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Formulas for optical conductivity of thin quasihomogeneous films,
which take into account the dependence of the Fermi energy
position on film dimensions, have been derived in the framework
of the diagonal response approximation. The optical conductivities
and the absorption coefficients for nano-sized Al, Au, and Li films
have been calculated.

1.

Introduction

Researches of optical properties of metal films are
traditionally considered to be important. Even in
the course of first studies, the presence of resonance
absorption peaks and other effects of dimensional
quantization in optical characteristics of thin metal films
were predicted [1]. Experiments aimed at studying the
optical properties of thick and island metal films have
been intensively carried out for mnay years, whereas
experimental works with thin continuous metal films
are few, especially in the infra-red and visible spectral
ranges [2–10]. In particular, the results of measurements
of the infra-red conductivity in ultrathin lead films
have been reported for the first time in work [5], and
the methods of infra-red spectroscopy were used in
work [10] to find – also for the first time – quantumdimensional effects in the transmission spectra of thin
metal films.
A distinguishable feature of theoretical works dealing
with the conductivity of nano-sized metal particles
and films, including the optical one, is the analysis of
classical and quantum-mechanical dimensional effects
[11–15]. One of the most popular theories, where the
response of low-dimensional metal objects to an external
electromagnetic field is studied, is the Wood–Ashcroft
one [11]. In the present work, we made amendments
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to this theory in order to obtain results which are
more accurate for nano-sized films. The essence of the
improvement consists in taking the size-dependence
of the Fermi-level position in the metal into account
[16]. Similarly to work [11], our research is based
on the assumption of a diagonal response of the
film to an electromagnetic wave, as well as the film
quasihomogeneity across its thickness. The formulas for
the optical conductivity in thin metal films have been
obtained. The optical conductivities and the absorption
coefficients for nano-sized Al, Au, and Li films have been
calculated.
2.

Optical Conductivity of Thin Metal Films

As a thin film, we refer to such a film, the thickness L of
which can be compared – by the order of magnitude
– with the Fermi wavelength of an electron in an
infinite metal (it is of about 0.5 nm). The longitudinal
dimensions a and b of the film are considered to
be much larger than its thickness (a, b À L). In
this case, the quantization of the electron momentum
component that is transverse to the film surface
manifests itself, which gives rise to the emergence
of electron subbands – the groups of energy levels
corresponding to the same value of the momentum
component.
The problem is formulated as follows. A plane
monochromatic wave E
=
E0 exp {i (qr − ωt)}
propagates in a thin film in the direction that is
determined by the vector q. The field E is supposed
so weak that it can be considered as a perturbation.
The studied frequency range extends from the threshold
of interband transitions ω1 ≈ 3π 2 ~/(2me L2 ) through

569

V.P. KURBATSKY, A.V. KOROTUN, V.V. POGOSOV

the infra-red range up to the threshold of the
external photoeffect ω2 = W/~ (me is the electron
mass, and W the electron work function of the
film). For Au, Ag, and Cu films with the thickness
L = 2 nm, we have ~ω1 ≈ 0.25 eV and ~ω2 ≈
4 eV.
The start point of our calculations is the well-known
result for the dielectric function [11]
8πe2 ~2 X
fi |pij |2
²(ω) = 1 −
,
2
me Ω ij εij (ε2ij − ~2 ω 2 )
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while, for odd ones,
ψm (x) =

(1)

where pij = hi| p̂E |ji is the matrix element of the
operator of momentum component along the field
direction, fi the occupation factor for the state |ii, εij ≡
εi − εj the energy difference, Ω = abL the film volume,
and e the elementary charge. Summation is carried out
over all possible states |ii and |ji, with |ii 6= |ji. For
the approximation of the occupation factor, we use the
step function fi = θ (εF − εi ), where εF > 0 is the Fermi
energy.
Together with formula (1), we also adopt
assumptions that were made at the derivation of this
formula in work [11]. First, it is an approximation
known as the “diagonal response”, when all Fourier
components of the induction current are neglected,
except those with k = q. In such a way, the
prevailing role of dimensional quantization in thin
films in comparison with the influence of charge
distribution inhomogeneity is supposed. The next
assumption, q → 0, becomes valid, if an additional
restriction is introduced into the problem formulation.
Since the attention in this work is focused upon the
consideration of optical transitions between subbands
formed as a result of the dimensional quantization,
we confine ourselves to the case where the field E
is directed normally to the film surface (i.e. along
the x-axis). The contribution of the longitudinal filed
component, which is described by the classical Drude
theory and, to some extent, “smears out” quantummechanical dimensional effects, will not been taken into
consideration.
Let us suppose that conduction electrons of the film
move in a rectangular potential box, the depth of which
is U0 < 0 and the shape reproduces that of the film.
Non-perturbed states in the film are described by the
wave functions
1
Ψmnp (x, y, z) = √ ψm (x)e2πnyi/a e2πpzi/b ,
ab

where n = 0, ±1, ±2, . . . ; p = 0, ±1, ±2, . . . ; and m =
1, 2, . . . . For even m-values,

 Cm sin kxm x, −L/2 < x < L/2,
(−1)(m/2)+1 Cm kkxm
eκm L/2 e−κm x , x > L/2,
ψm (x) =
0

kxm κm L/2 κm x
m/2
(−1)
Cm k0 e
e
, x < −L/2,

(2)


 Cm cos kxm x, −L/2 < x < L/2,
(−1)(m−1)/2 Cm kkxm
eκm L/2 e−κm x , x > L/2,
=
0

(−1)(m−1)/2 Cm kkxm
eκm L/2 eκm x , x < −L/2,
0

(3)

p
where Cm = 1/ p1/κm + L/2 is thepnormalization
2 , ~k ≡
k02 − kxm
2me |U0 |, and
coefficient, κm ≡
0
kxm are the roots of the equation
kxm L = −2 arcsin(kxm /k0 ) + πm.

(4)

Here, the subscript m enumerates the subbands.
The calculation of the matrix elements of the
momentum projection operator p̂E = i~∂/∂x on the
basis of Eqs. (2) and (3) brings about the expression
~2
×
(1/κm + L/2)(1/κm0 + L/2)
n
o
0
1 − (−1)m+m δnn0 δpp0 .
(5)
2

|hmnp|p̂E |m0 n0 p0 i| =
×

2
2
2kxm
kxm
0
2

2
2
(kxm
0 − kxm )

Expression (5) testifies that there are no intraband
transitions at all, and the interband transitions between
subbands m and m0 are allowed only in the case if these
numbers are of different parity, i.e. if their sum m + m0
is an odd number.
After substituting Eq. (5) into Eq. (1) and changing
over from the summation over n, n0 , p, and p0 to the
corresponding integration, we obtain
²(kω ) = 1 +

0
mF m
max
³ 4 ´4 L X
X
{1 − (−1)m+m }
×
L a0 m=1 0 (1 + Lκ2m )(1 + Lκ2 0 )
m =1
m

2
2
2
2
kxm
kxm
0 (kF − kxm )
,
(6)
2
2 − k2
3
2
2
4
(kxm
xm0 ) {(kxm − kxm0 ) − kω }
√
where a0 is the Bohr radius, ~kω ≡ 2me ~ω, ~kF ≡
√
2me εF , and
·
¸
·
¸
LkF
2
kF
Lk0
mF ≡
+ arcsin
, mmax ≡
+ 1. (7)
π
π
k0
π

×
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Hereafter, the square brackets stand for the integer part
of a number. The optical conductivity is connected with
the dielectric function by the relation
σ(ω) =

iω
{1 − ²(ω)}.
4π

(8)

Broadening was introduced formally, similarly to
what was made in work [11]. As a result, for the real and
imaginary parts of the optical conductivity, the following
expressions were obtained:
Re σ(kω ) =

³ 4 ´3 a γ 2 ³ 1 e 2 ´
0
F± ,
L
π
~ 2a0

(9)

³ 4 ´3 a k 2 ³ 1 e 2 ´
0 ω
Im σ(kω ) = −
F± ,
L
π
~ 2a0

(10)

where
mF m
max
X
X

0

{1 − (−1)m+m }
F± =
×
2
2 − k2
3
(1 + Lκm )(1 + Lκ2 0 )(kxm
xm0 )
m=1 m0 =1
m

×

2
2
2
2
2
2
2
4
4
kxm
kxm
0 (kF − kxm ){(kxm0 − kxm ) ± kω ± γ }
,
2
2 )2 − k 4 + γ 4 }2 + 4γ 4 k 4 }
{{(kxm0 − kxm
ω
ω

the upper/lower sign corresponds to the real/imaginary
part of σ, γ 2 ≡ 2me /~τ , and τ is the relaxation time. In
thin films, the dominant mechanism of dissipation is the
electron scattering
at the surface. In this case, τ ≈ L/vF ,
p
where vF = 2εF /me is the speed of electrons at the
Fermi surface. For a film with the thickness L = 2 nm,
we have ~/τ ≈ 0.1 eV.
For carrying out calculations by formulas (9) and
(10), they have to be appended by the following relation
which determines the Fermi level in a thin metal film
[16]:
Ã
!
mF
X
1
2
2
kF =
2πnL +
kxm ,
(11)
mF
m=1
where n is the conduction electron concentration in
the film. Relation (11), together with Eqs. (4) and (7),
describes the dependence of the Fermi level position in
a thin metal film on its size.
3.

Calculation Results and Their Discussion

In Figs. 1 and 2, the results of our calculations of the
real and imaginary, respectively, parts of the optical
conductivity in 2- and 6-nm films of various metals are
ISSN 0503-1265. Ukr. J. Phys. 2008. V. 53, N 6

Fig. 1. Frequency dependences of the real part of the film optical
conductivity calculated by formula (9) (solid curves). Dotted
curves correspond to the results of calculations by formulas (68)
from work [9]

exhibited, and they are compared with the results of
similar calculations executed in the framework of the
Wood–Ashcroft theory [11].
A characteristic feature of the optical conductivity
in thin films is the presence of peaks associated with
optical transitions between subbands. The size effect
manifests itself in the variations of the number of
peaks, their positions, and the peak-to-peak distance.
The peak position is ¯determined
¯ by the approximate
formula ~ωmm0 ≈ ~ωc ¯m02 − m2 ¯, where m and m0 are
the numbers of subbands engaged into the transition,
and ωc ≡ ~π 2 /(2me L2 ). In the frequency range ω1 <
ω < ω2 , which is of interest for us, only those interband
transitions manifest themselves, the numbers of which
m and m0 are less than or equal to mF .
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Discrepancies in the conductivities of films with
identical thicknesses but made of different metals are
explained, first of all, by different relevant mF -values.
That is why the conductivity maximum for the Al film
is appreciably shifted to the right in comparison with the
conductivity maxima of the Au and Li films, provided
the film thickness L = 2 nm in all the cases, and the
number of peaks to the left from the maximum is the
largest in the Al-film case (those peaks correspond to
the transitions between neighbor subbands m − 1 → m,
where m = 2, 3, . . . , mF ). The fact that the conductivity
peaks are the most sharp for the Au film is explained
by the largest corresponding value of τ (according to
the estimations made in the framework of the Drude
theory [17]).

Fig. 2. The same as in Fig. 1, but for the imaginary part of the
film optical conductivity

The distance between two arbitrary adjacent peaks is
constant and equal to ~∆ω ≈ 2~ωc . As the film thickness
increases, the peaks become shifted to the left, and the
distance between them diminishes, so that the peaks
start to merge with one other. Peak overlapping becomes
strong, when the peak-to-peak distance approaches the
peak width by value. The latter is approximately equal
to 2~/τ . The figures demonstrate that the peaks are
clearly distinguishable provided the film thickness L =
2 nm, and that they are invisible altogether at L = 6 nm.
The functions Re σ(~ω) and Im σ(~ω) behave
themselves differently at ~ω → 0; namely, Re σ → σ0 >
0, whereas Im σ → 0. There is a low-frequency interval,
where Re σ(~ω) < 0, unlike the function Im σ(~ω) which
is always positive. Both the real and imaginary parts
of the conductivity attain their maximal values in the
vicinity of the frequency ~ωmax = ~ωc (2mF − 1) which
corresponds to the transition between subbands m0 =
mF and m = mF − 1.
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Figures 1 and 2 also demonstrate that the
discrepancy between the results of calculations by
formulas (9) and (10), on the one hand, and the results of
the Wood–Ashcroft theory, on the other hand, increases
with a reduction of the film thickness and become
significant. There are two origins of such a divergence.
First, we have taken into account – in the spirit of
our previous researches – the dependence of the Fermi
level position on the film thickness. Second, in work [11],
while determining the number of filled subbands mF , the
formula, which gives an error of ±1 for films with the
thickness close to λF , was used. It is an essential error,
because the number of filled subbands for such films is
small and ranges from 2 to 6.
In Fig. 3, the frequency dependences of the
absorption coefficient for Al, Au, and Li films 2 or 6 nm
in thickness are depicted. The absorption coefficient was
calculated by the formula

η(ω) =

2ω n
σ(ω) o1/2
Im 1 + 4π i
,
c
ω

(12)

where c is the speed of light. The characteristic features
of those dependences – these include the growth to a
maximal value which is attained at a frequency that
approximately satisfies the equality ~ωmax = ~ωc (2mF −
1); and the following approach with small oscillations to
a certain value which is constant on the average – can
be obtained directly by analyzing relations (12), (9), and
(10). We note that, in the frequency range ω > ωmax ,
the absorption coefficient is exclusively governed by the
imaginary part of the conductivity:
η (ω) ≈ (2ω/c)

p

(4π/ω)Im σ − 1.
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subbands of dimensional quantization, become shifted;
then, they merge and, at last, disappear altogether.
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Резюме
У наближеннi дiагонального вiдгуку отримано формули для
оптичної провiдностi тонких квазiоднорiдних металевих плiвок, в яких враховано розмiрну залежнiсть рiвня Фермi. Розраховано оптичну провiднiсть i коефiцiєнт поглинання нанометрових плiвок Al, Au i Li.
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