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The Bethe variational method has been used to estimate the bind-
ing energy of the exciton ground state in a flat semiconductor
nanofilm. The Green’s function method has been applied to study
the dependence of the exciton energy on the film thickness taking
the exciton-phonon interaction into account at a temperature of
0 K. Calculations were executed in the framework of the rect-
angular finite-depth quantum well model and making use of
Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As and CdS/HgS/CdS nanofilms
as examples.

1. Introduction

The prospect of the creation of modern electron-optical
devices on the basis of semiconductor nanostructures
[1] stimulates theoretical and experimental researches of
their electric, magnetic, and optical properties of the
latter. The properties of nanosystems are governed to
a great extent by a restriction of quasiparticle spatial
motion in them [1], the efficiency of interaction between
quasiparticles [2], and external conditions.

The energy spectrum of free charge carriers interact-
ing with phonons in flat semiconducting nanofilms (NFs)
with quantum wells (QWs) was studied in the framework
of the perturbation [2–4] and Lee–Low–Pines [5] theo-
ries. Information concerning the electron and hole ener-
gies renormalized by the interaction with phonons in NFs
with various thicknesses allows analogous energy trans-
formations for exciton states to be established. Since the
latter play an important role in the formation of opti-
cal spectra [1, 6], the problem of finding the character
and the origins of variation of the exciton energy in NFs
with different electron-phonon couplings, different thick-
nesses, and at different temperatures is challenging.

Exciton states and their interaction with optical vibra-
tions in semiconductor heterostructures with QWs were
studied in many experimental and theoretical works.
In particular, in works [7, 8], the variational method
was used to study the dependence of the binding en-
ergy (BE) of an exciton in NFs created on the ba-
sis of II–VI and III–V compounds on the NF thick-
ness. The calculation of the exciton BE in NFs

AlxGa1−xAs/GaAs/AlxGa1−xAs with QWs character-
ized by a rectangular or a parabolic profile was also car-
ried out in work [9] on the basis of the two-parameter
variational method. The results of theoretical calcula-
tions by the authors of both groups agree with the data
of experimental measurements [10, 11].

However, neither in the works cited above, nor in other
theoretical works, were the temperature variations of the
quasiparticle energy in semiconductor NFs with QWs
studied. Provided a low concentration of quasiparticles,
such a problem can be solved in the framework of the
Green’s function method [12].

In this paper, the possibilities of the Green’s func-
tion method have been demonstrated for the theoret-
ical study of transformations of the excitonic ground
state energy in NFs, which occur when the NF thickness
changes,. The specific calculations were executed for
Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As and CdS/HgS/CdS
NFs with a finite-depth rectangular QW. The temper-
ature was assumed to be 0 K. The former structure has
been studied well both theoretically [7,9] and experimen-
tally [10, 11]; it was chosen to compare our results with
the data given in the cited works. The latter structure
was studied theoretically in the case of nanostructures
of the quantum-dot [13] and quantum-wire [14] types.
Hence, the reported results comprise an extension of
such researches to the case of flat NFs with a rectan-
gular QW in the indicated nanoheterosystem.

The reduction of a NF thickness was shown to give
rise to a nonlinear growth of the excitonic transition
energy due to the raising of the electron (hole) ground
level in the QW, to its shift toward lower energies due
to electron-phonon interaction (mainly, with the inter-
face and confined phonons), and to the nonmonotonous
dependence of the exciton BE on the NF thickness. The
role of exciton-phonon interaction in the formation of a
specific BE in the nanoheterostructures under consider-
ation is weak in comparison with the influence of spatial
confinement.

The method of theoretical research, which is pro-
posed here, can be easily modified for studying the
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temperature-induced variations of the exciton energy as
a result of the interaction between excitons and phonons
in the NF.

2. Exciton in a Flat Semiconductor Nanofilm

We consider a flat semiconductor NF (medium 0) em-
bedded into another massive semiconductor (medium 1)
with a wider energy gap. The Cartesian coordinate sys-
tem is so chosen that its origin is located in the middle
of the film (the film thickness is a), and the plane XOY
is parallel to the NF surface.

As usual, theoretical researches of the electron and
hole states in semiconductor nanoheterostructures are
carried out in the effective mass approximation, whereas
the phonon states are considered in the dielectric contin-
uum one [2–5, 7–9]. Our further calculations were car-
ried out in the framework of indicated approximations,
by assuming that the energy spectrum of quasiparticles
is non-degenerate and isotropic; we also use the model
of rectangular QW with a finite depth. Therefore, the
effective masses mj and the confining potentials Vj of
an electron (j = e) and a hole (j = h), as well as the
dielectric permittivity ε of the medium, where the elec-
tron and the hole are located, are assumed to be known
functions of the z-component of the quasiparticle radius-
vector rj = (ρj , zj):

mj(z) =

{
m

(0)
j ,

m
(1)
j ,

ε(z) =
{

ε(0),
ε(1),

Vj(z) =
{

0, |z| ≤ a
2 ;

Vj , |z| > a
2 .

The forces of interaction between charge carriers and
their electrostatic images are neglected, because we
study the heterostructures with small differences be-
tween lattice constants and dielectric permittivities of
their components (Table 1).

By separating the free motion of the center of masses
of the electron and the hole in directions parallel to the
NF plane, we express the Hamiltonian of an exciton in
the form

Ĥex = Ĥ⊥
e + Ĥ⊥

h + ĤSS + Ĥp = Ĥ0 + Ĥp. (1)

The first two terms

Ĥ⊥
j = −~

2

2
∂

∂zj

1
mj(zj)

∂

∂zj
+ Vj(zj) (j = e, h) (2)

describe the confined motion of a free charge carrier
along the OZ-axis,

ĤSS = −~
2∇2

ρ

2µ
− βe2

ερ
(3)

is the Shinada–Sugano Hamiltonian [15] modified by in-
troducing the Bethe variational parameter β which de-
scribes a two-dimensional (2D) exciton with the reduced
mass µ = memh/(me + mh);

Ĥp =
βe2

ερ
− e2

ε|~re − rh| (4)

is the perturbation operator which makes allowance for
the difference between the motions of 3D and 2D exci-
tons in the NF; and ρ = ρe − ρh.

If Ĥp is considered as a small perturbation in the sys-
tem describing by the Hamiltonian Ĥ0, the energy of an
exciton in the NF can be expressed in the form

Ene,nh,N (k‖) = E(e)
ne

(k‖) + E(h)
nh

(k‖)+

+EN + ∆Ene,nh,N (k‖), (5)

where E
(j)
nj (k‖) is the energy of a free charge carrier in

the band that is defined by the quantum number nj and
the longitudinal component of the wave vector k‖, EN =
−β2Rex/(N + 1/2)2 is the energy of a 2D exciton in
the state with the principal quantum number N (N =
0, 1, 2, . . . ), and Rex is the effective Rydberg constant
[15]. The last term in formula (5) is a correction to the
eigenvalue of Hamiltonian Ĥ0, which arises due to the
perturbation determined by the operator Ĥp.

The normalized wave function of a particle in the
ground state of the system with the Hamiltonian Ĥ0

looks like

Ψ(ρ, ze, zh) =

√
8

πa2
ex

exp(−2ρβ

aex
) · ψ1(ze)ψ1(zh). (6)

Here, aex is the effective Bohr radius of an exciton,

ψn(z) =
Cn√

a
×

×
{

cs(k0nz), |z| ≤ a
2 ;

cs[sign(z)k0na/2] exp[k1n(a/2− |z|)], |z| > a
2

(7)

T a b l e 1. Physical parameters of compounds: lattice
constant a0 (Å), dielectric permittivities ε0 and ε∞, ef-
fective masses of electron and hole me,h (in terms of free
electron mass, m0, units), optical phonon energies ΩL

and ΩT (meV), energy gap width Eg (eV), and confining
potentials Ve,h (eV)

Compound a0 ε0 ε∞ me mh ΩL ΩT Eg Ve Vh

β-HgS 5.851 18.20 11.36 0.036 0.044 27.80 21.96 0.5
β-CdS 5.818 9.10 5.50 0.20 0.70 57.20 44.47 2.5 1.35 0.8
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is the wave function of a free charge carrier in the state
with the energy En < V (n = 1, 2, . . .),

Cn =
√

2[1 + (−1)n−1 sin(k0na)
k0na

+ 2
cs2(k0na/2)

k1na
]−

1
2 , (8)

cs(xn) =

{
cos(xn), n = 1, 3, 5, . . . ;
sin(xn), n = 2, 4, 6, . . . ,

and k0n =
√

2m0En/~ and k1n =
√

2m1(V − En)/~ are
the transverse wave vector components of a quasiparticle
in the NF and in the barrier medium, respectively. The
correction to the eigenvalue of operator Ĥ0, which is
determined with the help of function (6), depends on the
NF thickness a and the variational parameter β. Then,
the ground state energy (ne = nh = 1, N = 0)

Eex(a) = E(0)
g + E

(e)
1 (a) + E

(h)
1 (a)− Eb(a) (9)

and the BE

Eb(a) = 4Rexβ0 −∆E(a, β0) (10)

of an exciton are the functions of the NF thickness a.
Here, E

(0)
g is the energy gap width in the massive crystal

of a substance the NF is made of, E(j)
1 (a) ≡ E

(j)
1 (k‖ = 0)

is the quasiparticle ground state energy in the corre-
sponding QW, and β0 is the value of the variational pa-
rameter that minimizes the ground state energy of an
exciton.

Hence, to determine the exciton energy for a given
a, we need to find the correction ∆E(a, β) and then to
minimize Eex(a) with respect to the parameter β. To
calculate ∆E(a, β), we use functions (6) which contain
the wave functions of the quantized states of an electron
and a hole, ψn(zj).

We found the correction ∆E(a, β) in two models:
(a) Similarly to what was done in works [7,8], we neglect
the probability for the electron and the hole to penetrate
outside the QW boundaries. In this case, we obtain

∆E(a, β) = 8R(0)
ex β2

(
1− 2a

πa
(0)
ex Se(a)Sh(a)

×

×
π/2∫

0

De(a, x)Dh(a, x)

x2 − (2aβ/a
(0)
ex )2

ln
1 + (πa(0)

ex
4a0β )2

1 + ( πa
2a0x )2

dx

)
; (11)

(b) In the case where the electron and the hole can pen-
etrate into the barrier medium, we obtain

∆E(a, β) = 8Rex(a)β2

(
1− a

2πaBW (a)
×

×
π/2∫

0

[
µ2

00

ε̃3
00

P00(a, β, x)De(a, x)Dh(a, x)+

+
µ2

01

ε̃3
01

cos2
k

(h)
01 a

2
P01(a, β, x)De(a, x)Qh(a, x)+

+
µ2

10

ε̃3
10

cos2
k

(e)
01 a

2
P10(a, β, x)Dh(a, x)Qe(a, x)+

+
µ2

11

ε̃3
11

cos2
k

(e)
01 a

2
cos2

k
(h)
01 a

2
P11(a, β, x)×

×Qe(a, x)Qh(a, x)
]
dx

)
. (12)

Here,

W (a) =
1
4
[
µ00

ε̃2
00

Se(a)Sh(a) +
µ01

ε̃2
01

cos2 k
(h)
01 a
2

k
(h)
11 a
2

Se(a) +

+
µ10

ε̃2
10

cos2 k
(e)
01 a
2

k
(e)
11 a
2

Sh(a) +
µ11

ε̃2
11

cos2 k
(e)
01 a
2

k
(e)
11 a
2

cos2 k
(h)
01 a
2

k
(h)
11 a
2

];

Sj(a) = 1 +
sin (k(j)

01 a)

k
(j)
01 a

;

Dj(a, x) =
sin x

x
+

1
2
[
sin (k(j)

01 a + x)

k
(j)
01 a + x

+
sin (k(j)

01 a− x)

k
(j)
01 a− x

];

Qj(a, x) = 2
k

(j)
11 a cos x− x sin x

x2 + (k(j)
11 a)2

(j = e, h);

Pll′(a, β, x) =
1

x2 − ( 2aµll′β
aB ˜εll′

)2
ln

1 + ( πaB ε̃ll′
4a0µll′β

)2

1 + ( πa
2a0x )2

;

µll′ =
1

m0

m
(l)
e m

(l′)
h

m
(l)
e + m

(l′)
h

; ε̃ll′ =
√

ε(l)ε(l′);

Rex(a) = RyW (a)(Ce
1Ch

1 )2; (13)
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aB and Ry are the Bohr radius and the Rydberg con-
stant, respectively, for the hydrogen atom; a

(0)
ex =

aBε(0)/µ(0) and R
(0)
ex = Ryµ(0)/ε(0)2 are the same pa-

rameters for an exciton in the NF; Ce
1 (Ch

1 ) is the nor-
malizing factor for the wave function of an electron (hole)
in the ground state; µ(l) is the reduced mass of an ex-
citon (in terms of free electron mass, m0, units) in the
medium with the dielectric permittivity ε(l) (l = 0, 1);
and a0 is the crystal lattice constant of medium 0.

3. Exciton-Phonon Interaction in a Flat
Semiconductor Nanofilm

The Hamiltonian of the exciton-phonon system in a NF
looks as like

Ĥ = Ĥex + Ĥph + Ĥint. (14)

Here,

Ĥph = ĤL0 + ĤL1 + ĤI =
∑

λ,q‖

ΩL0(b̂+
λq‖

b̂λq‖ + 1/2)+

+
∑

q⊥,q‖

ΩL1(b̂+
q⊥q‖ b̂q⊥q‖ + 1/2)+

+
∑

σ=S,A

∑
p=±

∑
q‖

Ωσp(q‖)(b̂+
σpq‖ b̂σpq‖ + 1/2) (15)

is the Hamiltonian of the system of longitudinal optical
polarization phonons: confined in the NF medium (L0),
semiconfined in barrier medium 1 (L1), and interface (I)
ones; ΩL0, ΩL1, and Ωσp(q‖) are the energies; and b̂+

Λq‖

(b̂Λq‖) is the operator of creation (annihilation) of the
corresponding phonon state with a continuous (q⊥) or
discrete (qλ = λπ/a (λ = 1, 2, . . . , N) or q⊥ = {σp})
transverse components of the wave vector q = (q‖, q⊥)
[4].

Supposing that exciton-phonon coupling is realized
through the interaction between phonons, on the one
hand, and the electron and the hole, on the other hand,
the interaction Hamiltonian can be expressed in the form

Ĥint = Ĥex−L0 + Ĥex−L1 + Ĥex−I =

=
∑

j=e,h

ηj [
∑

nj ,n′j ,k‖

∑

λ,q‖

Fλ
njn′j

(q‖)â+
n′jk‖+q‖

ânjk‖B̂λq‖+

+
∑

q⊥,q‖

F q⊥
njn′j

(q‖)â+
n′jk‖+q‖

ânjk‖B̂q⊥q‖+

+
∑

σ,p,q‖

F σp
njn′j

(q‖)â+
n′jk‖+q‖

ânjk‖B̂σpq‖ ], (16)

where ηe = 1; ηh = −1; â+
njk

and ânjk are the operators
of creation and annihilation, respectively, of an electron
(j = e) or hole (j = h) state with the wave vector k in
the nj-th band; B̂Λq‖ = b̂Λ,q‖ + b̂+

Λ,−q‖
(Λ = qλ, q⊥, or

{σp} is the subscript that distinguishes the phonon type
and, simultaneously, determines the transverse compo-
nent q⊥ of its wave vector q); and FΛ

njn′j
(q‖) are the

functions, which describe the coupling with the corre-
sponding phonon state. The explicit forms for the de-
pendences of coupling functions on the NF thickness a
and the longitudinal component q‖ of the wave vectors
are given in work [16] for L0- and L1-phonons, as well as
for I-phonons belonging to the symmetric (σ = S) and
antisymmetric (σ = A) branches.

The interaction with phonons shifts the bottom of the
ground band of the j-th carrier in the QW by ∆j and,
by varying the transverse components of its wave vec-
tor k

(j)
ln (here, n indicates the band, and l the medium),

changes the exciton BE. Then, the transition energy into
the ground state of an exciton in the NF with thickness
a renormalized by the interaction with phonons is ex-
pressed as

Eex(a) = E(0)
g + E

(e)
1 (a) + ∆e(a)+

+E
(h)
1 (a) + ∆h(a)− Eb(a). (17)

In the case of weak electron-phonon coupling, the shift
of the bottom, E1, of the electron ground band can be
written down in the form

∆ ≡ M(k‖ = 0, E = E1) = ∆L0 + ∆L1 + ∆I , (18)

where M(k‖, E) is the one-phonon mass operator of
Green’s function; and ∆L0, ∆L1, and ∆I are partial
shifts due to the interaction with corresponding phonons
[16]. Their explicit forms at T = 0 K, owing to their
cumbersome length, are not given here, but they can be
found in work [16].

4. Analysis of the Results Obtained

The plots of the dependence of the exci-
ton BE, Eb, on the NF thickness (the film
Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As) are shown in
Fig. 1,a. The calculations carried out in the framework
of model A give rise to a monotonously decreasing
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BE dependence on the NF thickness a (curve 1 ),
which is similar to the results of work [7]. The values
of Eb obtained for films with the thickness of more
than 10 nm agree with the results of works [7, 9] and
approach the value characteristic of a massive GaAs
crystal, R

(0)
ex ≈ 4.7 meV, if a ≥ 40 nm. At smaller film

thicknesses, the results obtained in the framework of
this model considerably exceed the data of the indicated
works.

The calculations executed in the framework of model
B brought about a nonmonotonous dependence of the
BE on the NF thickness (curve 2 ). At thicknesses of
more than 20 nm, the results of both models practically
do not differ. At a ≥ 10 nm, the behavior of curve 2
qualitatively agrees with the data of theoretical [7,9] and
experimental [10, 11] works. In the range of narrower
thicknesses, the dependence Eb(a) also turns out non-
monotonous; namely, if a diminishes, the BE drastically
grows to reach the maximum in an NF with a thickness
of about 2 GaAs monolayers. Then it falls down quickly
and attains, at a → 0, the value R

(1)
ex ≈ 7.3 meV which

is characteristic of a massive Al0.3Ga0.7As crystal.
From the physical reason, the behavior of curve 2 tes-

tifies that model B takes the influence of the nanosystem
structure into consideration more completely than model
A does. The results obtained in the framework of this
model are in qualitative agreement with the calculation
results [9] and the experimental data [10, 11]. However,
in the region of curve 2 maximum, the BE values turn
out overestimated. It is quite clear, because the model of
dielectric continuum, the effective mass approximation,
our assumption on the effective mass isotropy, and our
neglect of the interaction between electrons (holes) and
their electrostatic images appear rather crude in the case
of very narrow films. Nevertheless, this model gives the
qualitatively valid result which agrees with the results of
calculations in work [9] even at a → 0.

Similar dependences of the exciton BE on the thick-
ness of CdS/HgS/CdS NF are shown in Fig. 1,b. For
films, the thickness of which exceeds the polaron radius
Rp ≈ 6.2 nm, the results of both models practically co-
incide and approach, at a > 100 nm, the BE value for
a 3D exciton in β-HgS, R

(0)
ex ≈ 0.8 meV. At narrower

thicknesses, the dependence shown by curve 2 is more
abrupt and nonmonotonous: the reduction of a gives rise
to the BE growth, which achieves its maximum in films,
the thickness of which is one monolayer of β-HgS, and is
followed by a decreasing, so that the value of Eb tends
to the BE of a 3D exciton in β-CdS, R

(1)
ex ≈ 25.6 meV,

at a → 0.
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Fig. 1. Dependences of the exciton binding energy Eb on the
nanofilm thickness a, calculated in the framework of models A (1 )
and B (2 ), and taking the interaction with phonons into account
(3 )

An essential difference between the results for both
nanostructures consists in that both models give prac-
tically identical results for the NF CdS/HgS/CdS (ex-
cept for very small thicknesses, where the application
of model A is invalid). It is related to the fact that
the height of the potential barrier for an electron and a
hole at the heterojunction β-HgS/β-CdS is considerably
higher than that at the GaAs/Al0.3Ga0.7As one (Ta-
ble 1). Hence, at a > Rp, we can consider an exciton
to be really closed within the NF CdS/HgS/CdS [7]. At
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Fig. 2. Dependences of the electron (a, b) and hole (c, d) ground band bottom shift ∆L0 due to the interaction with confined phonons
and its components associated with the engaging of main (d1), other (dΣ) and all (d) discrete states, as well as continual (c) states, of
the electron spectrum, on the nanofilm thickness a

smaller thicknesses, the spatial confinement and barrier
medium effects grow, which induces a nonmonotonous
behavior of the BE variation. From the physical rea-
son, the behavior of curve 2 looks quite justified, and
the quantitative results of model B seem satisfactory in
order to analyze the character of exciton energy trans-
formations in the NF, when the NF thickness and the
temperature vary.

The renormalization of the ground state energies of
an electron and a hole–and, respectively, an exciton–
in the QW occurs due to their interaction with optical
vibrations of all types, which give different contributions
to shift (18). Let us suppose that every partial shift is
generated by the interaction between the electron (hole)

and phonons through the states in the ground and all
higher bands of the discrete and continual parts of the
spectrum, and write down them in the form

∆Ll = ∆(d1)
Ll + ∆(dΣ)

Ll + ∆(c)
Ll (l = 0, 1),

∆I = ∆(d1)
I + ∆(dΣ)

I + ∆(c)
I , (19)

where the symbols d1, dΣ, and c denote the contribu-
tions of each mentioned mechanisms, in that order. The
role of each mechanism in the formation of the total shift
of the electron and hole ground state energies depends
on the NF thickness.

In Fig. 2, the dependences of the partial shift ∆L0

of the bottom of the electron and hole ground bands in
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Fig. 3. Dependences of the electron (a, b) and hole (c, d) ground band bottom shift ∆ and its partial components associated with the
interaction with the interface (∆I), confined (∆L0), and semiconfined (∆L1) phonons

the QW owing to their interaction with L0-phonons on
the NF thickness are shown together with the contribu-
tions connected with the states in the ground band only
(∆(d1)

L0 ) and with all other states in the discrete (∆(dΣ)
L0 )

and continual (∆(c)
L0) spectral ranges. One can see that,

if the film is thin (a < 20 nm), the main contribution to
∆L0, irrespective of the specific nanostructure, is given
by the electron-phonon interaction through the states in
the ground band, and the absolute value of this contri-
bution grows drastically, if the NF thickness increases.
The total contribution of all higher states in the discrete
part of the spectrum is small, if the film is narrow; how-
ever, its magnitude also grows quickly with the thickness
a. At the same time, the growth of the film thickness
above 20 nm is accompanied by a smooth reduction of

the quantity ∆(d1)
L0 , whereas the total contribution of the

higher states increases, and, at a > 45 nm, it exceeds
∆(d1)

L0 .
The contribution of continual states grows firstly dras-

tically as the thickness a increases up to 5 nm; then,
weakly oscillating, it saturates, not exceeding 2% of
∆(d)

L0 in Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As and 4–5% in
CdS/HgS/CdS. The total partial shift ∆L0 increases
with the film thickness and saturates at a > 100 nm,
achieving the values characteristic of massive medium 0.

The analysis of partial shifts ∆I and ∆L1 caused by
the interaction with interface and semiconfined phonons
(Fig. 3) showed the following.

1. Since the wave function of an electron in the ground
state is symmetric, the electron interacts only with the
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Fig. 4. Exciton level shifts due to the exciton-phonon interaction
in nanofilms with various thicknesses

symmetric branch of I-phonons, whereas the interac-
tion through states in the higher bands of the discrete
spectral range gives a contribution that does not exceed
0.05∆(d1)

I . The contribution of states in the continual
spectral range is negligibly small. Therefore, the domi-
nant contribution to the ∆I -magnitude is given by the
intraband interaction with symmetric I-phonons.

2. The magnitude of ∆L1 is mainly governed by the
intraband interaction too; the total contribution of in-
terband interactions through the states in the discrete
spectral range is small in comparison with ∆(d1)

L1 , whereas
that through the continual states does not exceed 1% of
∆(d1)

L1 .
3. The shifts ∆I and ∆L1 (curves 1 and 4 in

Fig. 3) quickly decrease as the NF thickness grows over
the size of one monolayer of medium 0. In so do-
ing, the dependence of ∆L1 on a monotonously falls
down for both nanoheterosystems, and the initial val-
ues (the interaction between a hole and L1-phonons in
Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As is an exception) are
much less than that of ∆I . For this reason, the plot of
the dependence ∆L1(a) is shown only for holes in the
NF Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As (Fig. 3,c).

As is seen from Fig. 3, the long-wave shift of the
ground level of an electron and a hole in thin films
(a < 10 nm for Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As and
a < 25 nm for CdS/HgS/CdS) is mainly caused by the
interaction with I-phonons and, in thicker films, with
L0-ones. If the film thickness increases substantially,
the influence of I-phonons vanishes, and the magnitude
of ∆L0 approaches the value characteristic of massive
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Fig. 5. Exciton energy Eex as a function of the nanofilm thickness
a

medium 0 (2.90 and 8.81 meV for electrons and holes,
respectively, in GaAs, and 3.85 and 4.26 meV, respec-
tively, in β-HgS). Such a behavior is completely clear,
because the probability to find an electron (hole) at the
heterojunction interface decreases with increase of the
NF thickness and grows in the region of a quantum well.

The influence of the phonon system on the exci-
ton BE in the studied nanosystems at T = 0 K
turned out insignificant (curves 3 in Fig. 1): the BE
change does not exceed 2.5 meV in the case of thin
Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As NFs and 0.5 meV in
the case of CdS/HgS/CdS NFs.

The analytical expressions, which were obtained by
us for the exciton BE and the shifts of electron and
hole levels in the QW, make it possible to study the
dependence of the excitonic ground state energy on
the NF thickness. The dependences of the shift ∆ex

of the ground excitonic level, caused by interaction
with phonons, and its energy Eex on the NF thick-
ness are plotted in Figs. 4 and 5, respectively. Three
factors are responsible for the nonlinear—weak at large
and drastic at small a’s—growth of Eex with a re-
duction of the NF thickness. These are 1) the el-
evation of the electron (hole) level in a QW, when
the width of the latter decreases [2–4]; 2) its shift
toward lower energies as a result of the electron-
phonon interaction, mainly with I- and L0-phonons
(Fig. 3); and 3) the nonlinear dependence Eb(a)
(Fig. 1).

The results of our calculations reported in this paper
testify to the presence of a nonlinear nonmonotonous

1034 ISSN 2071-0194. Ukr. J. Phys. 2009. Vol. 54, No. 10



EXCITON-PHONON INTERACTION AND EXCITON ENERGY

dependence of the BE and the ground state energy of
exciton on the thickness of NFs under investigation.
Its amplitude grows at a reduction of the NF thick-
ness and, in the films thin enough, exceeds the val-
ues characteristic of both media: the film itself and
the barrier substance. At T = 0 K, the depen-
dence Eb(a) is mainly governed by peculiarities in spa-
tially confined motions of the electron and the hole,
whereas the values of Eex are driven by both the spa-
tial confinement conditions and the electron-phonon in-
teraction. In particular, in thin CdS/HgS/CdS and
Al0.3Ga0.7As/GaAS/Al0.3Ga0.7As NFs, the contribution
of the electron-phonon interaction to the exciton en-
ergy change achieves 14 and 29 meV, respectively. Cer-
tainly, the quantitative coincidence with experimental
data should not be expected in the range of ultrathin
nanofilms. However, this model gives an idea about the
tendencies in the dependence of the excitonic transition
energy on the film thickness.

5. Conclusions

1. The theory of the exciton-phonon interaction in flat
semiconductor NFs with a weak electron-phonon cou-
pling has been developed. For the first time, the ana-
lytical expression for the exciton BE in the ground state
in a NF has been obtained, and the dependence of the
excitonic transition energy on the NF thickness has been
calculated.

2. The BE depends nonlinearly and nonmonotonously
on the thickness a of studied NFs: as the thickness di-
minishes, the BE grows from the value characteristic
of a massive substance the QW is made of to a finite
value which exceeds the BEs of a 3D exciton in the
materials on either side of a heterojunction. This can
be explained by both an enhancement of spatial con-
finement effects and a possibility for an electron or a
hole to partially tunnel into the barrier medium in very
thin (less than 10 nm) NFs. As a → 0, the BE ap-
proaches the value characteristic of a massive barrier
substance.

3. The dependence of the excitonic transition en-
ergy on the NF thickness is also nonlinear. Its
value grows with a reduction of the NF thickness
and reaches the maximum in the range of very thin
(less than 5 nm) NFs. Such a behavior mainly
originates from the change of the influence degree
of I- and L0-phonons in NFs with different thick-
nesses.
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ЕКСИТОН-ФОНОННА ВЗАЄМОДIЯ I ЕНЕРГIЯ
ЕКСИТОНУ У НАПIВПРОВIДНИКОВИХ
НАНОПЛIВКАХ

В.М. Крамар, М.В. Ткач

Р е з ю м е

Варiацiйним методом Бете оцiнено енергiю зв’язку основно-
го екситонного стану у плоскiй напiвпровiдниковiй наноплiвцi.
Методом функцiй Грiна дослiджено залежнiсть енергiї ексито-
ну вiд товщини плiвки з урахуванням екситон-фононної вза-
ємодiї при 0 K. Розрахунки виконано на прикладi наноплi-
вок Al0,3Ga0,7As/GaAs/Al0,3Ga0,7As та CdS/HgS/CdS у моде-
лi прямокутної квантової ями скiнченої глибини.
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