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Effects of the random orientation of easy magnetization axes and
the particle size polydispersity on the thermodynamic properties
of a system of noninteracting magnetic nanoparticles have been
studied in a three-dimensional model. The results are compared
with those obtained in the framework of the classical Stoner—
Wohlfarth model. The peak that is observed in the temperature
dependence of the system magnetization has been shown to smear,
if the orientation randomness and /or the dispersion of the particle
size distribution increase.

1. Introduction

In the last two decades, a large attention in the domain
of studying the magnetic materials has been paid to
nano-sized systems. This interest is related, first of all,
to the opportunity for a wide technological application
of those objects to various branches of human life, and
magnetic nanoparticles have a lot to do with it [1]. One
of the promising technologies is an increasing of the
magnetic recording density of information. It suggests
a transition from the magnetic recording technique used
nowadays, which allows one to create carriers with a
record density of 100-200 Gb/sq. in., to a technology
of “discrete bits”, which can increase the record density
by an order of magnitude [2]. An interest of modern
medicine to magnetic nanoparticles should also be noted,
in particular, as the components of contrast substances
for magnetic resonance tomography [3] or as drug
carriers toward affected sites of the body [4]. Such
substances are also required from the viewpoint of their
applications to chemical and other industrial branches.

Theoretical researches in this domain were started
in the middle of the last century by such scientists
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as Néel, Bean, Stoner, Wohlfarth, and others [5-7].
Among the first papers, where the possibility for a single-
domain state in nanoparticles to exist was substantiated,
there was Frenkel and Dorfman’s work [8], where the
critical dimensions of ferromagnetic specimens, below
which no ferromagnetic state can be formed in the
specimen, were estimated to be of the order of tens of
nanometers. For example, it is experimentally confirmed
that spherical particles of nickel remain single-domain
up to a diameter of 80 nm [9]. If particles in the
specimen are larger, a multidomain structure can be
formed.

The mechanism of magnetic reversal of single-domain
particles by means of the coherent rotation of magnetic
atoms was suggested by Stoner and Wohlfarth in
1949 [7]. In this case, a totality of atomic magnetic
moments in a nanoparticle can be replaced by a single
supermoment.

The subject of our inquiry is a system of magnetic
nanoparticles embedded into a solid-state non-magnetic
matrix. Note that, since particles cannot move free —
in contrast to ferrofluids, i.e. ferroparticles in a liquid
medium — the magnetic anisotropy of a particle in
the matrix plays an important role. We considered
the simplest case of uniaxial anisotropy, when a
certain direction characterized by the minimal energy
of anisotropy for every particle exists. This direction
is referred to as the easy magnetization axis or the
anisotropy axis.

This work aimed at the transition from a simple
model of the Stoner—Wohlfarth type to the description
of more complicated systems which takes into account
the effects of various distributions of anisotropy axis
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Fig. 1. A coordinate system for the description of a system
of magnetic particles with the magnetic moment m and the

anisotropy axis that is given by a unit vector n

orientations and the difference in the nanoparticle
dimensions. We studied the influence of anisotropy
in comparison with the effects of polydispersity
on the magnetic properties of system in various
temperature intervals. At this stage, we did no take
into account internal thermal effects which are caused
by the influence of the temperature on the dimension,
anisotropy constant, and magnetic properties of a
particle. The effects of particle-to-particle interaction,
which can provoke a ferromagnet-paramagnet phase
transition in the system of ferromagnetic particles, were
also left beyond the scope of consideration.

2. Description of the Model

The model system Hamiltonian can be written down in
the form

Hsz<W> Y m (). (1)

where K is the anisotropy constant; V;, m;, and n; are
the volume of the i-th particle, its magnetic moment,
and a unit vector that determines the orientation of its
anisotropy axis, respectively; H is the external magnetic
field, and po is the magnetic constant. The first term
describes the energy of magnetic anisotropy, while the
second the energy of interaction between the magnetic
moments of particles and the external magnetic field.
Let us choose a coordinate system (Fig. 1), in which
the direction of the anisotropy axis coincides with the z
axis, and the vector of external magnetic field strength
is directed at an angle a with respect to Oz. Then,
the angles § and ¢ are the coordinates of the magnetic
moment of a particle in the spherical coordinate system.
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Let all particles be spherical. Consequently, we can
neglect the shape anisotropy and consider only the
crystallographic one. Another assumption concerns the
dependence of the magnetic moment on the temperature.
In the general case, m(T) = msf (T/T.), where my is
the magnetic moment of a particle at zero temperature,
T. the Curie temperature for the particle, and f is a
function that equals 0, if its argument equals 1, and
1, if its argument equals 0. At T > T, this function
equals zero. Usually, the function f(T/T.) is supposed
to be close to unity at temperatures up to 0.47, [10].
Therefore, the magnetic moment can be considered
as temperature-independent at lower temperatures. In
what follows, we assume that f(7/T.) =~ 1 and,
correspondingly, m = my.

Before the consideration of more complicated models,
let us define the simplest one, where all anisotropy axes
are parallel to one another, n; = n, and all particles
are identical by dimensions. For this model, if we take
into account all assumptions and definitions made above,
Hamiltonian (1) can be rewritten in the form

H=-— Z KV ((cos §; cos av; + sin 6, sin «; cos gpi))Q —

K2

— Z tomH cos b, (2)

where a; = o. Model (2) will be used as a reference one
to compare the results obtained for more complicated
systems.

Let us introduce the following notations for the
temperature, magnetic field strength, and volume of
particles. The relative volume of particles will be
designated as

1%
Wa (3)

where V,,, is the average volume of particles. In the case
where the particles are distributed uniformly by their
sizes, we have V = V,,, and, accordingly, v = 1.

The dimensionless temperature can be normalized by
the anisotropy energy, so that

kT
KV’

where kg is the Boltzmann constant.

The magnetic moment of the particle will be
considered as independent of the temperature; however,
in the general case, it also depends on the particle’s
volume. Let this dependence be linear, i.e.

v =

t (4)

mg = IP*V, (5)
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where IP*" is the magnetization of saturation for a unit
volume of the substance, which ferromagnetic particles
are made up of.

We can also introduce the relative strength of the
magnetic field

Ivar 0 |/
B = -5 PO 6
K (6)

Now, the magnetization in model (2) can be written
down in the form

™

| cos8A(,t, h)db
I(t,h) =1,° , (7)
A(6,t,h)do

O—y

where I is the magnetization of saturation for the
system of magnetic nanoparticles, and

h
A(6,t,h) = sinfexp <v? cos 0) X

2m
X /exp (% (cosf cosa +sin95inacos<p)2) dep. (8)
0

For the magnetic susceptibility, we find
[ cos? 0A(0,t, h)db

X(tv h’) = ? |:0 -
A(6,t,h)do

O—x

. 2
J cosOA(0,t,h)dO
0

[ A(0,t,h)df
0
where xo = vugl I[P /K.

3. Results and Their Discussion

Before we consider the effects of anisotropy axis direction
spread and polydispersity, let us analyze the properties
of a simpler model, when all particles are identical
and oriented in the same direction. In Fig. 2,a, the
temperature behavior of the system magnetization in
a finite magnetic field (h = 0.01) is shown for various
values of the angle a (see Fig. 1) between the magnetic
field and the anisotropy axes. One can see that all curves
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Fig. 2. Magnetization (a) and the inverse susceptibility (b) of the
system of magnetic particles with parallel orientation of anisotropy
axes for various angles between the anisotropy and the external
field h = 0.01

fall down, as a rule, if the temperature grows. In the cases
where the anisotropy axes are oriented almost normally
to the external field, a more complicated nonmonotonic
dependence can be observed (see in the scaled-up inset).

In Fig. 2,b, the temperature dependences of the
inverse magnetic susceptibility are depicted for various
a and a small field h = 0.01. The high-temperature
linear asymptotes of those dependences intersect the
temperature axis at different points, so that a deviation
from the known Curie law for isotropic paramagnets
is evident. Hence, from the viewpoint of the general
behavior of magnetic susceptibility, two characteristic
sections can be distinguished. The first section — with the
linear temperature dependence x (¢, h) —is observed
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Fig. 3. Field dependences of the magnetization of the system of
magnetic particles with parallel orientation of anisotropy axes for

various angles « at the temperature t = 0.2

at temperatures that are high enough, but lower than
the Curie temperature for the nanoparticle. The second
section is a low-temperature one, where the dependence
is nonlinear.

The analytic solution for the linear section (the
high-temperature limit) gives the following temperature
dependence for the inverse magnetic susceptibility:

3

(x(t,h)/x0) ™" o T —t+ 2 (1- 3 cos? @) .

1
v?2 5v (10)

According to Eq. (10), if @ = arccos/1/3 =~ 55°,
the system is similar to an isotropic paramagnet
by its inverse magnetic susceptibility. Respectively,
the continuation of the linear section intersects the
temperature axis above zero, if & < 55°, and in the range
of negative temperatures, if a > 55°.

In each case, the system is in the superparamagnetic
state, which can be seen from the field dependence of
magnetization at a constant temperature (Fig. 3). Every
magnetization curve passes through zero, irrespective
of the angle between the field and the anisotropy
axes. Moreover, there is no hysteresis in the system.
Those two phenomena are typical attributes of
superparamagnetism [6, 11]. At smaller angles «, the
magnetization saturates more quickly.

Hence, we have a superparamagnetic system. Some
specific properties of such systems should be noted. In
particular, besides the absence of hysteresis mentioned
above, there is a high potential barrier at low
temperatures which is caused by magnetic anisotropy
and which hampers the system to transit into the
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equilibrium state. Therefore, nanoparticles can remain
long enough in a blocked nonequilibrium state, different
from the superparamagnetic one. Depending on the
experimental situation, it is possible to determine the
blocking temperature [6] by the formula

KV

Ty = — "
b kpln T

(11)

where 7y is a constant of the order of 10710 — 1078 s
for a system with magnetic nanoparticles [12], and 7
is the characteristic time of measurement. Expression
(11) allows the temperature interval, where the system
is observed in the blocked state, to be estimated. For
instance, if 7 =100 s, we have T, = KV/(25kg). In the
experimental temperature dependences of magnetization
and magnetic susceptibility, the maxima are observed,
the position of which also makes it possible to estimate
the blocking temperature. Thus, if T < T, the
particles are in the blocked superparamagnetic state,
which originates from the domination of anisotropy
effects over thermal ones at a small external field.
If T > T, it is an equilibrium superparamagnetic
region. In the case which is examined in this work, the
observation time should be long enough for the system
to transit into the equilibrium state. Consequently, it
is supposed that 7, — 0, so that the equilibrium
nonblocked superparamagnetic state is observed in the
whole temperature range.

3.1. Distribution of anisotropy axes

The systems of magnetic nanoparticles can be formed
either in a natural way or artificially, making use of
certain technologies. The most widespread case is a
chaotic orientation of easy magnetization axes. For
instance, it takes place, if a system of magnetic clusters
is cooled down quickly in a liquid medium. However,
with the help of the corresponding techniques applied
at various cooling rates and using a controlled external
magnetic field, the formation of such systems with a
dominating orientation direction of magnetic anisotropy
axes becomes possible. This provokes the study of
the properties of ferromagnetic nanoparticle systems at
various distributions that describe the orientation of
anisotropy axes.

Let the distribution of easy magnetization axes be
uniform within some spherical angle €2 around the
selected direction («g,Bg)—this region is depicted in
Fig. 4. Then, the magnetization in the system of
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Fig. 4. The distribution region of easy magnetization axes in the
spherical angle

magnetic particles is determined by the expression

[ I(9,t,h)dQ

1t = SF 0

or, in the spherical coordinates,

Oé(]Jr’L/J/Q

1
I(t,h) = m COS(O{ — Oé())I(Oé,t,h)dOé,

ag—1/2
(12)

where v is an angle that determines the segment of
random spread in the vector n orientation.

Let us analyze the case where g = 7/2. Provided
that all particles have the same orientation type, the
temperature dependence of magnetization demonstrates
a maximum. In Fig. 5,a, we present the curves which
were obtained at different values of 1. One can see
that the gradual increase of i is accompanied by a
smearing of the region, where the orientation of the easy
magnetization axis dominates, and the magnetization
maximum disappears.

The magnetic susceptibility of a system of magnetic
nanoparticles, where the orientations of the easy
magnetization axes were uniformly spread over a
spherical angle €2, was determined in a similar way:

ap+1p/2

1
~ 2sin(y/2) cos(a — ag)x(, t, h)da.
oo—1/2

x(t, h)

(13)

The growth of the region, in which the magnetic
anisotropy axes are oriented, also gives rise to a
reduction of the region of nonlinear behavior at small ¢
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Fig. 5. Magnetization (a) and the inverse susceptibility (b) of the
system of magnetic particles at various sizes of the region, where

the orientations of the magnetic anisotropy axes are randomly
distributed

and its gradual smearing (see Fig. 5,b). At the angle
1 = m, i.e. in the case of the isotropically uniform
distribution of anisotropy axes, we come to the linear
dependence of x~1(t, h) on the temperature.

3.2. Polydispersity

In most real cases, we deal with a nonuniform
distribution of particles over their dimensions.
Therefore, important is a problem to take the particle
polydispersity into account and to study its influence
on the magnetic properties of the system. On the basis
of the results of experimental works [13-15], which were

devoted to studying the properties of magnetic
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Fig. 6. Magnetization (a) and the inverse susceptibility (b) of the
system of magnetic particles as the functions of the temperature
for various widths of the log-normal distribution of particles over

their dimensions

nanoparticles, we can choose a log-normal distribution
over the size which looks like

1 In
fv) = Ny (I;T(;})>7

where o is the distribution width. Let us consider this
case in more details. The magnetization of the system is
equal to

(14)

I(t,h):/f(v)l(v,t,h)dv, (15)
0

where I(v) is defined by expression (7).
In Fig. 6,a, the magnetization of the system
as a function of the temperature is depicted for
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various widths of the log-normal distribution. If the
polydispersity grows, the peak becomes smeared.

For the magnetic susceptibility, we have

N / F(0)x(v,t, h)dv. (16)
0

The results of calculations are exhibited in Fig. 6,b. In
particular, one can see that the inverse susceptibility
does mnot change the properties of the system
considerably at linear sections.

4. Conclusions

When considering the influence of the anisotropy
and polydispersity effects, we have obtained the
temperature dependences for the magnetization and
the magnetic susceptibility of the system for various
values of parameters that describe the distributions
of ferromagnetic nanoparticles over the orientation of
their magnetic anisotropy axes and their dimensions.
By analyzing the magnetic susceptibility in the
framework of the model with parallel orientation of
easy magnetization axes, we have determined the
parameters of linear sections in the dependence of the
inverse magnetic susceptibility on the temperature. The
field dependence of magnetization testifies that the
system is in the superparamagnetic state, irrespective of
the distribution over the anisotropy axis orientations.
The smearing of the peak, which is observed in
the case of identically oriented anisotropy axes, is
observed when the disorientation effects and the width
of the size distribution of particles increase. The
results obtained can be useful for the interpretation
of experimental data for systems with magnetic
nanoparticles.
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BIIJIUB AHI3OTPOIIII I TOJIIANCIEPCHOCTI
HA MATHITHI BJJACTUBOCTI CUCTEMU
OEPOMATHITHUX HAHOYACTHNHOK

I.M. Mpuanod, B.B. Coxonos
PeszmowMme

st TpuBUMIpHOT MOJIE/Ii HEB3a€MOII0OYNX MArHITHUX HAHOYACTH-
HOK JIOCJIi/I?KEHO BILJIMB BUIAJKOBOI Opi€HTAIil Oceil HaNJIEerioro
HaMarHiYeHHs Ta IOJIiIUCIIEPCHOCTI y po3Mipax depoMarHiTHuX
HAHOYACTUHOK Ha TEePMOJMHAMIYHI BiacTuBocTi cucremu. [Ipose-
IeHO TOpPIBHSAHHA 3 pe3yibraramu KjaacuauHol mozeni Cronepa—
Boabdapra. ITokazamo, mo MakCHMyM, SIKHH CIIOCTEPIra€ThCs Ha
3aJIE?KHOCTI HAMAarHiYE€HOCTI CHCTEMH BiJl TeMIlepaTypH, PO3MU-
Ba€TbCsl NPpH 30L/IbIIeHH] 06JIacTi, y sKiil opieHTOBaHI OCi Haiimer-
[IOr0 HaMarHiYeHHsI Ta IIUPUHM PO3IOIITY YaCTUHOK 3a po3Mipa-
MHU.
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