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A self-consistent approach based on the local-field concept has
been proposed to calculate the direction patterns of light emission
by nanoparticles with various shapes. The main idea of the
method consists in constructing self-consistent equations for the
electromagnetic field at any point of the system. The solution of
the equations brings about relationships between the local field
at an arbitrary point in the system and the external long-wave
field via the local-field factor. The latter connects the initial
moment of optical dipole transition per system volume unit and
the effective dipole moment of transition that takes local-field
effects into account. The effective dipole moment depends on the
particle shape and size. Therefore, dipole radiation depends on
those parameters too. The direction patterns of light emission
by cubic particles have been calculated. The particles have been
demonstrated to interact as almost point dipoles at distances
that exceed their linear dimensions. This fact can be used to
substantiate applications of the dipole approximation to studying
the optical properties of submonolayer molecular coatings.

1.

Introduction

The development of modern technologies gave rise
not only to the mastering of the nanometer scale
in electronics and the elaboration of essentially new
electronic devices, which stimulated the transition
from micro- to nanoelectronics [1–4], but also to the
emergence of new – subwave – optics, the so-called
near-field optics [5–7]. The rapid development of this
new branch of optics has been continuing for last
two decades. Within this time period, the progress
in near-field optics has converted the application of
optical scanning microscopy into a routine experimental
technique for studying local field distributions in
nanosystems [8–10]. Nowadays, the researches of local
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field distributions serve merely scientific [11–13] and
rather utilitarian purposes [14–16]. For instance, they
are applied to the development of photonic crystal
devices for optical information processing. On the other
hand, the near-field optics gave an impetus to the
development of fundamental researches in quantum
electrodynamics [17–19], which resulted, e.g., in a
revision of the problem of light emission by material
objects.
In this connection, works [19–21] of one of the authors
of this article (O.K.) can be exemplified. A detailed
consideration of the process of photon emission by an
excited atom carried out in those works demonstrated, in
particular, that the excited state of the system “atom +
electromagnetic field” is characterized by a complicated
structure of the electric field, the latter possessing both
the longitudinal and transverse components. In addition,
the dependence of the energy of the electromagnetic
field transverse component on the oscillation number is
periodic, and the difference between the electromagnetic
field energy and the photon energy ω is less than
ten percent even for the tenth period of oscillations.
Hence, the emitted photon carries information about
the particle that has generated it. But, in those works,
details of photon emission processes were studied in the
point-like emitter approximation. In this connection, a
question arises: How do the dimensions and the shape
of the emitting particle affect the process of photon
emission? Really, it is known that, in optics, the optical
properties of mesoparticles are governed to a great
extent by the particle’s dimensions and shape [22–25].
It is clear that a similar situation should be observed,
when studying the processes of radiation emission by
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an extended particle. This work aims at studying the
influence of the particle’s extension on its light radiation
properties.
The spontaneous photon emission by a particle can
be regarded as the appearance of a radiation induced
by the electron current that arises in the particle owing
to electron transitions. In this case, the influence of
the particle’s extension on the emission process can be
divided into two components. First, electron transitions
occur differently at different particle sites. That is, the
fields that are induced by elementary currents should
be integrated over the particle’s volume. Second, the
process of current formation undergoes the action of a
self-field that the currents invoke. This local-field effect
can bring about, for example, a shift of electron energy
levels in the particle (the effect is similar to the Lamb
shift in nuclear physics). To take the influence of the
self-field on the formation of currents in the particle
into account, this local field has to be calculated. The
calculations of local fields in the near-field physics are
carried on by solving a self-consistent problem. This
procedure is reduced to finding the solutions of the
Lippmann–Schwinger equation.
2.

Local Field at Light Emission by
Mesoparticles with Various Shapes

To study the influence of local field effects on the
processes of photon emission by nanoparticles with
various shapes, we have to determine how the energy
flux density of the electromagnetic field emitted by the
particle is formed. This means that we have to calculate
the Poynting’s vector. For this purpose, let us determine
how the dipole moment of an optical transition in the
particle becomes “dressed” owing to the electrodynamic
interaction, which is the origin of radiation emission.
The local field satisfies the self-consistent Lippmann–
Schwinger equation [5–8]
(I)
Ei (R, ω)−

Ei (R, ω) =

−iωμ0 dR Gij (R, R , ω)Jj (R , ω),

(1)

V

(I)

(I)

dR Gij (R, R , ω)Xjl (R , ω)Ei (R , ω),

(2)

V

where Xjl (R , ω) is the tensor of effective susceptibility
that couples the local current Ji (R, ω) with the external
(I)
(with respect to the particle) field Ei (R, ω) by the
1
relation
(I)

Ji (R, ω) = −iωXil (R, ω)El (R, ω).

(3)

The effective susceptibility has a standard form of the
linear response function [29],
Xij (R, ω) = [(χij (ω))−1 + S̃ji (R, ω)]−1 =
= χil (ω)[δjl + Sji (R, ω)]−1 ,

(4)

where the self-energy part Sij (R, ω) reads

Sji (R, ω) = −iωμ0 dR Gjl (R , R, ω)χli (ω).

(5)

V

Using the reciprocity theorem [30], the latter can be
rewritten in the form

(6)
Sji (R, ω) = −iωμ0 dR Gjl (R, R , ω)χli (ω).
V

The local field factor, which connects the self-consistent
field at any point of the system [5] with the external field
by the relation
(0)

Ei (R, ω) = Lil (R, ω) El (R, ω),
looks like



Lij (R, ω) = δij − iωμ0

dR Gjl (R, R , ω)Xli (R , ω).

V

(7)

where Gij (R, R , ω) is the photon propagator of the
medium that the emitting particle is located in. As was
shown in works [26–28], the solution of Eq. (1) can be
expressed in the form
Ei (R, ω) = Ei (R, ω)−


−iωμ0

Hence, the problem of finding the local field in the
system is reduced to calculating the local field factor. In
its turn, in order to determine the local field of a photon
emitted by a mesoparticle with a definite shape, it is
necessary to calculate the effective susceptibility of the
particle. The latter parameter evidently depends on the
substance the particle is made of (i.e. on the local field
response function χ) and on the particle’s dimensions
and shape, as follows directly from formula (4).

1 Note that the material equation connects the local current and the local field by means of the material susceptibility: J (R, ω) =
i
−iωχil (ω)El (R, ω).
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3.

Local Field of Light Emitted by a Quantum
Dot

It is clear that a particle with spatial quantization (a
quantum dot) emits a photon in a little different manner
than a mesoparticle does (mesoparticle is such a particle,
the linear dimensions of which are, on the other hand,
small enough for the local field effects to substantially
influence its properties, but, on the other hand, are
not too small for the effects of spatial quantization to
manifest themselves). As was elucidated in the previous
section, the determination of the local field emitted by a
mesoparticle is reduced to the calculation of the tensor
of its effective susceptibility. In this section, we show
that a similar approach can be applied to the analysis of
the photon emission by a quantum dot.
For the sake of definiteness, consider a quantum dot
as a potential box with infinitely high potential walls.
This means that particle’s electrons move in a region
confined by infinitely high potential barriers, i.e. the
potential energy is given by the expression

0,
inside a particle,
V =
(8)
∞,
outside it.
If the linear dimensions of a rectangular quantum dot
are Lx , Ly , and Lz , electrons move in the region given by
the inequalities −Lx /2 ≤ x ≤ Lx /2, −Ly /2 ≤ y ≤ Ly /2,
and −Lz /2 ≤ z ≤ Lz /2. For potential (8), the wave
function of electrons in the quantum well is [31, 32]




πn1
8
Lx
sin
Ψn1,n2,n3 (x, y, z) =
x+
×
Lx Ly Lz
Lx
2

× sin

πn2
Ly


y+

Ly
2




sin

πn3
Lz



Lz
z+
,
2

V

where

The electrodynamic properties of such a quantum dot
are known to be governed by the currents that arise
due to transitions between the ground and excited states
[33–36]. To determine the effective susceptibility (or –
directly – the local field factor), let us take advantage
of a procedure developed in works [35,36]. Note that the
electric current density induced by electron transitions

i
μ0 ω

σkl (R, R , ω) = −

α

aα (ω)jkα0 (R)jl0α (R )

(12)

is the electroconductivity tensor, jkα0 (R) and jl0α (R )
are the current densities of the transition between the
ground energy level “0” and the level “α” [33]:
ji0α = −

e
∗
∗
(ψ α ) ∇i ψ 0 − ψ 0 (∇i ψ α ) ,
2im

(13)

ψ 0 is the wave function of the ground state, and ψ α is
the wave function of the excited state α. The quantity
aα is given by the expression
aα (ω) = 2μ0

2 (ω

Eα − E 0
,
+ iν)2 − (Eα − E0 )2

(14)

where Eα is the energy of state α, and ν the
relaxation frequency. Substituting expression (12) into
the Lippmann–Schwinger equation (1), we obtain the
equation for the self-consistent (local) field:
(0)

Ei (R, ω) = Ei (R, ω)−
−
α

aα (ω)Fiα0 (R, ω)



dR jl0α (R )El (R , ω),

(15)

V

where
(9)

where ni = 0, 1, 2, . . .(i = 1, 2, 3) are the quantum
numbers. The energy corresponding to the (n1 , n2 , n3 )
quantum state of an electron is
 2

n1
2 π 2
n22
n23
+
+
εn1 ,n2 ,n3 =
.
(10)
2 · m∗ Lx
Ly
Lz
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in the quantum dot is coupled with the electric field by
the nonlocal relation

(11)
Jk (R, ω) = σkl (R, R , ω)El (R , ω)dR ,

Fiα0 (R, ω)

μ0
=




dR Gik (R, R , ω)jkα0 (R )

(16)

V

is the electromagnetic field at the point R, which is
induced by the current of the electron transition α → 0.
Applying the integral operator dRjioβ to both parts of
V

Eq. (15), we obtain the system of algebraic equations

α

β0
(δαβ + aα (ω)N αβ (ω))γ 0α (ω) = γ(0)
(ω),

where the variable

γ 0α (ω) = dRji0α (R)Ei (R, ω)

(17)

(18)

V
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is to be determined. Hence, to find the local field factor,
we obtained the system of algebraic equations (17),
where the notation

αβ
N (ω) = dRjioβ (R)Fiα0 (R, ω) =
V


=

dRdR ji0β (R)Gik (R, R , ω)jiα0 (R )

was introduced.
The external long-wave field is almost constant
at distances compatible with the linear dimensions
of the particle. Therefore, we can use the near-field
approximation and put

(0)
(0)
0β
γ(0) (ω) = dRji0β (R)Ei (R, ω) = γ̃i0β Ei (R, ω).
V

(20)
The solution of the system of equations (17) can be
written down in the form [33–37]
B βα 0β (0)
γ̃ E (R, ω),
Δ i i

(21)

where B βα is the algebraic complement, and Δ is the
determinant of the matrix δαβ + aα N αβ .
As a result, we obtain a relation between the local
and external fields in the standard form
(0)

Ei (R) = Λil (R, ω)El (R)

1
H(R) = −
c

(19)

V

γ 0α (ω) =

Let the source of the emitted field be the electron current
I localized in the particle. Then, the expressions for the
magnetic and electric fields look like [38]

(22)

with the local field factor
⎧
⎫
⎨
⎬
βα
B
γ̃j0β .
aα (ω)Fiα0 (R, ω)
Λij (R, ω) = δij −
⎩
⎭
Δ
α,β

(23)
Hence, we showed that the standard calculation
procedure of a local field can be used in both considered
cases of meso- and quantum particles. Knowing this field
allows the energy flux of the field emitted by a particle
to be calculated and, therefore, the radiation pattern to
be determined.

i
E(R) =
ω


V



Energy Flux of the Field Radiated by a
Particle

The flux of electromagnetic field energy is known to be
determined by the Poynting’s vector
S=

1
[E × H].
μ0
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(24)



dR [I × n]
V

ik
1
− 2
R0
R0



eikR0 ,

(25)

 

k2
ik
1
dR I
+ 2− 3 +
R0
R0
R0




k2
3ik
3
+n(nI) −
− 2 + 3
R0
R0
R0


eikR0 ,

(26)

respectively, where
R0 =



(x − x )2 + (y − y  )2 + (z − z  )2

is the distance between an arbitrary point in the particle
and a point of field observation, and n is the unit vector
that defines the direction to the latter. In the case where
the point of observation is in the far-field zone, so that
the electromagnetic wave front has already been formed,
the vector n defines a normal to the wave front at the
point of observation.
In the framework of the problem concerned, the local
field effects manifest themselves in a twofold manner.
First, the current undergoes the self-field action, which
modifies radiation emission conditions. For example, this
effect gives rise to a shift of the lines of a radiating
quantum dot (it is an analog of the Lamb shift in
nuclear physics) [35–37]. How can the influence of the
self-field on the current in the particle be taken into
consideration? To understand this issue, suppose that
the current arises, because a certain external field affects
the particle. In this case, due to the self-field effects, the
particle undergoes the action of the local field, which
induces the current I,
I = −iωχE,

4.



(27)

at an arbitrary point of the particle; χ is the tensor of the
response to the local field. Since the local field is coupled
with the external one by means of the local field factor
(see formula (22)), E = ΛE(0) , expression (27) yields
I = −iωχΛE(0) .

(28)
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z

This expression will be basic for numerical calculations
of radiation patterns of the emitted energy at fixed
distances from the particle center.

R

5.

y
x
Fig. 1. Geometry of the problem

Let the current in a point-like object be equal to eI0 ,
where e is the unit vector along the current direction
and the current is calculated without taking local-field
effects into account. By comparing expressions (27) and
(28), one can see that making allowance for the self-field
effects is reduced to the multiplication of the current I0
by the local-field factor. That is, the local current, which
is the source of the radiated field, looks like
I = ΛeI0 .

(29)

Another way for the radiator extension to have an
effect consists in that the contributions of all elementary
currents to the field energy flux have to be summed up
over all physically infinitesimal volumes of the particle.
Thus, the Poynting’s vector looks like

1 
dR 5 −2(Λz) |Λz| sin(θ)+
S(R) = (ωI0 )2
R0
V


+n |Λz| (3 sin (θ) − 1)
2

2


(30)

to within terms that are linear in the parameter kR0
(the near-field approximation); θ is the angle, at which
the point of observation is seen (see Fig. 1). Therefore,
the size and the shape of the emitting particle affect
the photon emission through the integration over the
particle’s volume and due to the presence of the localfield factor.
The radiation pattern for the emitted energy of the
electromagnetic field is
dI¯
= nSR2 = (ωI0 )2 ×
dΩ

×
V

dR


R2 
2
2
|Λz|
(3
sin
(θ)
−
1)
−
2n(Λz)
|Λz|
sin(θ)
.
R05
(31)
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Numerical Calculations

To illustrate the developed approach, we calculated
radiation emission patterns for extended cubic particles.
A mesoparticle and a quantum dot were considered.
The results of numerical calculations are presented
graphically, where the distance from the coordinate
origin to a point at the calculated surface in the threedimensional space corresponds to the electromagnetic
field energy emitted by the particle (in relative units).
The radiated field energy was calculated on the sphere
with radius R, and the direction from the coordinate
origin to the point of observation was given by the
vector R direction (see Fig. 1). The coordinate origin
was fixed at the center of the cubic particle. The axes
of the coordinate system pass through the centers of
cube faces. The results of calculations are presented
separately for a mesoparticle (when the effects of
spatial quantization are insignificant) and for a quantum
dot.
Let us consider a cubic mesoparticle with the
edge length a = 1 × 10−6 m, and let the dielectric
permittivity of its material be equal to 11. The
radiation patterns were calculated by formula (31)
for various distances from the particle’s center. The
calculation results revealed a strong dependence of
radiation patterns on the distance R from the particle’s
center to the point of observation that is located
on a sphere with radius R. At short distances, the
radiation pattern was strongly anisotropic. It was
composed of narrow lobes directed along the spatial
diagonals of the cube (Figs. 2 and 3). As the distance
R (the radius of observation sphere) increased, the
lobes became strongly deformed (Fig. 4,a), and, at
distances longer than 3R, the radiation pattern was
almost indistinguishable from that of a point dipole
(Fig. 4,b).
It should be noted that, for simplicity, we supposed
the material that the mesoparticle was made of as
such that only oscillations of electric dipoles directed
along the axis OZ gave contributions to the radiation
induction. Therefore, the radiation pattern symmetry is
uniaxial at large enough distances between the particle
and the point of field observation. It is of interest
to monitor the variation of the spatial shape of the
radiation pattern as the radius of observation sphere
ISSN 2071-0194. Ukr. J. Phys. 2009. V. 54, N 4
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a

x

y

b

Fig. 2. Radiation pattern of a cubic mesoparticle at R = 1.5a.
(a) General view and (b) top view (along the OZ axis). The

Fig. 4. Radiation patterns of the light emission by a cubic
mesoparticle at the distances R = 2.5a (a) and R = 3a (b)

distance from an arbitrary point on the lobe surface to the frame
origin gives the magnitude of the field energy flux in this direction
z

z

O
0
y

x

a

Fig. 3. (b) Cross-section of the field energy flux emitted by a cubic
mesoparticle in the plane AA1 B1 B formed by two intersecting
diagonals of the cube (a)

grows. First, the lobes get smeared and merged into
two rounded square “half-bowls” joined at their bases
(see Fig. 4,a). As the radius of the observation sphere
increases, the radiation pattern becomes more and more
symmetric and dome-shaped. At distances more than 3R
from the particle, it emits as a point dipole.
Similar results were obtained for the light emission
by a quantum dot. In this work, the main attention
was focused on studying the influence of the emitting
particle’s extension on the formation of a radiation
pattern of the electromagnetic field energy flux.
Therefore, we considered the simplest case of a cubic
quantum dot in the uniform isotropic medium. Namely,
a GaAs quantum dot was considered, for which the
effective electron mass was me = 0.068 m0 , where m0
is the free electron mass. As the medium, Ga1−x Alx As
was selected, which emits light with the photon energy
ω0 ≈ 1 eV. The damping constant ν was selected
to provide the equality ν ≈ 0.05ω0 . The conduction
electron density was taken ne = 1018 cm−3 . Therefore,
ISSN 2071-0194. Ukr. J. Phys. 2009. V. 54, N 4

x

y

b

Fig. 5. Radiation patterns of the electromagnetic field energy flux
emitted by a quantum dot at R = 1.5a (a) and R = 2.5a (b)

provided that the cube edge length was a = 12 nm,
the particle included two conduction electrons. When
calculating the linear response to the local field
by formula (12), we made allowance for transitions
between the ground (111) and two excited states that
corresponded to the excitation of electron currents
directed along the OZ axis [36], namely, (111) →
(112) with the energy εnm = 0.15 eV and (111) →
(114) with the energy εnm = 0.76 eV. As a result,
we obtained the radiation patterns that were very
similar to those calculated for a mesoparticle. At short
distances from the quantum dot (R = 1.5a and R =
2.5a), the radiation patterns for the quantum dot look
as shown in Fig. 5. The increase of the distance to
R = 3.5a is accompanied by a deformation of the
radiation pattern toward the radiation pattern of a
point dipole. That is, the influence of the particle’s
extension on the formation of the radiation pattern
of a quantum dot is observed at short distances
from the particle, as it was in the mesoparticle
case.
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Fig. 6. Radiation pattern of the electromagnetic field energy flux emitted by a 17 × 17 × 6.8418-nm3 quantum dot: (a) general view and
(b) its cross-section at the distance R = 1.5 × 17.1 nm = 25.65 nm

a

b

Fig. 7. Radiation pattern of the electromagnetic field energy flux emitted by a mesoparticle a × a × 0.4a (a = 10−6 m) in dimension:
(a) general view and (b) its cross-section at the distance R = 1.5 × 10−6 m

6.

Conclusions

In this paper, we have considered the influence of
particle extension effects on the spontaneous photon
emission by a nanoparticle. Two cases were examined:
the spontaneous light emission by a mesoparticle – a
particle, in which the spatial quantization effects are
insignificant – and a quantum dot. In order to study
the particle’s extension effects, we have modified the
theory proposed earlier by one of the authors (O.K.)
[19–21]. The theory was improved by including the
self-field (local-field) effects on the oscillating dipole of
electron transitions in a particle under consideration.
The self-field was found by solving a self-consistent
equation – the Lippmann–Schwinger equation – for the
local field. The equations for particles of both kinds,
a mesoparticle and a quantum dot, were solved in the
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framework of the concept of effective susceptibility. An
analytic expression for the field energy flux emitted by
the particle has been obtained. This expression was
used in numerical calculations of radiation patterns
for the spontaneous emission by a cubic particle. At
short distances from the particle’s center, the radiation
patterns for a mesoparticle and a quantum dot look
like narrow lobes directed along the spatial diagonals of
the cube. The almost identical shapes of the radiation
patterns for a quantum dot and a mesoparticle can
be explained by the fact that the radiation pattern
is almost independent of the spectrum in the nearfield zone, being mainly governed by the geometric
shape of a particle. To confirm this conclusion, we
made relevant calculations for a mesoparticle and a
quantum dot, both plate-like, a × a × 0.4a (a =
10−6 m) and 17.1 × 17.1 × 6.8418 nm3 in dimension,
ISSN 2071-0194. Ukr. J. Phys. 2009. V. 54, N 4
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respectively. The results are depicted in Figs. 7 and 6,
respectively.
The increase of the distance to the observation sphere
is accompanied by a smearing of those lobes and a
transformation of the radiation pattern: at distances R ≥
2a for a mesoparticle and R ≥ 3.5a for a quantum dot,
the corresponding radiation pattern practically does not
differ from that of a point dipole. This fact can serve as a
substantiation of the statement that two nanoparticles
located at a distance more than a few of their linear
dimensions interact with each other as point dipoles.
This means that the results obtained here can serve as
an indirect substantiation of the validity of quasipoint
dipole model which is widely used in the framework of
the electrodipole approximation for the explanation of a
good many effects in submonolayer molecular coatings
on the surfaces of solids.
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Резюме
На основi методу локального поля побудовано схему розрахункiв дiаграм направленостей наночастинками рiзної форми.
Основна iдея методу полягає в побудовi самоузгоджених рiвнянь для електромагнiтного поля в довiльнiй точцi системи.
Розв’язок рiвнянь дає спiввiдношення, що пов’язують локальне
поле в довiльнiй точцi системи з зовнiшнiм довгохвильовим полем через фактор локального поля. Фактор локального поля
дає зв’язок мiж затравочним моментом оптичного дипольного переходу одиницi об’єму системи та ефективним дипольним
моментом переходу з урахуванням ефектiв локального поля.
Цей ефективний дипольний момент залежить вiд форми та

405

I. IEZHOKIN, O. KELLER, V. LOZOVSKI

розмiру частинки. В результатi випромiнення такого диполя
залежить вiд форми та розмiру частинки. В роботi розраховано дiаграми направленостi випромiнення частинками кубiчної
форми та показано, що на вiдстанях, якi перевершують лiнiй-
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нi розмiри об’єктiв, частинки взаємодiють майже як точковi
диполi. Це може, зокрема, слугувати обґрунтуванням застосування електродипольного наближення для вивчення оптичних
властивостей субмоношарових молекулярних покриттiв.
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