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We give an N = 1 supersymmetric extension of D = 4 dual grav-
ity non-linear action proposed in [1]. The dual supergravity action
and symmetries of the model, but supersymmetry, are realized in
a local way.

1. Introduction

Recently in [1], a new type of the dual gravity non-linear
action was proposed. An apparent advantage of the ap-
proach is the locality of the action as well as of gauge
symmetries of the theory. We recall that the previously
proposed dual gravity non-linear actions were realized
within a non-local approach, when the action and gauge
symmetries of the model contain non-local parts [2, 3]
(see also [4]). At the same time, it is worth mentioning
that the dynamics of the field dual to the graviton one
is described, after a transition to new variables [3], by a
local equation of motion.

The non-locality of the approach of [2, 3] is a direct
consequence of the non-locality in duality relations be-
tween the graviton field and its dual partner. The dual-
ity relation is of the first order in space-time derivatives
and contains the dynamics of both fields. Depending on
the basic field choice, the duality relation results either
in the graviton dynamical equation or in the equation
of motion of its dual partner. The action, from which
the duality relation comes, was realized in [2, 3] in a
duality-symmetric manner. That is, it includes, in its fi-
nal form1, the kinetic terms (and terms of interactions)
of the original fields and the dual ones. A most fas-
cinating example is given by the action of the bosonic
subsector of the completely duality-symmetric D = 11

1 This form of the action is equivalent to that of [2].

supergravity [2], which extends the construction of [5].
The duality-symmetric content of fields entering the ac-
tion reproduces the corresponding structure of low-level
generators (up to the level equal to three) in the pro-
posed infinite-dimensional hidden symmetry algebra of
the M-theory [6]. This algebra predicts a field dual to the
graviton one which should be incorporated into the effec-
tive dynamics of the M-theory. It gives another reason
to invoke non-locality in view of numerous no-go theo-
rems [7] which claim on the impossibility to construct a
dual non-linear spin-2 field theory action by local defor-
mations of free theory.

The construction of [2,3] is realized within the second-
order formalism, when the basic (and unique) variables
of the problem are vielbeins, while the spin-connection
is expressed through the vielbeins and their derivatives.
In contrast to [2, 3], the formulation of [1] is based
on the first-order reformulation of gravitational action
that results in a number of important changes. The
basic change consists in the dualization of the spin-
connection rather than that of the vielbein, as it was
done in [2, 3]. Dualizing the spin-connection can be eas-
ily realized in the linearized limit [8] (see also [9, 10]
for early papers), which turns out to be generalized to
the non-linear case [1]. The non-linear first-order ac-
tion of [1] is constructed out the dual spin-connection
extended, in a specific way, with the “field strength”
dual to the vielbein one. It also contains the original
vielbeins entering the action through a Chern–Simons
combination with the dual connection. Another dis-
tinctive property of the construction is its straightfor-
ward generalization to the case of the interaction with
matter fields. The formulation of [1] still remains lo-
cal in the case. We recall that the second-order for-
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malism is “sensitive” to the presence of matter fields,
when the dualization requires, even in the linearized
limit, to introduce the non-locality in the duality rela-
tions [11, 12].

We have noticed the relation between the hidden sym-
metry algebra of M-theory [6] and the structure of the
duality-symmetric action [2, 3]. It is also worth men-
tioning the role of supersymmetry in this respect, be-
cause the starting point in searching for the M-theory
hidden symmetry structure was D = 11 supergravity
and the structure of its hidden symmetries arising upon
the toroidal dimensional reduction [6]. The low-level
generators of the proposed hidden symmetry algebra,
known now as E11, are in the one-to-one correspondence
with fields which cast an N = 1 supersymmetric spin-2
multiplet in eleven space-time dimensions, including the
field dual to the graviton one and to a third-rank anti-
symmetric tensor field2. Therefore, we have to get the
supersymmetric formulation of the theory dual to the
graviton field theory at the end. Searching for a realiza-
tion of this task is the main motivation of the paper.

The paper is organized as follows. In the next section,
we make preliminary steps to obtain an N = 1 super-
symmetric extension of the non-linear parent action of
D = 4 dual gravity [1]. Doing that, we make a special
accent on the supersymmetry transformations of a spin-
connection. Usually, these transformations are ignored,
since their explicit form is not needed to prove the invari-
ance of the supergravity action under local supersym-
metry transformations (in the so-called 1.5-formalism3).
However, the explicit form of the spin-connection super-
symmetry transformation essentially simplifies extract-
ing the corresponding transformation of the field dual
to the vierbein. The supersymmetric extension of the
dual gravity parent action is given, in its final form, in
Section 3. The summary of the results is contained in
Conclusions. Our notation and conventions are listed in
Appendix.

2. Prerequisites of the Construction

We begin with the standard action for D = 4 N = 1
supergravity [15–17]

SEH+RS = − 1
4k2

∫
d4x eR(ω)−

2 The structure of the first order parent action within the E11

perspective was discussed in [1].
3 See, e.g., [13] for details and [14] for discussing the relation of
the 1.5-formalism to the first-order supergravity formulation.

− i

2

∫
d4x eψ̄mγmnkDn(ω)ψk, (1)

where e = det ea
m is the determinant of the vierbein, the

curvature tensor is defined by

Rmn
ab(ω) = ∂mωn

ab + ωm
acωnc

b − (m ↔ n), (2)

and R(ω) = em
a en

b Rmn
ab(ω). The spin-connection

ωm
ab = −ωm

ba and the vierbein are independent fields,
which corresponds to the first-order formulation.

Action (1) is invariant under space-time diffeomor-
phisms, local Lorentz transformations which act on the
flat-type indices, and local supersymmetry transforma-
tions

δεe
a
m = −ikε̄γaψm, δεψm =

1
k

Dm(ω)ε, (3)

with a parameter ε(x). The supersymmetry transforma-
tion of the connection [17] will also be important for our
aims. In our notation, it reads

δεωa
bc =

1
4
kεbcdeε̄γ5 ×

× [γeΨda(ω)− γaΨed(ω) + γdΨae(ω)] , (4)

where we have introduced Ψab = em
a en

b (Dm(ω)ψn −
Dn(ω)ψm).

Our next step is to transform the action into a form
which would be convenient for dualization. We note to
this end that (1), up to irrelevant boundary terms, may
be rewritten as

S = − 1
4k2

∫
d4xe

[
ωa

abωcb
c − ωabcω

bca + 2Cab,
aωc

bc+

+Cab,cω
cab

]− i

2

∫
d4x eψ̄mγmnkDn(ω)ψk, (5)

with Cab,
c = 2∂[aec

b]. This action or, more precisely, the
action which apparently is related to (5)

S = − 1
4k2

∫
d4xe[em

a en
c ωm

abωnb
c − em

a en
b ωmbcω

nca+

+2em
a en

b Cmn,
aωc

bc + em
a en

b ec
kCmn,cω

kab]−

− i

2

∫
d4x eψ̄mγmnkDn(ω)ψk, (6)

Cmn,
a = 2∂[mea

n], is invariant under the local supersym-
metry transformations (3), (4).
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Next, we change the connection to the following vari-
ables [8]

ωabc = Ybc,a + ηa[bYc]d,
d, Yab,c = −Yba,c. (7)

This results in

S = − 1
4k2

∫
d4xe

[
em
a en

b Cmn,cY
ab,c + Yab,cY

ac,b−

−1
2
Yab,

bY ac,
c

]
− i

2

∫
d4x eψ̄mγmnkDn(Y )ψk, (8)

where

Dm(Y )ψn =
(

∂m +
1
4
Y ab,

mγab +
1
4
ea
mY bc,

cγab

)
ψn.

(9)

The supersymmetry transformations which leave (8) in-
variant are

δεe
a
m = −ikε̄γaψm, δεψm =

1
k

Dm(Y )ε, (10)

δεYab,c =
1
4
kεab

fdε̄γ5 [γdΨfc(Y )− γcΨdf (Y )+

+γfΨcd(Y )] +
3
2
kηc[aεe

b]fdε̄γ5γ
dΨf

e(Y ). (11)

Finally, we write down action (8) in terms of the dual
variables

Y ab,c =
1
2
εabdfYdf,

c; (12)

after that, it becomes

S = − 1
4k2

∫
d4xe

[
1
2
em
a en

b Cmn,cε
abdfYdf,

c−

−1
4
Yab,cYab,c − 1

2
Yab,cYac,b + Yab,

bYac,
c

]
−

− i

2

∫
d4x eψ̄mγmnkDn(Y)ψk. (13)

The covariant derivative acting on the gravitino is

Dm(Y)ψn =
(

∂m +
1
8
εabcdee

mγabYcd,e+

+
1
8
ea
mεbcdeγabYde,c

)
ψn, (14)

and (13) is invariant under the local supersymmetry
transformations

δεe
a
m = −ikε̄γaψm, δεψm =

1
k

Dm(Y)ε,

δεYab,c = kε̄γ5 (γcΨba(Y) + 2γbΨac(Y) + 2γaΨcb(Y)) ,

(15)

with the covariant gravitino curl

Ψba(Y) = ∂bψa +
i

8
γ5γ

fgYfg,bψa +
1
4
εfgebYfg,eψa−

−3i

4
γ5γ

egYbg,eψa − (a ↔ b). (16)

3. The Parent Action

After these preparations, we are now ready to construct
the non-linear parent action of dual N = 1 D = 4 su-
pergravity. Following [1], we extend the dual connec-
tion Yab,c with the curl of a new field. The dual spin-
connection becomes

Fab,c = Yab,c + Fab,c, (17)

where

Fab
,c = 2∂[aCb]

,c. (18)

The field Ca,b is the dual to the graviton field.
Substituting the dual spin-connection (17) into (13),

we arrive at

S = − 1
4k2

∫
d4xe

[
1
2
em
a en

b Cmn,cε
abdfYdf,

c−

−1
4
Fab,cFab,c − 1

2
Fab,cFac,b + Fab,

bFac,
c

]
−

− i

2

∫
d4x eψ̄mγmnkDn(F)ψk. (19)

This is a supersymmetric extension of the action con-
structed in [1]. The covariant derivative acting on the
gravitino is

Dm(F)ψn =
(

∂m +
1
8
εabcdee

mγabFcd,e+
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+
1
8
ea
mεbcdeγabFde,c

)
ψn, (20)

and we have omitted the total derivative term dea ∧
dCbηab in (19).

The action we get possesses the same symmetries as
its non-supersymmetric predecessor. It is invariant un-
der the local diffeomorphisms, local Lorentz transforma-
tions, and a special shift symmetry

δYab
,c = 2∂[aΣb]

,c, δCa
,b = −Σa

,b, (21)

which leaves Fab,c invariant. The analysis of these sym-
metries is the same, as it has been done in [1], so we refer
the reader to this reference for details.

The rest of the symmetries of (19) is the local super-
symmetry, to the consideration of which we now turn.
The supersymmetry transformations which leave the ac-
tion invariant are

δεe
a
m = −ikε̄γaψm, δεψm =

1
k

Dm(F)ε,

δεFab,c = kε̄γ5 (γcΨba(F) + 2γbΨac(F) + 2γaΨcb(F)) .

(22)

Since we have known the transformation law of Yab,c,
Eq. (15), the local supersymmetry transformation of
the dual “field strength” is read off (22). This results
in

δε∂[aCb,]c =
1
2
kε̄γ5 ×

× [γcΦba(∂C) + 2γbΦac(∂C) + 2γaΦcb(∂C)] , (23)

where

Φba(∂C) =
i

8
γ5γ

fg∂fCg,bψa +
1
4
εfgeb∂

fCg,eψa−

−3i

4
γeg∂bCg,eψa − (a ↔ b). (24)

Let us turn to the discussion of (23). Note first that
(22) is similar to a standard form of the spin-connection
supersymmetry transformation: the variation of the con-
nection is expressed through a function depending on
the connection (see (4), (11), (15)). The field dual to
the graviton one enters the generalized connection Fab,c

through the “field strength” F a = dCa. Its transforma-
tion law is a part of the supersymmetry transformations

(22); hence, (23) has the standard, if we treat it as a spin-
connection, form. On the other hand, one may notice
that Cm

,a is the field dual to ea
m. The vierbein possesses

its own transformation under the local supersymmetry,
Eq. (3). The same may be expected for Cm

,a, so the
problem is how to read off the supersymmetry transfor-
mation of ‘bare’ Cm

,a from (23).
We have not a good recipe to solve this problem in a

local way. The point is that the dual field is transformed
under the local Lorentz transformations as [1]

δCa
,b = Λ̃ b

a + . . . , (25)

with the dual parameter Λ̃ b
a = −Λ̃b

a. We can fix Λ̃ b
a

to remove the antisymmetric part of Ca
,b, i.e. C[a

,b] = 0.
Then, Eqs. (23), (24) get transformed into

δε∂[aCb],c|gauge fixed = − i

8
kε̄Mefg

cba γe(γij∂iCj,f )ψg, (26)

where we have introduced

Mefg
cba = δe

cδ
fg
ba + 2δe

bδ
fg
ac + 2δe

aδfg
cb , δfg

ba ≡ δf
[bδ

g
a].

It becomes clear that the structure of Eq. (26) does not
allow one to extract the supersymmetry transformation
of Cm

,a in a straightforward and local way.

4. Conclusions

To summarize, we have constructed a supersymmetric
extension of the parent action of dual D = 4 gravity pro-
posed in [1]. This procedure does not break the locality
of the action, its symmetries (excluding supersymmetry,
cf. (23), (26), and see the discussion below), and equa-
tions of motion. Constructing the action, we followed
the same routine of field transformations which was re-
alized in [1, 8], getting started with the classical action
of D = 4 simple supergravity. Using the explicit form
of the spin-connection supersymmetry transformations,
usually ignored, essentially simplified the derivation of
supersymmetry rules after the dualization.

Before introducing a field dual to the graviton one, all
the supersymmetry transformations are local. Once the
dual field is taken into account, a non-locality appears
through the dual field strength supersymmetry trans-
formation. We have found in [3] that a by-product of
the dualization is the non-locality of gauge transforma-
tions of dual fields. To be precise, the field dual to the
graviton one possesses a non-local symmetry when it is
transformed under the Lorentz transformations in the
tangent space. Here, we have found another example
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of non-locality in gauge transformations which appears
after dualization+supersymmetrization of the problem.

On the other hand, it is not so surprising that we get
non-local supersymmetry transformations at the end. A
reason for that follows from the previous experience in
the construction of a hidden symmetry algebra upon the
toroidal dimensional reduction of N = 1 D = 4 super-
gravity to one dimension [18]. We recall that fermions
are needed to enlarge the hidden symmetry algebra in
one dimension to a hyperbolic Kac–Moody algebra. The
enlargement is realized due to an interplay between two
types of transformations, the Ehlers transformations and
the Matzner–Misner transformations (see [18] for de-
tails). These transformations are non-local when they
act on the dual bosonic fields. Supersymmetry has to be
a part of the hidden symmetry structure which also acts
nonlocally on the field dual to the graviton one.

An interesting problem for the further study is to
obtain a modification of the supersymmetry transfor-
mations of parent actions in the case of extended or
higher-dimensional supergravities, when the antisym-
metric gauge fields are taken into account. It would also
be interesting to realize, in such a perspective, the ap-
plicability of the approach of [1] to duality-symmetric
theories, in particular, to the description of the self-dual
part of the D=10 type IIB supergravity action in a man-
ifestly covariant way.

The author is grateful to A.N. Petrash for help in veri-
fying the supergravity transformations. Work supported
in part by the INTAS grant # 05-08-7928 and the joint
NASU–RFFR grant # 38/50-2008.

APPENDIX A. Notation and conventions

Our notation is as follows: indices from the beginning of the Latin
alphabet are vector flat indices, and those of the middle of the
Latin alphabet are curve ones. Spinor indices are hidden.

The Levi-Civita tensor is chosen to be

εabcdεabcd = −4!,

we use the mostly minus signature with ηab = diag(+,−,−,−).
The torsion and curvature tensors are defined by

T a = dea + ωa
b ∧ eb,

Rab = dωab + ωac ∧ ωc
b,

that corresponds in the coordinate basis to

Tmn
a = ∂mea

n + ωm
abenb − (m ↔ n)

and to Eq. (2). The external derivative d acts from the left.
For the γ-matrices, we use

γab =
1

2
[γa, γb], γabc =

1

2
{γa, γbc}.

We define

γ5 = iγ0γ1γ2γ3,

then

γabcd = −iγ5εabcd, γabc = −iεabcdγ5γd.

Spinors are Majorana ones, the covariant derivative is defined
by

Dmψn =

(
∂m +

1

4
ωmabγ

ab

)
ψn.
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НЕЛIНIЙНА МАЙСТЕР-ДIЯ I ДУАЛЬНА N = 1 D = 4
СУПЕРГРАВIТАЦIЯ

О.Ю. Нурмагамбетов

Р е з ю м е

Запропоновано N = 1 узагальнення суперсиметричної нелiнiй-
ної дiї D = 4 дуальної гравiтацiї працi [1]. Дiя дуальної супер-
гравiтацiї i всi симетрiї моделi, крiм суперсиметрiї, реалiзовано
локальним чином.
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