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The nonlinear dynamics of expectation values for observables in
the integrable Jaynes–Cummings model has been studied. The
model describes the interaction between a two-level atom and
a single-mode classical electromagnetic field. Explicit formulas
have been obtained for the evolution of transverse components
of the atomic dipole momentum and the inverse population of
atomic levels. A comparison between the solutions obtained in
the quantum-mechanical and semiclassical versions of the Jaynes–
Cummings model has been made.

1. Introduction

The Jaynes–Cummings model [1] is one of the simplest
ones in quantum optics. It describes the interaction
between an idealized two-level atom and a single-mode
electromagnetic field (a standing electromagnetic wave
in a resonator). As a semiclassical version of the model,
we adopt the system of equations that describes the
dynamics of the expectation values of the atomic dipole
moment and the probability for an atom to stay in the
ground or excited state (the inverse population), when
the atom interacts with a classical electromagnetic field.

In the quantum-mechanical model, the electro-
magnetic field is a time-dependent operator. Such a
model can be considered either in the Heisenberg or
the Schrödinger representation. In the former case,
the system of Heisenberg operator equations can be
linearized, so that the solutions can be expressed
in terms of elementary functions [2]. Linearization is
possible, because there emerge the unphysical identities
between dipole moment operators in the two-level

approximation. A similar picture is obviously observed
in the Schrödinger representation as well.

The semiclassical version of the model is inherently
nonlinear, and, therefore, the solutions expressed in
terms of elementary functions can be obtained only in
a few degenerate cases. Though the full integrability
of the classical model, as well as its relation to the
classical Gaudin magnet [3], was established rather
long ago, we have found no explicit solutions in
the scientific literature that would satisfy arbitrary,
physically admissible initial conditions. At the same
time, despite the fact that the nonlinear oscillations
of energy level populations were described as early as
in the first relevant publication [1], the description of
the dynamics of average values for the atomic dipole
moment remains incomplete, in our opinion. In this
work, we present explicit formulas for all dynamical
variables of the Jaynes–Cummings model.

Let us briefly discuss the physical meaning of
consequences given by the Jaynes–Cummings quantum-
mechanical model. Besides the well established and
experimentally testified description of oscillations of the
energy level populations, their collapse, and revival,
some authors insist that this model also describes
phenomena of spontaneous radiation emission. In
so doing, the latter is assumed to be stimulated
by “zero” oscillations of the electromagnetic field.
Authoritative physicists [5] repeatedly emphasize that
such a statement is wrong. Quantum electrodynamics
asserts that spontaneous radiation emission arises
because atomic energy states are quasistationary. The
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natural width of an energy level (and, therefore, its
finite lifetime) is governed by quantum-mechanical
fluctuations of a Coulomb field in the atom. These
fluctuations are associated with polarization effects in
vacuum. Polarization corrections to stationary energy
values are complex values. Their real parts describe the
Lamb shift of the levels, and the imaginary ones do their
natural width [6] and, hence, the effect of spontaneous
radiation emission. In the Jaynes–Cummings model, the
energies of a two-level atom are strictly fixed; therefore,
the origin of spontaneous radiation emission remains
obscured there. Quantum electrodynamics eliminates
zero oscillations of the transverse electromagnetic field
in the case of unlimited space by varying the energy
reference mark. But if they are left in the Hamiltonian
of the electromagnetic field, the energy should obviously
be reckoned from 1

2�ω, where ω is the electromagnetic
radiation frequency. Then, the energy calculated per one
photon with “zero” oscillations amounts to 3

2�ω. When
the atom absorbs a photon and gets excited, an energy
of 1

2�ω remains in the system, and it is this energy that
stimulates radiation emission.

In the framework of a semiclassical model, one can
imitate spontaneous radiation emission by introducing
the frequency detuning

Δ = Ω − ω,

where Ω is the frequency of the radiation emission by
an atom. This quantity, being multiplied by Planck’s
constant, effectively plays the role of excited level width
and makes the process nonlinear.

As was marked before, the main purpose of our
research was to explicitly describe the dynamics of
expectation values of the atomic dipole moment. The
corresponding formulas are given in Section 4. In that
Section, we pay attention to an interesting phenomenon
of the dipole moment phase incursion, when an atom
returns back to the ground state from an excited one.
The formulas obtained for the dipole moment dynamics
play an important role, e.g., when the pressure of
light on an atom is calculated [10]. This aspect of the
problem dealing with the light–atom interaction will be
considered in the next work.

2. Model of Interaction between a Two-level
Atom and a Single-mode Electromagnetic
Field

If an electromagnetic field is close to a monochromatic
one with frequency ω, it interacts only with those atomic

states, the energies of which resonate with the field. This
means that the atomic transition frequency is close to the
field frequency:

Ω =
E2 − E1

�
� ω. (1)

Bearing this circumstance in mind, one can
approximately consider a multilevel atom as a two-level
system.

Provided that the electromagnetic field amplitudes
are small and the electromagnetic field wavelengths are
longer than atomic dimensions, the radiation absorption
and radiation emission processes can be described in
the dipole approximation. Supposing the atom being
immovable (such a situation can be realized if the
wave in the resonator is standing), the interaction
Hamiltonian looks like

Hint = −er̂(t)Ê(t), (2)

where r̂(t) is the operator of electron coordinate in the
atom, and Ê(t) is the quantized electromagnetic field.

The electromagnetic field is considered in the
Hamiltonian gauge, i.e.

E(x, t) = −∂A(x, t)
∂t

,

where A(x, t) is the vector potential (div A = 0). Let a
single-mode quantized field be described at a fixed point
x0 by the Heisenberg operator

Ê(x0, t) = ı

√
�ω

2ε0V
u(x0)[â(t) − â+(t)], (3)

where V is the resonator volume, u is the polarization
vector proportional to the field amplitude, and â and â+

are, respectively, the annihilation and creation operators
of quantum field states, for which the following relation
is true:

[â, â+] = 1.

Let us denote the atomic states with the energies E1 and
E2 (E2 > E1) as |1〉 and |2〉, respectively. The atomic
Hamiltonian calculated for these states is evidently looks
like a diagonal matrix,

ĤA =
(

E2 0
0 E1

)
= (E2 − E1)Ŝ3 +

1
2
(E1 + E2)1̂2, (4)

where Ŝ3 = 1
2 σ̂3 = 1

2

(
1 0
0 −1

)
. In its turn, the dipole

moment operator looks like an antidiagonal matrix,

p̂ =
(

0 p21

p12 0

)
= p21Ŝ+ + p12Ŝ−,
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where p21 = e〈2 | r̂ | 1〉 = p∗
12, and Ŝ+ = ŜT

− =
(

0 1
0 0

)
.

Then the operator of dipole interaction reads

Ĥint = −ı
�ω

2ε0V
[(u,p21)Ŝ+ + (u,p12)Ŝ−](â − â+). (5)

Since the electromagnetic field is transverse, only the
transverse (with respect to the quantization axis Oz)
components of the dipole moment take part in the
interaction. Assuming that

(u,p21) = ı|u||p21|,

we obtain the following expression for the interaction
Hamiltonian:

Ĥint = �g(Ŝ+ − Ŝ−)(â − â+),

where the notation g =
√

ω
2�ε0V |u||p21| is used. The full

“atom–field” Hamiltonian looks like

Ĥ = �ΩŜ3 + �ωâ+â + �g(Ŝ+ − Ŝ−)(â − â+) (6)

to within insignificant constant terms [2].

Rotation wave approximation (RWA)

The interaction Hamiltonian (6) contains the terms
(Ŝ+â + Ŝ−â+) and −(Ŝ+â+ + Ŝ−â) characterized by
different oscillation frequencies. If the interaction is
absent, Ŝ±(t) = Ŝ±(0)e±iΩt and â(t) = â(0)eiωt.
Therefore, the first term oscillates with the frequency
Δ = Ω − ω, and the second one with the frequency
Ω + ω. Averaging the interaction Hamiltonian over fast
oscillations [7], we obtain – in addition to the term
�g(Ŝ+â+Ŝ−â+) – the averaged term �g

Ω+ω (Ŝ+â+Ŝ−â+),
which we consider as a small correction due to a large
frequency Ω + ω in its denominator and neglect in what
follows. Hence, we adopt the Hamiltonian in the form

Ĥ = �ΩŜ3 + �ωâ+â + �g(Ŝ+â + Ŝ−â+) (7)

which corresponds to the Jaynes–Cummings model in
the “rotation wave approximation” [1,2]. The Heisenberg
equations associated with Hamiltonian (7) look like

ı
dŜ+

dt
= −ΩŜ+ + 2gâ+Ŝ3,

ı
dŜ−
dt

= ΩŜ− − 2gâŜ3,

ı
dŜ3

dt
= g(Ŝ+â − Ŝ−â+),

ı
dâ

dt
= ωâ + gŜ−,

ı
dâ+

dt
= −ωâ+ − gŜ+. (8)

The quantum-mechanical Hamiltonian (7) together with
all its dynamical variables is defined in a Hilbert space.
The latter is a tensor product of the two-dimensional
space of atomic states and the infinite-dimensional space
of electromagnetic field states. As basic field states, we
choose photonic states |n〉, for which

â+â|n〉 = n|n〉, â|n〉 =
√

n|n − 1〉, (9)

â+|n〉 =
√

n + 1|n + 1〉. (10)

An arbitrary normalized quantum state of the “atom–
field” system can be written down in the form

|Ψ〉 =
∑

n

(
c1(n)|1, n〉 + c2(n)|2, n〉

)
, (11)

where∑
n

(
|c1(n)|2 + |c2(n)|2

)
= 1.

The states are evidently orthogonal to one another
and satisfy the completeness criterion. Let us average
the right- and left-hand sides of Eqs. (8) over states
(11). The “semiclassical” character of such an averaging
consists in that we neglect the quantum-mechanical
correlations between the field variables and the atomic
operators and put

〈Ψ|â+Ŝ3|Ψ〉 = 〈Ψ|â+|Ψ〉〈Ψ|Ŝ3|Ψ〉.

Then, for the averaged S± = 〈Ψ|Ŝ±|Ψ〉, a+ = 〈Ψ|â+|Ψ〉,
and a− = 〈Ψ|â|Ψ〉, we obtain a system of equations, the
form of which is identical to that of system (8).

Now, we intend to pass from the complex-valued
functions S± and a± to the real-valued quantities

S1 =
1
2
(S+ + S−), S2 =

1
2ı

(S+ − S−),

a1 =
1
2
(a + a+), a2 =

1
2ı

(a − a+).
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We fix the classical Hamiltonian

H = ΩS3 + ω(a2
1 + a2

2) + g(a1S1 + a2S2).

Then, in the five-dimensional space of variables
S1, S2, S3, a1, and a2, we obtain the system of
Hamiltonian equations

dSi

dt
= {Si,H}, daν

dt
= {aν ,H}. (12)

The Poisson bracket for this system is non-canonical
(degenerate), and it has the form

{f1, f2} =
∑
ij

Wij
∂f1

∂Si

∂f2

∂Sj
+

1
2

[∂f1

∂a1

∂f2

∂a2
− ∂f2

∂a1

∂f1

∂a2

]
,

where Wij = εijkSk (det [Wij ] = 0). System (12) is the
main object of our investigations.

3. Integration of Hamiltonian Equations for
the Jaynes–Cummings Semiclassical Model

The system of Hamiltonian equations (12), owing to the
presence of two commuting integrals of motion

h0 = S3 + a+a−, (13a)

h−1 = λ0S3 + S+a+ + S+a−, gλ0 = Δ, (13b)
H = ωh0 + gh−1, ω + gλ0 = Ω (13c)

and the constraint

S2
1 + S2

2 + S2
3 = S+S− + S2

3 =
1
4

(14)

is integrable in the sense of the Liouville theorem [7].
The phase space of this system is a four-dimensional
manifold, being a direct product of a sphere and a two-
dimensional plane space R

2:

M � S2 × R
2.

The variables on the sphere are the projections of
the dipole moment, S1 and S2, and the inverse level
population S3 which are coupled by relation (14). In
accordance with the Liouville theorem, a joint level
surface for the integrals of motion h0 = const and
h−1 = const is diffeomorphic to a two-dimensional torus
T 2 (we refer to this object as Liouville torus). The
system of equations (12) can be presented in the Lax
form:

ı
dL̂

dt
= [∇h, L̂], (15)

where the Lax operator L̂ looks like

L̂ =

(
λ
2 + 1

λ−λ0
Ŝ3

1
λ−λ0

Ŝ+ + a+

1
λ−λ0

Ŝ− + a− −(λ
2 + 1

λ−λ0
Ŝ3),

)
,

and ∇h is the matrix gradient of the function

h = g(S2
3 + S+S−) + ω(a+S− + aS+ + a3S3).

This gradient is calculated by the formula

∇h = (λ − λ0)−1
( ∂h

∂S+
Ŝ−

∂h

∂S−
Ŝ+

)
+

+(λ − λ0)−2
( ∂h

∂a+
Ŝ− +

∂h

∂a
Ŝ+ +

∂h

∂a3
Ŝ3

)
, a3 → 0.

The validity of the Lax representation allows one,
while studying system (12), to apply the methods of the
theory of finite-zone integration of nonlinear equations
of the soliton type [8]. On the basis of representation
(15), we can make a few general statements about
system (12). In particular, we can assert that it is
algebraically integrable. This means that the phase space
of the system can be extended on the complex dynamical
variables and the complex time t + iτ . In this case,
the Liouville torus T 2 extends to a complex Abel torus
T 2

C
. The latter, according to the Abel map and the

Jacobi reciprocity formula, is identified with a direct
symmetrized product of two copies of a Riemann surface:

T 2
C � (R × R)sym.

The surface R is defined as an algebraic curve by the
algebraic equation

R : det[L̂(λ) − μ] = 0

or

w2 = λ4 − 2λ3λ0 + (4h0 + λ2
0)λ

2+

+4(h−1 − 2λ0h0)λ + 4(h−2 + λ2
0h0 − λh−1), (16)

where w = 2μ(λ − λ0). The genus of the surface R is
equal to unity. The torus T 2

C
is a generalized Jacobian

with respect to the surface R; therefore, the Abel map
is given by integrals of the first and second kinds.

We intend to use these facts in our next work for
the construction of canonical variables “action–angle”
and for the development of perturbation theory; this will
allow us to go beyond the limits of RWA. But now, let us
integrate system (12) in a simpler way. We separate two
variables, and each of them will obey a separate closed
equation. Such variables are S3(t) and a new variable
ξ(t) = −S−(t)/a−(t).
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Closed equation for the variable S3 and its
solutions

For the variable S3(t), the differential equation is

d2S3

d(gt)2
= 6S2

3 − (4h0 + λ2
0)S3 −

(1
2
− λ0h−1

)
. (17)

It can be interpreted as a Newton equation for a particle
with the mass m = 1 in a potential field

U(S3) = −2S3
3 +

4h0 + λ2
0

2
S2

3 +
(1

2
− λ0h−1

)
S3.

For such a system, the conservation law of energy is
fulfilled:[ dS3

d(gt)

]2

= 2[E − U(S3)]. (18)

On the other hand, Eqs. (12) give rise to[ dS3

d(gt)

]2

= −[(S+a−)2 + (S−a+)2] + 2a+a−S+S− =

= −(h2
−1 + λ2

0S
2
3 − 2λ0h−1S3) + 4(h0 − S3)(

1
4
− S2

3).

(19)

By comparing Eqs. (18) and (19), we find that

E =
1
2
(h0 − h2

−1).

Let e1, e2, and e3 (e1 ≥ e2 ≥ e3) be the zeros of the
polynomial on the right-hand side of Eq. (18). Then,
for the function S(gt), we have a solution

S(gt) = ℘(gt + ıu2) +
1
3
(e1 + e2 + e3),

where ℘(u) is the Weierstrass elliptic function
determined by the parameters

Ei = ei − 1
3
(e1 + e2 + e3), E1 + E2 + E3 = 0.

Let us pass over from the Weierstrass function to the
Jacobi elliptic function taking advantage of the formula

℘(u) = E3 +
E1 − E3

sn2(
√

E1 − E3u; k)
,

where k =
√

E2−E3
E1−E3

=
√

e2−e3
e1−e3

and u = u1 + iu2. We
select the imaginary part of the phase of the function
sn(z; k) making use of the condition
√

e1 − e3 u2 = K ′,

where K ′ is a quarter of the imaginary period of the
elliptic function. Taking advantage of the formula

sn(u + ıK ′) =
1

k sn(u)
,

we ultimately obtain the expression

S3(gt) = e3 + (e2 − e3) sn2(
√

e1 − e3gt; k) (20)

which coincides, at λ0 = 0, with the corresponding
formula from work [1] to within the choice of the
parameters e1, e2, e3 and the phase.

Formula (20) can be used to describe three
characteristic modes in the behavior of a two-level atom:
the excitation of the atom by a weak electromagnetic
field (“single-photon” excitation), spontaneous radiation
emission, and Rabi oscillations of the inverse population
of atomic energy levels. The zeros e1, e2, and e3

are connected with the integrals h0 and h−1 and the
parameter λ0 by the obvious relations

e1 + e2 + e3 = h0 +
λ2

0

4
,

e1e2 + e2e3 + e1e3 =
λ0

2
h−1 − 1

4
,

e1e2e3 =
1
4
(h2

−1 − h0). (21)

3.1. Excitation of an atom by a weak
electromagnetic field

Let S3(t = 0) = − 1
2 at the initial time moment, and

S3(t) → 1
2 as t → ∞. Then, we have to put

e3 = −1
2
, e2 =

1
2
, e1 ≥ e2.

It follows from Eq. (21) that

e1 = h0 +
λ2

0

4
, h0 ≥ 1

2
, h0 = −1

2
+ n,

where n = a+a− is the square of the electromagnetic
field amplitude (or the “number of photons”, in quantum-
mechanical theory). Let λ0 = 0, n = 1, and h0 = 1

2 . In
this case, k = 1, e1 − e3 = 1, and

S3(gt) = −1
2

+ tanh2(gt). (22)

The behavior of the function S3(gt) is illustrated
in Fig. 1,a. If the two-level atom is considered strictly
resonant (with the zero width of the excited level), then,
according to the uncertainty relation, an infinitely long
time is required for the transition to take place.
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3.2. Nonlinear Rabi oscillations

If the excited state |2〉 is characterized by a finite
(irrespective how narrow) width ΔE, the transition time
is finite. As was indicated in Introduction, the parameter
�λ0g plays effectively the role of level width. Therefore,
at λ0 
= 0 and n = 1, we obtain nonlinear oscillations of
the inverse population (see Fig. 1,b)

S3(gt) = −1
2

+ sn2
(√

1 +
λ2

0

4
gt; k

)
(23)

with the period τ = 2K/
(
g
√

1 + λ2
0/4

)
, where 4K is

the real period of the elliptic function.

3.3. Spontaneous radiation emission

Provided that S3(0) = 1
2 and n = 0 at the initial time

moment, we have h0 = S3(0). Since h0 is the integral
of motion, the atom will stay in the state S3 = 1

2
for the infinitely long time. But if λ0 
= 0, formula
(23) also describes the radiation emission processes;
for this purpose, the initial moment of time should
be shifted by half a period, i.e. by the value of t1 =
2K/

(
g
√

1 + λ2
0/4

)
. It is equivalent to a motion with

the initial condition

S3(0) =
1
2
− λ0

2
.

This condition corresponds to a situation where the atom
is already excited and there is a field, the square of the
amplitude of which is 〈a+a〉 = λ0

2 (Fig. 1,c).

4. Dipole Moment Dynamics for a Two-level
Atom

The operators Ŝ+ and Ŝ− are directly coupled with the
transverse components of the atomic dipole moment.
To find the explicit formulas that describe the relevant
averages S+(t) and S−(t), let us introduce a new
separation variable

ξ(t) = −S−(t)
a−(t)

. (24)

Its direct differentiation, with Eqs. (12) being taken into
account, gives rise to

ı
dξ

d(gt)
= ξ2 + λ0ξ + 2S3, (25)

Fig. 1. S3(gt)-dynamics under various initial conditions

where λ0 = Ω−ω
g . Squaring both sides of Eq. (25) and

applying the integrals of motion (13) and constraint (14),
we obtain[
ı

dξ

d(gt)

]2

= ξ4 + 2λ0ξ
3 + (4h0 + λ2

0)ξ
2 + 4h−1ξ + 1.

(26)

It is easy to see that the substitution ξ = λ − λ0

reduces the polynomial on the right-hand side of Eq. (26)
to polynomial (16) which defines the curve R. Hence,
the dynamical variable ξ(t) evolves over the Riemann
surface R.

Equation (26) can be rewritten in the form

ı
dξ(t)
d(gt)

= ±
√

(ξ − ε1)(ξ − ε2)(ξ − ε∗1)(ξ − ε∗2),

where ε1 = R1e
ıϕ1 , ε2 = R1e

ıϕ2 , and ε∗1 and ε∗2 are
the roots of the polynomial on the right-hand side of
Eq. (26). In this case, the equalities

R1 cos ϕ1 + R2 cos ϕ2 = −λ0,

R2
1 + R2

2 + 4R1R2 cos ϕ1 cos ϕ2 = 4h0 + λ2
0,

R1R2(R1 cos ϕ2 + R2 cos ϕ1) = −2h−1,

R2
1R

2
2 = 1 + λ0(h0 − h2

−1) (27)

are fulfilled. Four, in conjugate pairs, roots are located
along a circle with the center point C and radius R:

C =
R2

1 − R2
2

2(R1 cos ϕ1 − R2 cos ϕ2)
,

R2 = R2
1 + C2 − 2CR1 cos ϕ1 = R2

2 + C2 − 2CR2 cos ϕ2.

ISSN 2071-0194. Ukr. J. Phys. 2009. V. 54, N 5 517
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Fig. 2. Riemann sphere for the variable ξ

Using the homographic transformation

ξ =
αz + γ

z + δ
,

let us map this circle onto the real axis. In so doing,
we require that the root transformations ε1 → − 1

k ,
ε2 → −1, ε∗2 → 1, and ε∗1 → 1

k occur. Then

α = C + R, δ = ı
(C + R) − R2 cos ϕ2

R − C + R2 cos ϕ2
, γ = (C − R)δ,

k2 =
(C + R − R1 cos ϕ1)(C − R − R2 cos ϕ2)
(C − R − R1 cos ϕ1)(C + R − R2 cos ϕ2)

.

Now, we make cuts on the complex plane (the Riemann
sphere) of the complex variable z, as is demonstrated
in Fig. 2. Sticking two copies of the Riemann sphere
together along these cuts, we obtain a Riemann surface
of the first kind. It is equivalent to the algebraic curve

w2 = (1 − z2)(1 − k2z2)

which is uniformized by the Jacobi elliptic function and
its derivative:

z = sn(u; k), w =
d
du

sn(u; k).

Then, the solution of Eq. (26) is expressed by the formula

ξ(gt) =
(C + R)sn(u; k) + (C − R)δ

sn(u; k) + δ
, (28)

where u(gt) = agt + iu2,

a =
√

(R + C − R2 cos ϕ2)(R − C + R1 cos ϕ1),

and the choice of the parameter u2 is connected with the
choice of initial conditions.

To find the explicit forms of the functions S±(t), let
us take advantage of Eqs. (12) directly. We seek the
solutions in the form

S± = |S±|e±ıϕS .

Then

ı
d

dt
lnS− = Ω + 2gξ−1S3,

so that the equations for the phase and the absolute
value of the dipole moment are

dϕS

dt
= −Ω + 2S3Reξ−1,

d

dt
ln|S±| = 2gS3Imξ−1.

On the other hand, it follows from definition (24) of the
variable ξ that

Reξ = −1
2

h−1

h0 − S3
, (29)

Imξ =
1
2g

1
h0 − S3

dS3

dt
. (30)

The absolute values of the functions S±(t) can be easily
calculated from the algebraic relation (14)

|S−| =

√
1
4
− S2

3 .

Moreover, it can be shown that the phases of the
dipole moment and the electromagnetic field are not
independent, because they are interconnected by means
of one of integrals of motion (13); namely,

h−1 = 2|a±||S±| cos(φS − φa). (31)

The electromagnetic field phase is expressed in terms
of the integral of the real part of ξ (29):

φa = ωt − g

∫
Re ξdt, (32)

while the corresponding absolute value can be found in
terms of h0 (13):

|a±| =
√

h0 − S3.

In order to integrate expression (32), let us pass to the
Weierstrass function

φa = ωt − h−1

2

∫
[α℘(u) + β]du

γ℘(u) + δ
,
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Fig. 3. Dynamics of dipole moment components in the degenerate
case (λ0 = 0 and h1 = 0)

Fig. 4. Dynamics of dipole moment components at h1 = 0 and
λ0 �= 0

where α = 1, β = −E3, γ = e1, δ = e3(E1 − E3) −
e1E3, and u = gt. Ultimately, the expression for the
electromagnetic field phase looks like

φa = ωt + h−1

(
C1gt + C2 ln

σ(gt + v)
σ(gt − v)

)
, (33)

where C1 = 1
2e1

− ζ(v)C, C2 = C
2 , C = (E1−E3)e3

δ ,
and the parameter v is determined from the condition
℘′(v) = − δ

γ . According to expression (31), the
dipole moment phase is expressed in terms of the
electromagnetic field phase as follows:

φS = arccos
h−1

2|a±||S±| + φa. (34)

Degenerate case. Let the roots be located on the
imaginary axis: ε1 = ε2 = i. Then,

ξ(gt) = ıth(gt),

and the inverse population S3(gt) is described by
formula (22). This solution corresponds to the process
which was considered before, namely, the atom is excited
by a weak electromagnetic field (provided that λ0 = 0).
In this case, the dynamics of dipole moment components
is described by the formulas

S+ =
sh(gt)
ch2(gt)

eıΩt, S− =
sh(gt)

ch2(gt))
e−ıΩt.

For the components of the electromagnetic field, we have

a+ = −ı
1

ch(gt)
eıωt, a− = ı

1
ch(gt)

e−ıωt.

Symmetrically arranged roots. This situation
corresponds to the initial condition, when the atom is

in the ground state. Let h1 = 0. Then, the following
restrictions are imposed on the roots: R1 = R2 = 1 and
cos ϕ1 = − cos ϕ2. Taking into account that the shift of
the imaginary part of the phase is u2 = −K′

2 , we obtain

ξ = ı
2(1 + k)[1 + k sn2(u; k)]sn(u; k)

(1 + k)2 sn2(u; k) + [1 + k sn2(u; k) + |α|]2 ,

where α = cn(u; k)dn(u; k), and the inverse population
S3(gt) is described by formula (23). Such an
arrangement of the roots corresponds to the process of
light absorption by an atom, provided that the frequency
detuning differs from zero (λ0 
= 0).

Dipole Moment Phase Incursion. In the
system under consideration, there are two characteristic
frequencies: the frequency of atomic transitions between
the ground and excited states, ΩAtom ∼ g, and the
frequency of interaction processes between the atom
and the field (i.e. the frequencies of the dipole moment
and the electromagnetic field), ωint ≈ ω. It is easy
to get convinced that the processes of level population
variation are much slower than the processes of energy
exchange between the atomic dipole moment and the
electromagnetic field (Figs. 3 and 4):

ΩAtom 
 ωint.

We know the time interval needed for an atom to transit
from state |1〉 to state |2〉 is

TAtom =
2K

g
√

e1 − e3
.

Within this period, the dipole moment executes a lot of
cycles, and a certain finite phase incursion emerges,

ϕS(TAtom) = ωTAtom + h−1(gC1TAtom + 4C2vη1),
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Fig. 5. Dynamics of the dipole moment vector at h1 = 0 and
λ0 �= 0

where η1 = ζ(TAtom). As a result, the atom returns
back to the initial state for the time TAtom, whereas its
dipole moment does not (Fig. 5). Hence, the interaction
between the atom and the field changes the atom itself
(in fact, the dipole moment of the atom characterizes—to
a certain extent—its spatial distribution) in such a way
that a deformation remains even after the interaction
has terminated.

It is also important to emphasize that, even in the
absence of a direct interaction, i.e. if h−1 = 0, the finite
incursion of the dipole moment phase

ϕS(TAtom) = ωTAtom

will be observed in any case.

5. Dynamics of the Jaynes–Cummings Model
in the Quantum-mechanical
and Semiclassical Versions.
A Comparative Analysis

An important result of the quantum-mechanical Jaynes–
Cummings model is the phenomenon of collapse and the
revival of atomic inversion [4]. It is associated with a
discreteness of photonic excitations and considered as a
direct confirmation of the quantum-mechanical nature
of radiation emission.

The solutions for the semiclassical version of the
Jaynes–Cummings model, which were obtained above,

are periodic functions, and they do not include such
phenomena. On the other hand, the formulation of
the inverse problem is pertinent: Does the inverse
level population behave periodically in the quantum-
mechanical case? The latter problem invokes the issues
on the electromagnetic field states that can provide such
a behavior and, more generally, on the correspondence
between the quantum-mechanical and semiclassical
theories of radiation emission.

The basic formulas of the quantum-mechanical
Jaynes–Cummings theory are as follows [2]. Let the
vector of the system state have form (11), where we
mean that |α, n〉 ≡ |α〉⊗|n〉, |α〉 is the atomic state (α =
1, 2), and |n〉 is the n-photon state of the electromagnetic
field (see Eqs. (9) and (10)). The solution of the
Schrödinger equation with Hamiltonian (7) looks like

c1, n+1(t) = c1, n+1(0)[cos
(Ωnt

2

)
+

ıΔ
Ωn

sin
(Ωnt

2

)
]−

−2ıg
√

n + 1
Ωn

c2, n(0) sin
(Ωnt

2

)
eı−Δt

2 ,

c2, n(t) = c2, n(0)[cos
(Ωnt

2

)
− ıΔ

Ωn
sin

(Ωnt

2

)
]−

−2ıg
√

n + 1
Ωn

c1, n+1(0) sin
(Ωnt

2

)
eı Δt

2 ,

where Ω2
n = Δ2 + 4g2(n + 1) and n = 0, 1, 2, . . . . Then,

for the average value of the operator Ŝ3, we have

〈Ψ(t)|Ŝ3|Ψ(t)〉 =

=
∑

n

|c2, n(0)|2
[
cos2

(Ωnt

2
)

+
Δ2

Ω2
n

sin2
(Ωnt

2
)]

+

+|c2, n−1(0)|2
[ 4g2n

Ω2
n−1

sin2
(Ωn−1t

2
)]

. (35)

Let the atom be in the ground state |1, n〉 at the initial
time moment. Then, c2, n(0) = 0, and, according to
formula (35),

S̃3(t) = −1
2

∞∑
n=0

|c1, n+1(0)|2
[Δ2

Ω2
n

+
4g2(n + 1)

Ω2
n

cos(Ωnt)
]
.

(36)
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In the general case, function (36) is quasiperiodic, but
we can find such field states that provide its periodicity.
One of them can be constructed on the basis of the
coherent state

|α〉 =
∑

n

cn|n〉,

by zeroing those coefficients cn which do not satisfy the
periodicity condition for expression (36)
√

n + 1 = l, l ∈ Z.

Then, the coefficients in expression (36) are described
by the distribution function

|c1, n+1(0)|2 =
e−〈n〉〈n〉n+1

(n + 1)!
, n = 0, 3, 8, 15, . . .

Putting Δ = 0, we obtain

S̃3(t) = −1
2

∞∑
n=0

e−〈n〉〈n〉n+1

(n + 1)!
cos(2lgt). (37)

For the sake of comparison, let us express the
semiclassical result for the same initial condition in terms
of the Weierstrass function and expand it in a series [9]

S3(t) = − η1

ω1
+

1
3
h0 − 2π2

ω2
1

∞∑
m=1

mqm

1 − q2m
cos

[πm

ω1
gt

]
,

(38)

where q = exp
(
−ıπ ω2

ω1

)
, ω1 and ω2 are the real and

imaginary periods of the Weierstrass function, and η1 =
ζ(ω1). The equality between the periods of functions (37)
and (38) dictates the following restriction on the eligible
ω1-values:

ω1 =
π

2α
,

where α = l
m and α ∈ Z, and, consequently, restrictions

on h0 and 〈n〉, the average number of photons in
the field. In particular, the results practically coincide
at 〈n〉 = 1. In Fig. 6, the dashed curve illustrates
the semiclassical result S3(t), and the solid curve
characterizes the average of the quantum-mechanical
one S̃3(t).

6. Conclusions

The semiclassical Jaynes–Cummings model, where the
frequency detuning was taken into account, was shown
to adequately describe the dynamics of the atomic dipole
moment. This vector, moving over the Bloch sphere

Fig. 6. Quantum-mechanical (solid curve) and semiclassical
(dashed curve) dynamics of atomic inversion

(S2
1 + S2

2 + S2
3 = 1

4 ), precesses about the wave vector
k with a frequency close to that of the field and
nutates with period TAtom. The latter is governed
by the initial condition and the electromagnetic
field energy. Since the system is characterized by
two characteristic periods, the transition of an atom
from one state into another one and backwards is
accompanied by the incursion of the dipole moment
phase.
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НЕЛIНIЙНА ДИНАМIКА ДИПОЛЬНОГО МОМЕНТУ
ДВОРIВНЕВОГО АТОМА У НАПIВКЛАСИЧНIЙ
МОДЕЛI ДЖЕЙНСА–КАММIНГСА

П.I. Голод, Ю.В. Безвершенко

Р е з ю м е

Дослiджено нелiнiйну динамiку середнiх значень спостере-
жуваних величин в iнтегровнiй моделi Джейнса–Камiнгса,
яка описує взаємодiю дворiвневого атома з одномодовим
класичним електромагнiтним полем. Отримано явнi форму-
ли еволюцiї поперечних компонент дипольного моменту та
iнверсної заселеностi рiвнiв атома. Проведено порiвняння
мiж розв’язками напiвкласичної та квантової версiй моделi
Джейнса–Каммiнгса.

522 ISSN 2071-0194. Ukr. J. Phys. 2009. V. 54, N 5



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


