the dynamical form

J := ρv, (1.13)

where the vector v : M4 → E3 is the corresponding
electric charge flow velocity understood here [18] in the
hydrodynamical sense. Thus, the continuity relation

∂ρ/∂t + 〈∇, ρv〉 = 0 (1.14)

holds, and it can be easily rewritten [18] as the integral
conservation law
d

dt

∫

Ωt

ρd3r = 0 (1.15)

for the charge held inside of any bounded domain Ωt ⊂
E3 moving in the space-timeM4. Its every intrinsic point
r ∈ Ωt changes in time as

dr/dt := v (1.16)

with respect to the corresponding electric charge flow
velocity.

Following the same reasonings as above, we can state
the next proposition.
Proposition 2. The Lorentz condition (1.4) is exactly
equivalent to the following integral conservation law:

d

dt

∫

Ωt

ϕd3r = 0, (1.17)
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where Ωt ⊂ R3 is any bounded domain moving according
to the evolution equation

dr/dt := v, (1.18)

meaning the velocity vector of a local potential field flow
inside the domain Ωt propagating in the space-time M4.
Proof. Consider, first, the corresponding solutions
to the potential field equations (1.5), taking condition
(1.13) into account. Owing to the results from [5, 13],
one finds that

A = ϕv, (1.19)

giving rise to the following form of the Lorentz condition
(1.4):

∂ϕ/∂t + 〈∇, ϕv〉 = 0. (1.20)

The latter, obviously, can be equivalently rewritten [18]
as the integral conservation law (1.17).

¤

The proposition formulated above allows a physically
motivated interpretation by means of involving the im-
portant notion - the vacuum potential field describing
the observable interactions between charged point par-
ticles. Namely, we can a priori endow the ambient
vacuum medium with a scalar potential field function
W := qϕ : M4 → R satisfying the governing vacuum
field equations

∂2W/∂t2 −∇2W = 0, ∂W/∂t + 〈∇,Wv〉 = 0, (1.21)

taking into account that there are no external sources
besides material particles possessing only a virtual capa-
bility to disturb the vacuum field medium. Moreover, as
the related vacuum potential field function W :M4 → R
allows the natural potential energy interpretation, its
origin should be assigned not only to the charged inter-
acting medium, but also to any other medium possessing
a virtual capability to interact, including, for instance,
material particles interacting through the gravity.

The latter allows us to make the next important step
consisting in deriving the equation governing the corre-
sponding potential field W̄ : M4 → R assigned to the
vacuum field medium in the vicinity of any particle lo-
cated at a point R(t) ∈ E3 moving with velocity u ∈ E3

at time t ∈ R. As it can be easily enough shown [6, 7,
10], the corresponding evolution equation governing the
related potential field function W̄ : M4 → R looks as
follows:

d

dt
(−W̄u) = −∇W̄ , (1.22)

where, by definition, W̄ := W (r, t)|r→R(t), u := dR(t)/dt
at a point particle location (R(t), t) ∈M4.

Similarly, if we consider two point particles which in-
teract with each other, are located at points R(t) and
Rf (t) ∈ E3 at time t ∈ R, and are moving, respectively,
with velocities u := dR(t)/dt and uf := dRf (t)/dt,
the corresponding potential field function W̄ : M4 → R
related to the particle located at the point R(t) ∈ E3,
looks as

d

dt
[−W̄ (u− uf )] = −∇W̄ . (1.23)

The dynamical potential field equations (1.22) and (1.23)
obtained above stimulate us to proceed the further
study of their physical properties and to compare them
with the already available classical results for suitable
Lorentz-type forces described within the electrodynam-
ics of moving charged point particles interacting with an
external electromagnetic field.

To realize this program, we, being strongly inspired
by works [22–26, 33, 40] and especially by the original
works [28, 29] devoted to solving the classical problem of
reconciling gravitational and electrodynamical charges
within the Mach–Einstein ether paradigm, first reana-
lyze successively the classical Mach–Einstein relativistic
electrodynamics of a moving charged point particle and,
second, study the resulting electrodynamic theories asso-
ciated with our vacuum potential field dynamical equa-
tions (1.22) and (1.23), making use of the fundamental
Lagrangian and Hamiltonian formalisms. Based on the
results obtained, the canonical Dirac-type quantization
procedure is applied to the corresponding energy conser-
vation laws related naturally to electrodynamic models
considered in the work.

2. Classical Relativistic Electrodynamics
Revisited

The classical relativistic electrodynamics of a freely mov-
ing charged point particle in the Minkowski space-time
M4 := E3 × R is, as well known, based [5, 11, 13, 42]
on the Lagrangian formalism assigning the Lagrangian
function

L := −m0(1− u2)1/2 (2.1)

to it, where m0 ∈ R is the so-called particle rest mass,
and u ∈ E3 is its spatial velocity in the Euclidean space
E3 expressed here and throughout further in the light
speed c units. The least action Fermat principle in the
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form

δS = 0, S := −
t2∫

t1

m0(1− u2)1/2dt (2.2)

for any fixed temporal interval [t1, t2] ⊂ R gives rise to
the well-known relativistic relations for the particle mass

m = m0(1− u2)−1/2, (2.3)

the particle momentum

p := mu = m0u(1− u2)−1/2, (2.4)

and the particle energy

E0 = m = m0(1− u2)−1/2. (2.5)

The origin of Lagrangian (2.1) can be extracted, owing
to the reasonings from [13,42], from the action expression

S := −
t2∫

t1

m0(1− u2)1/2dt = −
τ2∫

τ1

m0dτ, (2.6)

on the suitable temporal interval [τ1,τ2] ⊂ R, where, by
definition,

dτ := dt(1− u2)1/2 (2.7)

and τ ∈ R is the so-called proper temporal parame-
ter assigned to a freely moving particle with respect
to the “rest” reference system Kr. Action (2.6) looks
from the dynamical point of view slightly controver-
sial, since it is physically defined with respect to the
“rest” reference system Kr, giving rise to the constant
action S = −m0(τ2 − τ1), as the limits of integrations
τ1 < τ2 ∈ R were taken to be fixed from the very begin-
ning. Moreover, let us consider this particle as charged
with a charge q ∈ R and moving in the Minkowski space-
time M4 under the action of an electromagnetic field
(ϕ,A) ∈ R×E3, and let the corresponding classical (rel-
ativistic) action functional be chosen (see [5, 11, 13, 26,
42]) as

S :=

τ2∫

τ1

[−m0dτ + q〈A, ṙ〉dτ − qϕ(1− u2)−1/2dτ ] (2.8)

with respect to the so-called “rest” reference sys-
tem parametrized by the Euclidean space-time variables
(r, τ) ∈ E4. Here, as before, 〈·, ·〉 is the standard scalar

product in the related Euclidean subspace E3, and we de-
noted ṙ := dr/dτ in contrast to the definition u := dr/dt.
Action (2.8) can be rewritten with respect to the refer-
ence system moving with a velocity u ∈ E3 as

S =

t2∫

t1

Ldt, L := −m0(1− u2)1/2 + q〈A, u〉 − qϕ (2.9)

on the suitable temporal interval [t1, t2] ⊂ R. This gives
rise to the [13, 5, 42, 11] dynamical expressions

P = p + qA, p = mu, (2.10)

for the particle momentum and

E0 = [m2
0 + (P − qA)2]1/2 + qϕ (2.11)

for the particle energy. Here, by definition, P ∈ E3

means the common momentum of the particle and the
ambient electromagnetic field at a space-time point
(r, t) ∈M4.

The obtained expression (2.11) for the particle energy
E0 also looks slightly controversial, since the potential
energy qϕ, entering additively, has no impact to the par-
ticle mass m = m0(1− u2)−1/2. As it was already men-
tioned [16] by L. Brillouin, the fact that the potential
energy has no impact to the particle mass says us that
“... any possibility of existing the particle mass related
to an external potential energy is completely excluded”.
This and some other special relativity theory and electro-
dynamics problems, as is well known, stimulated many
other prominent physicists of the past [4, 16, 21, 43, 42]
and the present [22–24, 33, 38–41, 44, 45] to make sig-
nificant efforts aiming to develop alternative relativity
theories based on completely different [20, 25, 28, 30–32,
34, 35, 48, 49] space-time and matter structure princi-
ples.

There also is another controversial inference from the
action expression (2.9). As one can easily show [5, 11,
13, 42], the corresponding dynamical equation for the
Lorentz force is given as

dp/dt = F := qE + qu×B, (2.12)

where the operation “×′′ denotes, as before, the standard
vector product, and we put, by definition,

E := −∂A/∂t−∇ϕ (2.13)

for the related electric field and

B := ∇×A (2.14)
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for the related magnetic field acting on the charged point
particle q; the operation “∇” is here, as before, the stan-
dard gradient. The obtained expression (2.12) means,
in particular, that the Lorentz force F depends linearly
on the particle velocity vector u ∈ E3, giving rise to its
strong dependence on the reference system, with respect
to which the charged particle q moves. Namely, the at-
tempts to reconcile this and some related controversies
[4, 16, 20, 37] forced A. Einstein to devise his special
relativity theory and to proceed further to creating his
general relativity theory trying to explain the gravity by
means of a geometrization of space-time and matter in
the Universe. Here, we must mention that the classi-
cal Lagrangian function L in (2.9) is written by means
of the mixed combinations of terms expressed by means
of both the Euclidean “rest” reference system variables
(r, τ) ∈ E4 and the arbitrarily chosen reference system
variables (r, t) ∈M4.

These problems were recently analyzed from a com-
pletely different “no-geometry” point of view in [6, 7, 9,
10, 20], where new dynamical equations were derived, be-
ing free of controversy mentioned above. Moreover, the
devised approach allowed one to avoid the introduction
of the well-known Lorentz transformations of the space-
time reference systems, with respect to which the action
functional (2.9) is invariant. From this point of view,
there are the very interesting reasonings of work [24],
in which the Galilean invariant Lagrangians possessing
the intrinsic Poincaré–Lorentz group symmetry are re-
analyzed. In what follows, we will reanalyzed the results
obtained in [6, 7, 10] from the classical Lagrangian and
Hamiltonian formalisms, which will shed a new light on
the related physical backgrounds of the vacuum field the-
ory approach to the common study of electromagnetic
and gravitational effects.

3. Vacuum Field Theory Electrodynamics
Equations: Lagrangian Analysis

3.1. A freely moving point particle – an
alternative electrodynamic model

Within the vacuum field theory approach to the common
description of the electromagnetism and the gravity de-
vised in [6, 7], the main vacuum potential field function
W̄ : M4→ R related to a charged point particle q satis-
fies, in the case of rested external charged point objects,
the dynamical equation (1.21)

d

dt
(−W̄u) = −∇W̄ , (3.1)

where, as above, u := dr/dt is the particle velocity with
respect to some reference system.

To analyze the dynamical equation (3.1) from the La-
grangian point of view, we will write the corresponding
action functional as

S := −
t2∫

t1

W̄dt = −
τ2∫

τ1

W̄ (1 + ṙ2)1/2 dτ (3.2)

in the “rest” reference systemKr. Having fixed the proper
temporal parameters τ1 < τ2 ∈ R and using the least
action condition δS = 0, one finds easily that

p := ∂L/∂ṙ = −W̄ ṙ(1 + ṙ2)−1/2 = −W̄u,

ṗ := dp/dτ = ∂L/∂r = −∇W̄ (1 + ṙ2)1/2. (3.3)

Here, owing to (3.2), the corresponding Lagrangian func-
tion

L := −W̄ (1 + ṙ2)1/2. (3.4)

Recalling now the definition of particle mass

m := −W̄ (3.5)

and the relations

dτ = dt(1− u2)1/2, ṙdτ = udt, (3.6)

from (3.3), we easily obtain exactly the dynamical equa-
tion (3.1). Moreover, one easily obtains that the dynam-
ical mass defined by expression (3.5) is given as

m = m0(1− u2)−1/2,

which coincides with result (2.3) of the preceding section.
Thereby, based on the above-obtained results, one can
formulate the following proposition.
Proposition 3.The alternative freely moving point par-
ticle electrodynamic model (3.1) allows the least action
formulation (3.2) with respect to the “rest” reference sys-
tem variables, where the Lagrangian function is given by
expression (3.4). Its electrodynamics is completely equiv-
alent to that of a classical relativistic freely moving point
particle described in Section 2.

3.2. A moving charged point particle – an
alternative electrodynamic model

Proceed now to the case where our charged point parti-
cle q moves in the space-time with velocity vector u ∈ E3
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and interacts with another external charged point par-
ticle, moving with velocity vector uf ∈ E3 subject to
some common reference system K. As was shown in [6,
7], the corresponding dynamical equation on the vacuum
potential field function W̄ :M4→ R is given as

d

dt
[−W̄ (u− uf )] = −∇W̄ . (3.7)

As the external charged particle moves in the space-time,
it generates the related magnetic field B := ∇×A, whose
magnetic vector potential A :M4→ E3 is defined, owing
to the results of [6, 7, 20], as

qA := W̄uf . (3.8)

Since, owing to (3.3), the particle momentum p = −W̄u,
Eq. (3.7) can be equivalently rewritten as

d

dt
(p + qA) = −∇W̄ . (3.9)

To represent the dynamical equation (3.9) within the
classical Lagrangian formalism, we start from the follow-
ing action functional naturally generalizing functional
(3.2):

S := −
τ2∫

τ1

W̄ (1 + |ṙ − ξ̇|2)1/2 dτ. (3.10)

Here, we denoted ξ̇ = ufdt/dτ , dτ = dt(1−|u−uf |2)1/2,
with regard for the relative velocity of our charged point
particle q with respect to the reference system Kf , mov-
ing with velocity vector uf ∈ E3 subject to the reference
system K. In this case, evidently, our charged point par-
ticle q moves with the velocity vector u − uf ∈ E3 sub-
ject to the reference system Kf , and the external charged
particle is, respectively, in rest.

Compute now the least action variational condition
δS = 0, taking into account that, owing to (3.10), the
corresponding Lagrangian function is given as

L := −W̄ (1 + |ṙ − ξ̇|2)1/2. (3.11)

Thereby, the total momentum of particles

P := ∂L/∂ṙ = −W̄ (ṙ − ξ̇)(1 + |ṙ − ξ̇|2)−1/2 =

= −W̄ ṙ(1 + |ṙ − ξ̇|2)−1/2 + W̄ ξ̇(1 + |ṙ − ξ̇|2)−1/2 =

= mu + qA := p + qA, (3.12)

and the dynamical equation is given as

d

dτ
(p + qA) = −∇W̄ (1 + |ṙ − ξ̇|2)1/2. (3.13)

Since dτ = dt(1 − |u− uf |2)1/2 and (1 + |ṙ − ξ̇|2)1/2 =
(1 − |u − uf |2)−1/2, relation (3.13) yields exactly the
dynamical equation (3.9). Thus, we can formulate our
result as the next proposition.
Proposition 4. The alternative classical relativistic
electrodynamic model (3.7) allows the least action for-
mulation (3.10) with respect to the “rest” reference sys-
tem variables, where the Lagrangian function is given by
expression (3.11).

3.3. A moving charged point particle – a dual to
the classical alternative electrodynamic
model

It is easy to observe that the action functional (3.10) is
written in view of the classical Galilean transformations
of reference systems. If we now consider both the action
functional (3.2) for a charged point particle moving with
respect to the reference system Kr and its interaction
with an external magnetic field generated by the vector
potential A : M4 → E3, it can be naturally generalized
as

S :=

t2∫

t1

(−W̄dt + q〈A, dr〉) =

=

τ2∫

τ1

[−W̄ (1 + ṙ2)1/2 + q〈A, ṙ〉]dτ, (3.14)

where we accepted that dτ = dt(1− u2)1/2.
Thus, the corresponding common particle-field mo-

mentum looks as

P := ∂L/∂ṙ = −W̄ ṙ(1 + ṙ2)−1/2 + qA =

= mu + qA := p + qA (3.15)

and satisfies the equation

Ṗ := dP/dτ = ∂L/∂r = −∇W̄ (1 + ṙ2)1/2 + q∇〈A, ṙ〉 =

= −∇W̄ (1− u2)−1/2 + q∇〈A, u〉(1− u2)−1/2, (3.16)

where

L := −W̄ (1 + ṙ2)1/2 + q〈A, ṙ〉 (3.17)
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is the corresponding Lagrangian function. Taking rela-
tion dτ = dt(1 − u2)1/2 into account, one finds easily
from (3.16) that

dP/dt = −∇W̄ + q∇〈A, u〉. (3.18)

By substituting (3.15) into (3.18) and using the well-
known [13] identity

∇〈a, b〉 = 〈a,∇〉b+〈b,∇〉a+b×(∇×a)+a×(∇×b), (3.19)

where a, b ∈ E3 are arbitrary vector functions, we obtain
finally the classical expression for the Lorentz force F
acting on the moving charged point particle q :

dp/dt := F = qE + qu×B. (3.20)

Here, by definition,

E := −∇W̄ q−1 − ∂A/∂t (3.21)

is the corresponding electric field, and

B := ∇×A (3.22)

is the corresponding magnetic field.
We formulate the result obtained as the next proposi-

tion.
Proposition 5. The classical relativistic Lorentz force
(3.20) allows the least action formulation (3.14) with re-
spect to the “rest” reference system variables, where the
Lagrangian function is given by expression (3.17). Its
electrodynamics described by the Lorentz force (3.20) is
completely equivalent to the classical relativistic moving
point particle electrodynamics described by means of the
Lorentz force (2.12) in Section 2.

Concerning the previously obtained dynamical equa-
tion (3.13), we can easily observe that it can be equiva-
lently rewritten as

dp/dt = (−∇W̄ −qdA/dt+q∇〈A, u〉)−q∇〈A, u〉. (3.23)

The latter, owing to (3.18) and (3.20), takes finally the
following Lorentz-type form

dp/dt = qE + qu×B − q∇〈A, u〉 (3.24)

earlier found in [6, 7, 20].
Expressions (3.20) and (3.24) are equal to each other

up to the gradient term Fc := −q∇〈A, u〉, which allows
to reconcile the Lorentz forces acting on a charged mov-
ing particle q with respect to different reference systems.
This fact is important for our vacuum field theory ap-
proach, since it needs to use no special geometry and
makes it possible to analyze both electromagnetic and
gravitational fields simultaneously, based on a new def-
inition of the dynamical mass by means of expression
(3.5).

4. The Vacuum Field Theory Electrodynamics
Equations: Hamiltonian Analysis

It is well known [1, 2, 8, 11, 19] that any Lagrangian
theory allows the equivalent canonical Hamiltonian rep-
resentation via the classical Legendrian transformation.
As we have already formulated our vacuum field theory
of a moving charged particle q in the Lagrangian form,
we proceed now to its Hamiltonian analysis making use
of the action functionals (3.2), ( 3.11), and (3.14).

Let us take, first, the Lagrangian function (3.4) and
momentum (3.3) to define the corresponding Hamilto-
nian function

H := 〈p, ṙ〉 − L =

= −〈p, p〉W̄−1(1− p2/W̄ 2)−1/2 + W̄ (1− p2/W̄ 2)−1/2 =

= −p2W̄−1(1−p2/W̄ 2)−1/2+W̄ 2W̄−1(1−p2/W̄ 2)−1/2 =

= −(W̄ 2 − p2)(W̄ 2 − p2)−1/2 = −(W̄ 2 − p2)1/2. (4.1)

As a result, we easily obtain [1,2,8,11] that the Hamilto-
nian function (4.1) is a conservation law of the dynamical
field equation (3.1). That is, for all τ, t ∈ R,

dH/dt = 0 = dH/dτ, (4.2)

which naturally allows one to interpret it as the energy
expression. Thus, we can write that the particle energy

E = (W̄ 2 − p2)1/2. (4.3)

The suitable Hamiltonian equations equivalent to the
vacuum field equation ( 3.1) look as

ṙ := dr/dτ = ∂H/∂p = p(W̄ 2 − p2)−1/2

ṗ := dp/dτ = −∂H/∂r = W̄∇W̄ (W̄ 2 − p2)−1/2. (4.4)

Thereby, based on the above-obtained results, one can
formulate the following proposition.
Proposition 6. The alternative freely moving point
particle electrodynamic model (3.1) allows the canonical
Hamiltonian formulation (4.4) with respect to the “rest”
reference system variables, where the Hamiltonian func-
tion is given by expression (4.1). Its electrodynamics
is completely equivalent to the classical relativistic freely
moving point particle electrodynamics described in Sec-
tion 2.
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Based now on the Lagrangian expression (3.11), one
can construct, in the same way as above, the Hamilto-
nian function for the dynamical field equation (3.9) de-
scribing the motion of a charged particle q in an external
electromagnetic field in the canonical Hamiltonian form:

ṙ := dr/dτ = ∂H/∂P, Ṗ := dP/dτ = −∂H/∂r. (4.5)

Here,

H := 〈P, ṙ〉 − L =

=〈P, ξ̇−PW̄−1(1−P 2/W̄ 2)−1/2〉+W̄ [W̄ 2(W̄ 2−P 2)−1]1/2 =

= 〈P, ξ̇〉+ P 2(W̄ 2 − P 2)−1/2 − W̄ 2(W̄ 2 − P 2)−1/2 =

= −(W̄ 2 − P 2)(W̄ 2 − P 2)−1/2 + 〈P, ξ̇〉 =

= −(W̄ 2 − P 2)1/2 − q〈A,P 〉(W̄ 2 − P 2)−1/2. (4.6)

We took into account that, owing to definitions (3.8) and
(3.12),

qA := W̄uf = W̄dξ/dt =

= W̄
dξ

dτ
· dτ

dt
= W̄ ξ̇(1− |u− v|2)1/2 =

= W̄ ξ̇(1 + |ṙ − ξ̇|2)−1/2 =

= −W̄ ξ̇(W̄ 2 − P 2)1/2W̄−1 = −ξ̇(W̄ 2 − P 2)1/2, (4.7)

or

ξ̇ = −qA(W̄ 2 − P 2)−1/2, (4.8)

where A :M4→ R3 is the related magnetic vector poten-
tial generated by the moving external charged particle.

Thereby, we can state that the Hamiltonian function
(4.6) satisfies the energy conservation conditions

dH/dt = 0 = dH/dτ (4.9)

for all τ, t ∈ R. That is, the suitable energy expression

E = (W̄ 2 − P 2)1/2 + q〈A,P 〉(W̄ 2 − P 2)−1/2 (4.10)

holds. Result (4.10) essentially differs from that ob-
tained in [13] which makes use of the well-known Ein-
steinian Lagrangian for a moving charged point particle

q in an external electromagnetic field. Thereby, our re-
sult can be formulated as follows.
Proposition 7. The alternative classical relativistic
electrodynamic model (3.7) allows the Hamiltonian for-
mulation (4.5) with respect to the “rest” reference system
variables, where the Hamiltonian function is given by ex-
pression (4.6).

To make this difference more clear, we will analyze be-
low the Lorentz force (3.20) from the Hamiltonian point
of view based on the Lagrangian function (3.17). Thus,
we obtain that the corresponding Hamiltonian function

H := 〈P, ṙ〉 − L = 〈P, ṙ〉+ W̄ (1 + ṙ2)1/2 − q〈A, ṙ〉 =

= 〈P − qA, ṙ〉+ W̄ (1 + ṙ2)1/2 =

= −〈p, p〉W̄−1(1− p2/W̄ 2)−1/2 + W̄ (1− p2/W̄ 2)−1/2 =

= −(W̄ 2 − p2)(W̄ 2 − p2)−1/2 = −(W̄ 2 − p2)1/2. (4.11)

Since p = P − qA, expression (4.11) takes the final “no
interaction” [13, 42, 46, 47] form

H = −[W̄ 2 − (P − qA)2]1/2, (4.12)

being conservative with respect to the evolution equa-
tions (3.15) and ( 3.16), i.e.,

dH/dt = 0 = dH/dτ (4.13)

for all τ, t ∈ R. The latter are simultaneously equivalent
to the following Hamiltonian system:

ṙ = ∂H/∂P = (P − qA)[W̄ 2 − (P − qA)2]−1/2,

Ṗ = −∂H/∂r = (W̄∇W̄ −∇〈qA, (P − qA)〉)×

×[W̄ 2 − (P − qA)2]−1/2, (4.14)

that can be easily checked by direct calculations. Really,
the first equation

ṙ = (P − qA)[W̄ 2− (P − qA)2]−1/2 = p(W̄ 2− p2)−1/2 =

= mu(W̄ 2−p2)−1/2 = −W̄u(W̄ 2−p2)−1/2 = u(1−u2)−1/2

(4.15)

holds, owing to the condition dτ = dt(1 − u2)1/2 and
definitions p := mu and m = −W̄ postulated from the
very beginning. Similarly, we obtain

Ṗ = −∇W̄ (1−p2/W̄ 2)−1/2+∇〈qA, u〉(1−p2/W̄ 2)−1/2 =
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= −∇W̄ (1− u2)−1/2 +∇〈qA, u〉(1− u2)−1/2, (4.16)

exactly coinciding with Eq. (3.18) subject to the evolu-
tion parameter t ∈ R. We now formulate our result as
the next proposition.
Proposition. Model (3.20) dual to the classical rel-
ativistic electrodynamics model allows the Hamiltonian
formulation (4.14) with respect to the “rest” reference
system variables, where the Hamiltonian function is
given by expression (4.12).

5. The Quantization of Electrodynamics Models
within the Vacuum Field Theory
no-Geometry Approach

5.1. Statement of the problem

In our recent works [6, 7], there was devised a new regu-
lar no-geometry approach to deriving, from the first prin-
ciples, the electrodynamics of a moving charged point
particle q in an external electromagnetic field. This ap-
proach has, in part, to reconcile the existing mass-energy
controversy [16] within the classical relativistic electro-
dynamics. Based on the vacuum field theory approach
proposed in [6, 7, 20], we have reanalyzed this problem in
the sections above both from the Lagrangian and Hamil-
tonian points of view, having derived crucial expressions
for the corresponding energy functions and Lorentz-type
forces acting on moving charge point particle q.

Since all of our electrodynamics models were repre-
sented here in the canonical Hamiltonian form, they are
suitable for applying the Dirac-type quantization pro-
cedure to them [3, 12, 15] and for obtaining the related
Schrödinger-type evolution equations. The following sec-
tion is devoted namely to this problem.

5.2. Free point particle electrodynamics model
and its quantization

The charged point particle electrodynamics models dis-
cussed in Sections 2 and 3 in detail were also considered
in [7] from the dynamical point of view, where an at-
tempt to apply the quantization Dirac-type procedure
to the corresponding conserved energy expressions was
done. Nevertheless, within the canonical point of view,
the true quantization procedure should be based on the
suitable canonical Hamiltonian formulation of the mod-
els which looks in the case under consideration as (4.4),
(4.5), and (4.14).

In particular, consider the free charged point particle
electrodynamics model (4.4) governed by the Hamilto-

nian equations

dr/dτ := ∂H/∂p = −p(W̄ 2 − p2)−1/2,

dp/dτ := −∂H/∂r = −W̄∇W̄ (W̄ 2 − p2)−1/2, (5.1)

where we denoted, as before, the corresponding vacuum
field potential characterizing a medium field structure
by W̄ : M4 → R, the standard canonical coordinate-
momentum variables by (r, p) ∈ E3×E3, and the proper
“rest” reference system Kr time parameter related to our
moving particle by τ ∈ R. The notation H : E3×E3 → R
stands for the Hamiltonian function

H := −(W̄ 2 − p2)1/2 (5.2)

expressed here and throughout further in the light speed
units. The “rest” reference system Kr parametrized by
the variables (r, τ) ∈ E4 is related to any other reference
system K, subject to which our charged point particle
q moves with a velocity vector u ∈ E3, and which is
parametrized by the variables (r, t) ∈ M4 via the Eu-
clidean infinitesimal relation

dt2 = dτ2 + dr2 (5.3)

which is equivalent to the Minkowskian infinitesimal re-
lation

dτ2 = dt2 − dr2. (5.4)

The Hamiltonian function (5.2) satisfies, evidently, the
energy conservation conditions

dH/dt = 0 = dH/dτ (5.5)

for all t, τ ∈ R. This means that the suitable energy
value

E = (W̄ 2 − p2)1/2 (5.6)

can be treated by means of the Dirac-type quantization
scheme [12] to obtain, as ~→ 0, (or the light speed c →
∞ ) the governing Schrödinger-type dynamical equation.
To do this, similarly to [6, 7], we need to make canonical
operator replacements E → Ê := −~i ∂

∂τ , p → p̂ := ~
i∇,

as ~→ 0, in the energy-determining expression

E2 := (Êψ, Êψ) = (ψ, Ê2ψ) = (ψ, Ĥ+Ĥψ). (5.7)

Here, by definition, owing to (5.6),

Ê2 = W̄ 2 − p̂2 = Ĥ+Ĥ (5.8)
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is a suitable operator factorization in the Hilbert space
H := L2(R3;C), and ψ ∈ H is the corresponding normal-
ized quantum vector state. Since the elementary identity

W̄ 2−p̂2 = W̄ (1−W̄−1p̂2W̄−1)1/2(1−W̄−1p̂2W̄−1)1/2W̄

(5.9)

holds, we can set, by definition, following (5.8) and (5.9),
the operator

Ĥ := (1− W̄−1p̂2W̄−1)1/2W̄ . (5.10)

Having calculated the operator expression (5.10) as ~→
0 up to operator accuracy O(~4), we obtain easily

Ĥ =
p̂2

2m(u)
+ W̄ := − ~2

2m(u)
∇2 + W̄ (5.11)

with regard for the dynamical mass definition m(u) :=
−W̄ (in the light speed units). Thereby, based now on
(5.7) and (5.11), we obtain, up to operator accuracy
O(~4), the Schrödinger-type evolution equation

i~
∂ψ

∂τ
:= Êψ = Ĥψ = − ~2

2m(u)
∇2ψ + W̄ψ (5.12)

with respect to the “rest” reference system Kr evolution
parameter τ ∈ R. Concerning the related evolution pa-
rameter t ∈ R parametrizing a reference system K, Eq.
(5.12) takes the form

i~
∂ψ

∂t
= − ~2m0

2m(u)2
∇2ψ −m0ψ. (5.13)

Here we took into account that, owing to (5.6), the clas-
sical mass relation

m(u) = m0(1− u2)−1/2 (5.14)

holds, where m0 ∈ R+ is the corresponding rest mass of
our point particle q.

As ~/c → 0, the obtained linear Schrödinger equation
(5.13) coincides really with the well-known equation [13,
12, 5] from classical quantum mechanics.

5.3. Classical charged point particle
electrodynamics model and its
quantization

We start here from the first vacuum field theory refor-
mulation of the classical charged point particle electro-
dynamics considered in Section 3 and based on the con-
served Hamiltonian function (4.12)

H := −[W̄ 2 − (P − qA)2]1/2. (5.15)

Here, q ∈ R is the particle charge, (W̄ , A) ∈ R× E3 is
the corresponding electromagnetic field potentials, and
P ∈ E3 is the common particle-field momentum defined
as

P := p + qA, p := mu (5.16)

and satisfying the well-known classical Lorentz force
equation. Here, m := −W̄ is the observable dynami-
cal mass related to our charged particle, and u ∈ E3 is
its velocity vector with respect to a chosen reference sys-
tem K, being all expressed here, as before, in the light
speed units.

As our electrodynamics based on (5.15) is canonically
Hamiltonian, the Dirac-type quantization scheme

P → P̂ :=
~
i
∇, E → Ê := −~

i

∂

∂τ
(5.17)

should be applied to the suitable energy expression

E := [W̄ 2 − (P − qA)2]1/2 (5.18)

following from the conservation conditions

dH/dt = 0 = dH/dτ (5.19)

satisfied for all τ, t ∈ R.
Passing now the same way as above, we can factorize

the operator Ê2 as follows:

W̄ 2 − (P̂ − qA)2 = W̄ [1− W̄−1(P̂ − qA)2W̄−1]1/2×

×[1− W̄−1(P̂ − qA)2W̄−1]1/2W̄ := Ĥ+Ĥ.

Here, by definition (here as ~/c → 0, ~c = const),

Ĥ :=
1

2m(u)
(
~
i
∇− qA)2 + W̄ (5.20)

up to operator accuracy O(~4). Thereby, the related
Schrödinger-type evolution equation in the Hilbert space
H = L2(R3;C) looks as

i~
∂ψ

∂τ
:= Êψ = Ĥψ =

1
2m(u)

(
~
i
∇− qA)2ψ + W̄ψ (5.21)

with respect to the rest reference system Kr evolution
parameter τ ∈ R. The corresponding Schrödinger-type
evolution equation with respect to the evolution param-
eter t ∈ R looks, respectively, as

i~
∂ψ

∂t
=

m0

2m(u)2
(
~
i
∇− qA)2ψ −m0ψ. (5.22)

The Schrödinger-type evolution equation (5.21) (as
~/c → 0, ~c = const) completely coincides [14, 12] with
that well known from the classical quantum mechanics.
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5.4. Modified charged point particle
electrodynamics model and its
quantization

Consider now, within the canonical point of view,
the true quantization procedure of the electrodynam-
ics model, which looks as (3.13) and whose Hamiltonian
function (4.6) is

H := −(W̄ 2 − P 2)1/2 − q〈A,P 〉(W̄ 2 − P 2)−1/2. (5.23)

This means that the suitable energy function

E := (W̄ 2 − P 2)1/2 + q〈A,P 〉(W̄ 2 − P 2)−1/2, (5.24)

where, as before,

P := p + qA, p := mu, m := −Ẇ , (5.25)

is a conserved quantity for (3.13), which we will canoni-
cally quantize via the Dirac procedure (5.17). To make
this, let us consider the quantum condition

E2 := (Êψ, Êψ) = (ψ, Ê2ψ), (ψ,ψ) := 1, (5.26)

where, by definition, Ê := −~i ∂
∂t , and ψ ∈ H =

L2(R3;C) is a suitable normalized quantum state vec-
tor. Making now use of the energy function (5.24), one
can easily obtain

E2 = W̄ 2 − (P − qA)2+

+q2[〈A, A〉+ 〈A,P 〉(W̄ 2 − P 2)−1〈P, A〉] (5.27)

which transforms upon the canonical Dirac-type quan-
tization P → P̂ := ~

i∇ into the symmetrized operator
expression

Ê2 = W̄ 2 − (P̂ − qA)2+

+q2〈A,A〉+ q2〈A, P̂ 〉(W̄ 2 − P̂ 2)−1〈P̂ , A〉. (5.28)

Having factorized operator (5.28) in the form Ê2 =
Ĥ+Ĥ, we obtain, up to operator accuracy O(~4) (as
~/c → 0, ~c = const),

Ĥ :=
1

2m(u)
(
~
i
∇− qA)2−

− q2

2m(u)
〈A,A〉 − q2

2m3(u)
〈A,

~
i
∇〉〈~

i
∇, A〉, (5.29)

where we put, as before, m(u) = −W̄ in the light speed
units. Thus, owing to (5.26) and (5.29), the resulting
Schrödinger evolution equation takes the form

i~
∂ψ

∂τ
:= Ĥψ =

1
2m(u)

(
~
i
∇− qA)2ψ−

− q2

2m(u)
〈A, A〉ψ − q2

2m3(u)
〈A,

~
i
∇〉〈~

i
∇, A〉ψ (5.30)

with respect to the “rest” reference system proper evo-
lution parameter τ ∈ R. Similarly, one obtains also the
related Schrödinger-type evolution equation with respect
to the time parameter t ∈ R, on which we will not stop
here. Result (5.30) essentially differs from the corre-
sponding classical Schrödinger evolution equation (5.21),
which forces us, thereby, to reanalyze more thoroughly
the main physically motivated principles put into the
backgrounds of the classical electrodynamic models de-
scribed by the Hamiltonian functions (5.15) and (5.23)
giving rise to different Lorentz-type force expressions.
We plan to do this analysis in a next work under prepa-
ration in detail.

6. Conclusion

Based on the results obtained, we can claim that all
of the electrodynamical field equations discussed above
are equivalent to canonical Hamiltonian flows with re-
spect to the corresponding proper “rest” reference sys-
tems parametrized by suitable time parameters τ ∈ R.
Owing to the passing to the laboratory reference sys-
tem K parametrized with the time parameter t ∈ R,
the related Hamiltonian structures appear to be natu-
rally lost, giving rise to a new interpretation of the real
charged particle motion as such one having the abso-
lute sense only with respect to the proper “rest” ref-
erence system and being completely relative with re-
spect to all other reference systems. Concerning the
Hamiltonian expressions (4.1), (4.6), and (4.12) obtained
above, one observes that all of them depend strongly
on the vacuum potential field function W̄ : M4→ R,
thereby dissolving the mass problem of the classical
energy expression, before pointed out [16] by L. Bril-
louin. We mention here that, subject to the canoni-
cal Dirac-type quantization procedure, it can be applied
only to the corresponding dynamical field systems con-
sidered with respect to their proper “rest” reference sys-
tems.
Remark 9. Some comments can be also made con-
cerning the classical relativity principle. Namely, we
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have obtained our results completely without using the
Lorentz transformations of reference systems but only
the natural notion of the “rest” reference system and
its suitable parametrization with respect to any other
moving reference systems. It looks reasonable, since
the true state changes of a moving charged particle
q are exactly realized in reality only with respect to
its proper “rest” reference system. Thereby, the only
question still here left open is that about the physical
justification of the corresponding relation between the
time parameters of the moving and “rest” reference sys-
tems.

This relation, being accepted throughout this work,
looks as

dτ = dt(1− u2)1/2, (6.1)

where u := dr/dt ∈ E3 is the velocity vector, with which
the “rest” reference system Kr moves with respect to an-
other arbitrarily chosen reference system K. Expression
(6.1) means, in particular, that the equality

dt2 − dr2 = dτ2 (6.2)

holds, and it exactly coincides with the classical infinites-
imal Lorentz invariant. Its appearance is, evidently,
not casual here, since all our dynamical vacuum field
equations were successively derived [6, 7] from the gov-
erning equations on the vacuum potential field function
W : M4→ R in the form

∂2W/∂t2 −∇2W = ρ,

∂W/∂t +∇(vW ) = 0, ∂ρ/∂t +∇(vρ) = 0, (6.3)

being a priori Lorentz invariant, where we denoted the
charge density by ρ ∈ R and the suitable local veloc-
ity of vacuum field potential changes by v := dr/dt.
Thereby, the dynamical infinitesimal Lorentz invariant
(6.2) reflects this intrinsic structure of Eqs. (6.3). Being
rewritten in the nonstandard Euclidean form

dt2 = dτ2 + dr2, (6.4)

it gives rise to a completely other time relation between
reference systems K and Kr :

dt = dτ(1 + ṙ2)1/2, (6.5)

where we denoted, as earlier, the related particle velocity
with respect to the “rest” reference system by ṙ := dr/dτ .

Thus, we observe that all our Lagrangian analysis com-
pleted in Section 2 is based on the corresponding func-
tional expressions written in these “Euclidean” space-
time coordinates and with respect to which the least
action principle was applied. So, we see that there exist
two alternatives – the first is to apply the least action
principle to the corresponding Lagrangian functions ex-
pressed in the Minkowski-type space-time variables with
respect to an arbitrary chosen laboratory reference sys-
tem K, and the second is to apply the least action princi-
ple to the corresponding Lagrangian functions expressed
in the space-time Euclid-type variables with respect to
the “rest” reference system Kr.

As a slightly amusing but exciting inference, follow-
ing from our analysis in this work, is the fact that all of
the classical special relativity results related to the elec-
trodynamics of charged point particles can be obtained
one-to-one, by making use of our new definitions of the
dynamical particle mass and the least action principle
with respect to the associated Euclid-type space-time
variables parametrizing the “rest” reference system.

An additional remark is needed concerning the quanti-
zation procedure of the proposed electrodynamics mod-
els. If the dynamical vacuum field equations are ex-
pressed in the canonical Hamiltonian form, only tech-
nical problems are left to quantize them and to obtain
the corresponding Schrödinger-type evolution equations
in suitable Hilbert spaces of quantum states. There ex-
ists still another important inference from the approach
devised in this work. It consists in the complete lost
of the essence of the well-known Einsteinian equivalence
principle [4, 5, 13, 37, 42] becoming superfluous for our
vacuum field theory of electromagnetism and gravity.

Based on the canonical Hamiltonian formalism de-
vised in this work, concerning the alternative charged
point particle electrodynamics models, we succeeded in
treating their Dirac-type quantization. The obtained re-
sults were compared with classical ones, but the physi-
cally motivated choice of a true model is left for the fu-
ture studies. Another important aspect of the developed
vacuum field theory no-geometry approach to combining
the electrodynamics with the gravity consists in singling
out the decisive role of the related “rest” reference system
Kr. Namely, with respect to the “rest” reference system
evolution parameter τ ∈ R, all of our electrodynamics
models allow both the Lagrangian and Hamiltonian for-
mulations suitable for the canonical quantization. The
physical nature of this fact remains, by now, not enough
understood. There is, by now [13, 30–32, 37, 40–42],
no physically reasonable explanation of this decisive role
of the “rest” reference system, except for the very in-
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teresting reasonings by R. Feynman who argued in [5]
that the relativistic expression for the classical Lorentz
force (2.12) has physical sense only with respect to the
“rest” reference system variables (r, τ) ∈ E4. In the se-
quel of our work, we plan to analyze the quantization
scheme in more details and make a step toward the vac-
uum quantum field theory of infinite-many-particle sys-
tems.
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ПЕРЕФОРМУЛЮВАННЯ ЛАГРАНЖЕВОГО
ТА ГАМIЛЬТОНОВОГО ФОРМАЛIЗМIВ ДЛЯ МОДЕЛЕЙ
КЛАСИЧНОЇ РЕЛЯТИВIСТСЬКОЇ ЕЛЕКТРОДИНАМIКИ

М.М. Боголюбов (мол.), О.К. Прикарпатський

Р е з ю м е

Розглянуто деякi новi моделi класичної електродинамiки вза-
ємодiючих заряджених точкових частинок та деякi аспекти
квантування за методом Дiрака. У межах негеометричного пiд-
ходу в теорiї поля вакууму, розвинутого в роботах [6, 7, 9], за-
пропоновано лагранжеве та гамiльтонове переформулювання
деяких альтернативних моделей класичної електродинамiки та
розвинуто процедуру квантування дiракiвського типу для цих
моделей на основi запропонованого канонiчного гамiльтоново-
го формалiзму.
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