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The results of our researches dealing with the peculiarities in the
behavior of the liquid—gas coexistence curve on the diagram near
to the critical point, which were carried out in the framework
of the scaling theory with the use of the Clapeyron—Clausius
equation, are reported. Making allowance for the asymmetry of
the liquid—gas coexistence curve in the framework of the algebra of
fluctuating variables enabled us to demonstrate that the derivative

% is finite at the critical point and to obtain a corresponding

cc
expression in terms of the critical parameters of the system. The

theoretical results have been compared with experimental data
for CO2 and CoHg. The critical exponent for the temperature
dependence of the Tolman §p-correction has been calculated.

1. Introduction

Studies of the thermodynamic properties of substances
in the vicinity of their liquid—vapor critical points
are a challenging problem. While considering the
features of the system behavior, the interaction between
strongly developed fluctuations of the corresponding
order parameter comes to the foreground as the
critical point is approached, so that the details of
intermolecular interaction become smoothed out. It
is this circumstance that predetermines the universal
behavior of systems of different nature near their
critical points. Such a universality enables one, without
specifying the substance, to obtain the important
information concerning the singular behavior of a
substance in the vicinity of its critical point. In this
work, we are going to demonstrate that the derivative of
the pressure with respect to the temperature calculated
along the coexistence curve tends to a definite finite
value as the system state approaches the critical one and
to derive an expression for this derivative in terms of the
critical parameters of the system. The result obtained
will be applied to find the temperature behavior of the
Tolman dp-correction.

A necessary condition for the two phases of a one-
component system to be in equilibrium is the equality of
the chemical potentials p of their molecules. Therefore,
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the equation

(1.1)

where the subscripts | and g correspond to the liquid
and vapor phases, respectively, determines the phase
coexistence curve [1] in the differential form. Expressing
the chemical potentials in terms of the pressure p and the
temperature 7' in the system, we obtain the well-known
Clapeyron—Clausius equation

(dp> S8 (1)
ar ), " vo—vo '

0

d = dpg,

where s and V° are the entropy and the volume,
respectively, per one particle, and the subscript cc
corresponds to the coexistence curve. Hence, under
declared conditions, the determination of the derivative
is reduced to the elucidation of the behavior of the
numerator and the denominator in formula (1.2) as the
critical point is approached.

In the classical Landau theory of phase transitions,
this quantity has indubitably no singularity. But if this
theory is realized with engaging the van der Waals
equation, then, while approaching the critical point,

(%) — 4% where p. and T are the critical pressure
cc €

and temperature, respectively. Really, by expanding the
reduced van der Waals equation into a series in the
vicinity of the critical point, we obtain the following
expression:

— Mc 3 27

P—Pe — 23 471 — 6T + 9T% — 37, (1.3)
Pc 2 2

where 7 = T;TC and ¢ = V(/V“ are the rela-

tive deviations of the temperature ‘and the volume,
respectively, from their critical values T, and V.. In
this case, like in the Landau theory, the shape of the
coexistence curve in the vicinity of the critical point
is governed by the power exponent (3: ¢ ~ (—T)’B. In
the van der Waals theory, the critical exponent of the
coexistence curve is equal to 1/2.
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By realizing the Landau theory with the help of the
first or second Dieterici equation, we obtain that, in this

limit, (%) — % or (%) — 5%, respectively.
cc cc

2. Behavior of the Coexistence Curve in the
Scaling Theory

According to the fluctuation theory of phase transitions
[2], let us consider an arbitrary scalar quantity
A, (x) subjected to fluctuations, and the corresponding
conjugated external field h, (x), where x is the spatial
variable. Those quantities are associated with an
extra term in the fluctuation Hamiltonian 0H, =
— [ hy (x) A, (x)dx which was made dimensionless by
its dividing by k7., where kp is the Boltzmann
constant. In so doing, the system is associated with
a Hamiltonian which coincides with the corresponding
thermodynamic potential. Such a Hamiltonian describes
the behavior of the system in the sense that it provides
correct average values for thermodynamic quantities, if
a proper distribution function is made use of.

The expression for § H,, must remain invariant with

respect to the scale transformations with an arbitrary
scale factor A [2],
A, (Mz) = N2 A(z), (2.1)
provided that the following scaling conditions are
simultaneously imposed on the fields h,: h, — A Onh,,.
It is evident that the sum of the corresponding scaling
dimensionalities A, and 6, must amount to the space
dimension d.

According to the scaling theory [2], any scalar
thermodynamic quantity which undergoes fluctuations
in the given ensemble can be expanded in the basis of
such quantities A,, (x) which are the eigenfunctions of
the stretching operator with the scale dimensionality A,,
[see Eq. (2.1)].

Let A; be a quantity with the smallest exponent A
in the algebra of fluctuating quantities in the liquid—
vapor system, and let As be the next, by dimensionality
(A2), quantity in this algebra. Let us introduce the
local dimensionless density of entropy o (x) by using the
expression

1 oG
i [own=-(5),,

where G is the dimensionless thermodynamic Gibbs
potential. Then, confining the consideration to two
quantities which fluctuate most strongly, i.e. to the
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relative volume and the entropy density, we write down
the relations of the algebra of fluctuating quantities for
relative deviations of the volume, ¢ = V(/VC, and the
entropy density 6 = 0 — o, from their critical values in
the close vicinity of T,:

Y = A1 + bA27 g = G,Al + Ag. (22)

It is known that the presence of second terms on
the right-hand sides of expansions (2.2) means that
the asymmetry of the coexistence curve is taken into
account. The fields hy and hs conjugate to A (x) and
As (x) are linear combinations of the quantities 7 =
T;—CTC and T = %:

(2.3)

hi=ar—7m, hy=71-—bm,

they are also analogs of the parameter 7 and the
magnetic field strength A for the ferromagnetic transition
near the Curie point. Therefore, making use of the
similarity relation, we obtain

(Ar) = h5 f (k), (A2) = hy g (k), (2.4)
where k = hy/hE™7, f (k) and g (k) are some universal
functions, and the broken brackets (...) designate the
averaging with a distribution function that is determined
by the fluctuation Hamiltonian. In expressions (2.4), the
standard notations were used for the critical exponents
of the isochoric heat capacity («), coexistence curve (3),
and isothermal compressibility (7).

In the vicinity of the critical point, the coexistence
liquid—vapor curve is given — in terms of the (m,7)-
variables — by the equation

hi=ar—7m=0, 7<0. (2.5)

It is evident that, in this case, ho = (1 — ab) 7. Then,
making use of Egs. (2.2) and (2.4), we obtain the
equation of state which looks as

V-V,
V.

= hi f(k) + bhy~*g(k). (2.6)

For the half-differences between the volumes and the

entropies of the liquid and the vapor, we write down the
following relations:

S Vy = V) = Vel (0) (1 = ab)” (-7,

(sq — 1) = %kB (05— 01) = kpaf (0) (1 — ab)® (—=7)° .
(2.7)

N |
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It should be noted that the existence of the latent heat
for the liquid—vapor transition, ry = (s, — s;) T, testifies
that the coefficient a in expansion (2.2) is different from
7Z€ero.

By substituting the obtained relations (2.7) into the
Clapeyron—Clausius equation, we obtain the required
expression for the derivative,

<dp) _ 2af(0) (1 - ab)’? (=7)° kg N _ akp
ar ) .. 2f(0)(1—ab)’ (-1)°V.N Vo'

(2.8)

As was already mentioned, the dimensionless
quantity a acquires a nonzero value; moreover, it is
evident that a is not singular at the critical point,
because all the scale dimensionality is included into the
factor A; in formula (2.2). Let us elucidate the sense of
the constant a in formula (2.8). From Eq. (2.5) for the
coexistence curve in the vicinity of the critical point, one
can see that a satisfies the equation

ap V0 =T, (’“‘ - ”C> + 80T, (2.9)

T-T.

where g = (p,T) = pg (p, T') is the common value for
the chemical potentials of the liquid and vapor molecules
along the coexistence curve of those two phases.

Hence, while approaching the critical point along the
coexistence curve, we ultimately obtain

dp\ _  ksTlc K= fhe 0) _
ar) - o2 \\7—7,) %)=
cc DPe (‘/c ) ¢/ cc
AN,
pe (V0)? \T—T. ar) ..

It should be emphasized that expression (2.10) could
be derived directly, if one would consider an increment
of the chemical potential in terms of the (p, T')-variables.
Taking into account the behavior of the derivative

(2.10)

(%)Cc when the critical point is approached, one may

draw conclusion that the derivative (%) acquires a
cc

finite nonzero value at the critical point itself.

We also note that the following relation between
critical parameters can be derived from Eq. (2.10) for
a certain group of substances which satisfy the law of
corresponding states:

T 2 0 . dM
o (pig) (4 (i), ) ==

where the number z is identical for all substances
which obey the law of corresponding states and can

(2.11)
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be determined from the reduced equation of state.
It is evident that z is equal to the value of the
reduced pressure derivative with respect to the reduced
temperature at the critical point.

3. Comparison of Theoretical Results with
Experimental Data

The experimental data for the dependence of the latent
heat of the liquid—vapor transition on the temperature
were taken from work [3]; they are exhibited in the figure
on the logarithmic scale. The table contains the slope
coefficients for the straight lines drawn through seven,
three, or two points which are nearest to the critical
one. As the approximation interval converges to the
critical point, the calculated value of the exponent (
tends expectedly to the corresponding value known from
the literature [4].

According to the experimental data obtained in work
[4], for the deviation of the density Ap = p — p. which
is approximated by the formula Ap = +Bj (—7')50 +
By (=7)"*, the following values of the critical indices 3,
and f3; in the temperature interval 7 ~ 1074 +1073 were
obtained: for CoHg, By = 0.338 +0.006 and 3; = 0.90 +
0.05; for CO9, By = 0.347 £ 0.006 and S = 0.90 £ 0.05;
and, for Xe, By = 0.340+0.003 and 3; = 0.77+0.13.
One can see that, within the error limits, the agreement
is observed between the theory and the experiment.

4. Determination of the Temperature
Behavior of the Tolman dr-Correction Near
the Critical Point for a Spherical Droplet

Let us apply the results obtained and determine
the temperature behavior of the so-called Tolman §-
correction in the vicinity of the critical point. As is
known, the dependence of the surface tension coefficient
of a spherical droplet on its radius is described by the
Gibbs-Tolman-Konig-Buff equation [5]

an(R) /Rdr 3‘2’{1+‘5f+§(5f1 } (4.1)

201 or 4 1 (6r)21’
I+ r {1 + T + 3 ( T ) }
The values of the critical exponent 3 for the latent heat

of the liquid—vapor transition calculated with the use of
seven, three, or two experimental points

Substance ‘ B{7} ‘ B{3} ‘ B{2}
CO2 0.37310.08 0.350+0.011 0.33940.05
CaHg 0.369+0.05 0.362+0.05 0.353+0.06
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where o, is the surface tension coefficient for the plane
interface, and dr is a correction introduced by Tolman
[6]. Provided that dr is a constant, integral (4.1) can
be calculated analytically [7], and, if %2 < 1, the

R
dependence o = o (R) can be written down — in the first
approximation in the small parameter ‘%T — in the form

which looks like the well-known Tolman formula [5]

207
=0 (1-21).
aa( R)

If one takes the isothermal equation of state for a
f(VOQ)V), where f is a
definite function, and Vj is a point on the coexistence
curve, the Tolman J-correction in a wide temperature
interval is determined, as was demonstrated in works
[8,9], by the expression

4f(0) = 34" (0)

T=—"" 3
6 (f(0))

where the derivatives are calculated at a coexistence

curve point, provided a constant temperature. Equation

(4.3) can be rewritten in terms of the isothermal
compressibility 7 as follows:

1 1 (9Br
5T - |:65T + % (ap>T:| Oco-

Let us determine which of summands in formula (4.4)
dominates near the critical point. For this purpose, let
us express the isothermal compressibility as a function of
(V,p) or (V,T) and write down its isothermal derivative
with respect to the pressure:

(&), (o), (&), (%), (%),

(4.5)

(4.2)

liquid in the form p — py =

oo, (4.3)

(4.4)

According to the scaling theory, the derivative of
the pressure with respect to the temperature at the
critical point on the coexistence curve (as well as on
the isochore) is finite. Therefore, we obtain that the
augend and the addend are the quantities of the order
of (—7)7""" and (—7) "7 respectively, near the
critical point. Hence, the addend on the right-hand side
of Eq. (4.5) dominates there. Then, the augend and
the addend in the brackets on the right-hand side of
formula (4.4) are of the order of (—7)~ 7 and (—7)7’66,
respectively. Making use of the known relation —y =
—0B(0 —1) between the critical exponents, we obtain
that the Tolman correction reads

o ~ ( —T)_V_B oo = ( —7')_66 Ooo- (4.6)
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Measurement data of the temperature dependence of the latent
heat of the liquid-vapor transition for COg and CoHg [3]

Taking into account that the surface tension
coefficient tends to zero at the critical point following
the law 0o ~ (—7)\ D ~ (=1)27 Y = ()T,
where v is the critical exponent for the correlation
length, a corresponding scaling relation can be written
down for the Tolman Jp-correction in a three-
dimensional space as

p o (=) P = (TP (4.7)

where the power exponent v — 3 is approximately equal
to 0.32.

Thus, since v — 8 > 0, the Tolman dp-correction is
singular at the critical point, which is confirmed by the
results of experiments [10]. Therefore, it must be taken
into account in the vicinity of the critical point. We
note that the singular behavior of the surface tension
coefficient can be associated with “non-smoothness”
of the droplet surface, which is responsible for the
formation of clusters of the “seaweed-like” type with
a fractal dimensionality of the surface, rather than
compact three-dimensional spherical aggregates [11].

5. Conclusions
It has been demonstrated that the account of the

asymmetry of the liquid—vapor coexistence curve in the
framework of scaling theory allows one to adequately
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describe the behavior of this curve in the vicinity of the
critical point. An expression for the pressure derivative
with respect to the temperature on the coexistence curve
at T' — T, has been deduced, and the value of this
expression has been found finite and nonzero.

A relation between critical parameters, which is a
reflection of the law of corresponding states, has been
obtained.

The finiteness of the specified derivative was used
to find the critical exponent for a singular temperature
behavior of the Tolman §r-correction, which amounts to
08 —v=—0.32.
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OCOBJIMBOCTI IIOBEAIHKN KPUBOI CIIIBICHYBAHHSI
PIIUHA-TIAPA TA §7-TIOITPABKU IIOBJIN3Y
KPUTUYHOI TOUYKU

. A. Tasprowenxo, K.I. Kanizman, B.M. Cucoes
Pezmowme

Haseneno pesysbraTu gociimkenns ocobIuBOCTEN IOBEAIHKY KPU-
BOI criBicHyBaHHs piguHa—Tapa Ha p — T-ngiarpami moban3y Kpu-
THUYHOI TOYKH, IIPOBEJIEHO HA OCHOBI Teopil CKeiJiHr'y 3 BHUKODH-
craHHaAM piBHaAHHA Kianeitipona—Kiaysiyca. Bpaxysanua B pam-
Kax ajrebpu BeJIMYMH, 110 3a3HAIOTh MUIYKTyaIliil, acumerpil Kpu-
BOI CHiBiCHyBaHH# piiMHa-TIapa JO3BOJIMJIO IIOKA3ATH, IO MOXigHA

% B KPUTUYHIN TOUI € CKIHYEHHOIO, Ta OTPUMATUA BUPA3 JJIsd

cc
Hel 9epe3 KPUTHU9IHI1 ITapaMeTpu CUCTEeMU. Pe3yJ'II>TaTI/I IIOPIBHAHO 3

ekcriepumenTaabauMu gaauvu gyt COg 1 CoHg. 3naiineno xpu-
TUYHUN TOKA3HUK [JIsl TEMIIEPATyPHOI IMOBEIIHKA O7-IONPABKHA
Tosimena.
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