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The possibility for the cyclotron resonance to be observed in a
metal in a magnetic field inclined to the surface is studied. The
surface impedance for a metal in a magnetic field parallel to the
surface is calculated for an arbitrary law of reflection of electrons
from the surface.

1. Introduction

M.Ya. Azbel and the present author [1–3] worked out
the theory of cyclotron resonance for the case of a
metal in a magnetic field parallel to the surface, by
assuming the reflection of electrons from the surface
to be purely diffuse. For the parallel magnetic field
and a quadratic dispersion law, all the electrons on
the boundary of the Fermi distribution contribute to
the resonance, since they all have the same orbital
revolution frequency Ω and pass many times through the
skin layer. When the dispersion law has a more general
character, only electrons with an extremal value of
effective mass contribute to the resonance. In this case,
the relative depth of the resonance is smaller than that
for a quadratic dispersion law. In an inclined magnetic
field, the majority of electrons enter the skin depth only
once, and then they disappear into the interior of the
metal and, therefore, do not contribute to the resonance.
However, Chambers [4] pointed out that, in a magnetic
field inclined at a considerable angle Φ to the surface,
a resonance can still be produced by the minority of
electrons which have v̄H ≈ 0 and therefore return to
the skin layer many times without drifting along the
direction of the constant magnetic field. The bar over v̄H

denotes the averaging over the path of an electron with
ε(p) = ζ, pH = const. Here, ε is the energy, p the wave
vector, v = ∂ε/∂p the velocity, ζ the chemical potential
of the electron, and pH and vH are the projections of p
and v on the direction of the magnetic field.

We showed earlier [2, 3] that, to the lowest order
in δeff/r, the surface impedance Z of the metal is, in
general, independent of the magnetic field. The field
dependence and the resonance can occur, generally

speaking, only in the next orders in δeff/r. Here, δeff

is the effective skin depth and r is the orbital radius
of an electron in the magnetic field. Therefore, it is
of importance to evaluate the magnitude of resonance
effects in an inclined magnetic field in order to clarify
whether such effects might be observed experimentally.

It is also of interest to consider how the reflection
of electrons from the metal surface influences the
high-frequency surface impedance. If the surface were
strictly regular, then the reflection of electrons from it
should be specular. But even a single crystal always
has surface irregularities of sizes comparable with
interatomic spacings, though they can be small as
compared with the effective skin depth. Therefore, the
reflection of electrons from the surface will be diffuse or
almost diffuse. This means that the distribution function
of the electrons reflected from the surface does not
correlate with that of the incident electrons.

In the present paper, we discuss the cyclotron
resonance in an inclined magnetic field and investigate
the dependence of the impedance on the reflection
coefficient of electrons at the metal-vacuum boundary
in the case where a constant magnetic field is parallel to
the metal surface.

2. Cyclotron Resonance in an Inclined
Magnetic Field

The calculation of the total surface impedance tensor

Zμν ≡ Rμν + iXμν = ∂Eμ(0)/∂Iν =

= (4πω/ic2)∂Eμ(0)/∂E′
ν(0) (μ, ν = x, y) (1)

reduces to a joint solution of Maxwell’s equations

rotE = −iωH/c; divH = divE = 0;

rotH = 4πj/c; j = −2e

h3

∫
vf1dp (2)

and of the kinetic equation for the addition f1 to the
equilibrium Fermi distribution function f0(ε)

iωf1 + vz
∂f1

∂z
+ Ω

∂f1

∂τ
+

f1

t0
= eEv

∂f0

∂ε
. (3)
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Here, Rμν and Xμν are, respectively, the active and
reactive resistance tensors, Eμ(z) are the tangential
components of the electric field, Iν are the components
of the total current, ω is the frequency of the external
field, ω = eH/mc is the ”cyclotron” frequency, m =
(1/2π)∂S(ε, pH)/∂ε, S(ε, pH) is the area cut out from
the surface ε(p) = ε by the plane pH = const, τ is
the dimensionless time of revolution of an electron in its
orbit, t0(p) is the relaxation time, and the z-axis and
the x-axis are directed, respectively, along the inward
normal to the metal surface and the projection of the
constant magnetic field H on the metal surface.

The boundary condition for the kinetic equation (3)
is the condition of diffuse scattering

f1 = 0 for z = 0, vz > 0. (4)

As shown in [2, 3], to find the surface impedance
tensor Zμν , it is convenient to carry out the Fourier
transformation with respect to z in Eq. (2) and (3).
After calculations fully analogous to those made earlier
in [2,3], we obtain the following equations for the Fourier
transforms:

−k2Eμ(k) − 2E′
μ(0) = (4πiω/c2)jμ(k); (5)

jμ(k) =
∑

ν

{
Kμν(k)Eν(k) −

∞∫
0

Qμν(k; k′)Eν(k′) dk′
}

;

Eμ(k) = 2

∞∫
0

Eμ(z) cos kz dz;

jμ(k) = 2

∞∫
0

jμ(z) cos kz dz,

Kμν(k) = − 2e2

πh3

∞∫
0

∂f0

∂ε
dε

pmax
H∫

pmin
H

m

Ω
dpH

2π∫
0

vμ(τ) dτ×

×
τ∫

−∞
vν(τ1) exp

( τ1∫
τ

γ dτ2

)
cos

(
k

Ω

τ1∫
τ

vz dτ2

)
dτ1,

Qμν(k; k′) = − 2e2

πh3

∞∫
0

∂f0

∂ε
dε

∫
m

Ω2
dpH

2π∫
0

vμ dτ×

×
τ∫

−∞
|vz(τ1)| cos

(
k

Ω

τ1∫
τ

vz dτ2

)
dτ1×

×
τ1∫

ϕ(τ1)

vν(ξ) exp
( ξ∫

τ

vz dτ2

)
cos

(
k′

Ω

τ1∫
ξ

vz dτ2

)
dξ,

γ = iω/Ω + 1/Ωt0. (6)

Here, the function ϕ(τ) stands for the root of the
equation

τ∫
ϕ(τ)

vz dτ2 = 0

immediately preceding τ . If there is no such root, then
ϕ(τ) = −∞. The quantity (kv/Ω) which appears in
the argument of the co- sines in Eq. (6) is of the order
of magnitude of (r/δeff) � 1. Therefore, the integrals
in (6) can be evaluated by the saddle-point method.
The elementary but very lengthy calculation leads to
the following result.

To the zero approximation in (Ω/kv)1/2 ∼
(δeff/r)1/2 � 1, the surface impedance is independent
of the magnetic field and is equal to its value for
H = 0. In the first and second approximations, the
dependence on H does not have a resonant behavior. A
weak resonant dependence appears only due to higher
terms in the expansion of the impedance in powers
of (δeff/r)1/2. It turns out also that only the Zyy

component of the surface impedance tensor shows a
resonance. Therefore, the resonant absorption of power
can occur only for electromagnetic waves incident on the
metal with a definite polarization (see [3]). The electric
vector of the incident wave must be parallel to the y-
axis (perpendicular to both H and the normal to the
metal surface). The relative magnitude of the resonant
addition is

ΔZres

Z(0)
∼A

(
δeff

r

)3/2

ln
[

1
1−exp(−2πiω/Ω0−2πν0/Ω0)

]
.(7)

That is, at the resonance (at ω � qΩ0, where q is
an integer), this contribution has only a logarithmic
singularity with respect to (ν0/ω) � 1. Here, Ω0, r,
and ν0 = (1/t0) are, respectively, the Larmor frequency,
the orbit radius, and the collision rate for electrons with
v̄H = 0 averaged along the orbit, A is a complex-valued
constant independent of H,

δeff = |c2Z(0)/4πω| ∼ (δ2l)1/3; δ = (mc2/2πne2)1/2,

and l is the mean free path.
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The resonant effect is small because it is produced
only by a small number of electrons which return
many times into the skin depth. Since the resonant
contribution is small, we do not present the exact
formulae for it.

The result obtained is correct if the angle Φ between
the magnetic field and the metal surface is not close to
zero or π/2, i.e., if sin 2Φ � δeff/r.

The case of a perpendicular magnetic field (cos Φ �
� δeff/r) is special, because, in this case, the electrons
which give the main contribution to the current density
have orbits lying entirely within the skin layer. We
have then the diamagnetic resonance (ω = Ω) analogous
to that in semiconductors, rather than the cyclotron
resonance (ω = qΩ). As was shown in [5], in the zero
approximation in (δeff/l) [in a perpendicular field, the
expansion parameter is (δeff/l) instead of (δeff/r)], the
effective mean free path l∗ = l/[1+i(ω−ω)t0] disappears
at all from the formula for the surface impedance which
is independent of H in this approximation. A resonance
(i.e., an extremum with respect to H) appears only
due to the second-approximation term proportional to
(δeff/l∗)2 ln(l∗/δeff).

3. Cyclotron Resonance in a Parallel Magnetic
Field on the Arbitrary Reflection of
Electrons from the Metal Surface

To obtain the dependence of the surface impedance
on the reflection coefficient of electrons at the metal
surface, we have to change the boundary condition (4).
We suppose that a fraction ρ of the electrons is
reflected specularly (i.e., without any change in their
distribution function), while the rest are distributed
after the reflection by the equilibrium function f0(ε).
It is clear that

f(0; vx, vy, vz) = ρf(0; vx, vy,−vz) + (1 − ρ)f0(ε)

for vz > 0. For the addition f1 = f − f0(ε), the last
condition becomes

f1(0; vx, vy, vz) = ρf1(0; vx, vy,−vz), vz > 0. (8)

As was shown in [2], the Fourier transform of the current
density can be determined if we know the relation
between ∂ψ−(0;v)/∂z and ψ−(0;v), where ψ±(z;v) =
f1(z;v) ± f1(z;−v). Equation (3) yields

∂ψ−(z;v)/∂z=−{iω+1/t0(p)+Ω∂/∂τ}ψ+(z;v)/vz (9)

(in this case, we considered the fact that ε(p) is an
even function). Therefore, it is sufficient only to find

the relation between ψ+(0;v) and ψ−(0;v). By using
the boundary condition (8), we get

ψ+(0;w, vz) = ρψ+(0;w,−vz)+

+sgnvz{ρψ−(0;w;−vz) − ψA(0;w, vz), } (10)

where w is a two-dimensional vector with components
(vx, and vy), and sgnx denotes the sign of x. Replacing
vz by −vz in Eq. (10) and eliminating ψ+(0;w,−vz), we
obtain

ψ+(0; vx, vy, vz) = − sgnvz

1 − ρ2
{(1 + ρ2)ψ−(0; vx, vy, vz)−

−2ρψ−(0; vx, vy,−vz)}. (11)

As ρ → 0, we get the boundary condition used in [2].
When ρ → 1, we find

ψ−(0;w; vz) = ψ−(0;w;−vz).

The Fourier transform of the current density can be
determined with the help of Eq. (11). For simplicity,
we write down the formula for j(k) in the case of the
isotropic quadratic dispersion law ε(p) = p2/2m, where
m is the effective mass, by assuming the relaxation
time t0 independent of p (the residual resistance), and
taking the variable and constant magnetic fields to be
perpendicular to each other:

jμ(k) = K(k)Eμ(k) −
∞∫
0

Q(k; k′)Eμ(k′) dk′;

K(k) =
3σγ

π

π/2∫
0

cos2 ϑ sin ϑ dϑ

∞∫
0

e−γx dx×

×
π∫

0

cos[kr sinϑ(cos τ − cos(τ − x))] dτ ;

Q(k; k′) =
3σγr

π2

π/2∫
0

cos2 ϑ sin2 ϑ dϑ

∞∫
0

e−γx dxI(ϑ;x);

I(ϑ;x)=

π∫
0

dλ sin λ
{

cos[kr sin ϑ(cos λ − cos(λ + x))]−

−ρ cos[kr sin ϑ(cos λ − cos(λ − x))]
}
/(eγλ − ρe−γλ)×

×
λ∫

0

cosh γη cos[k′r sin ϑ(cos λ − cos η)] dη;
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σ =
ne2l

mv
; γ =

r

l
; r =

mvc

eH
; l =

vt0
1 + iωt0

; v =
(

2ζ

m

)1/2

;

v = v(cos ϑ, sin ϑ cos τ, sin ϑ sin τ); n = 8πp3/3h3. (12)

Under conditions of the anomalous skin effect, kr ∼
(r/δeff) � 1. By using the saddle-point method, we get
the asymptotic formulas

K(k) =
3πσ

4l

1 + exp(−2πγ)
1 − exp(−2πγ)

1
k

,

Q(k; k′) =
3σ

4l

exp(−2πγ)
1 − exp(−2πγ)

1 − ρ

1 − ρ exp(−2πγ)
1√
kk′×

×
[
πδ(k − k′) +

cosh2 πγ

k + k′

]
+

+
3(1 + ρ)σ

4πl

{
cosh πγ exp(−πγ)
1 − ρ exp(−2πγ)

+

+

[
1 − ρ +

√
2γ

πB(3/4, 3/2)
ln(k/k′)√
kr −√

k′r

]−1}
×

× ln(k/k′)
k2 − k′2 , (13)

where B(p, q) is the Eulerian integral of the first
kind. The last relation in (13) can be regarded as an
interpolation formula, since it gives the correct result
both for

1 − ρ � |γ
√

δeff/r| and for 1 − ρ � |γ
√

δeff/r|.
The study shows that, for all values of ρ �= 1

[more precisely, for 1 − ρ � |γ|(δeff/r)1/2], the surface
impedance near the resonance (ω � qΩ) and in the
strong magnetic fields (|γ| � 1) is independent of the
reflection coefficient ρ. In this case, the formulae for Z
obtained earlier [1–3] remain valid.

The case of specular reflection is particular, because,
in this case, the main contribution to the current
density comes from electrons which collide repeatedly
with the metal surface. It turns out that, in the zero
approximation in (δeff/r)1/2, the impedance manifests
a non-resonant dependence on the magnetic field, and
the resonance appears only in the next approximation
(δeff/r).

In strong fields (|γ| � 1), the dependence of the
surface impedance on the magnetic field is quite different
for ρ = 1 and for ρ �= 1:

Z(H) ∼ Z(0)γ1/5(δ/l)2/15 ∼ H−1/5 (ρ = 1);

Z(H)∼Z(0)γ1/3∼H−1/3 (1 − ρ � |γ|(δeff/r)1/2). (14)

The exact formulae for the impedance with ρ = 1 will
not be given here, since this case is of purely theoretical
interest.

In conclusion, I take the opportunity to thank
I.M. Lifshitz and M.Ya. Azbel for the discussion of the
results of this work.
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