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The model of the transition radiation from an electron drifting
through the interplanetary shock region is suggested to explain
CLUSTER and WIND multisatellite measurements. A wave
equation for the longitudinal component of the vector-potential is
obtained. Transition radiation patterns for the Fourier harmonics
of the Poynting flux are presented. Properties of the radiation
that appears in the considered system are discussed.

multiple rotations in the inhomogeneity region while
crossing an interplanetary shock. The theoretical model
that corresponds well to real experiment conditions
is considered, and the results of calculations of the
transition radiation within this model are presented.
2.

1.

Introduction

The calculation and analysis of a transition radiation
are related to different topics of applied physics, such as
the development of particle detectors in nuclear physics
[1], investigation of the radiation of modulated electron
beams in active experiments in the ionosphere [2–4],
and study of natural radiation sources, e.g., the solar
radiation and the Earth’s radiation in the km range
[5–7]. Non-resonant transition radiation is commonly
considered ineffective [1]. This conclusion is correct
if a charged particle passes the inhomogeneity region
only once. The radiation efficiency can be considerably
increased in the case of multiple passages. This approach
was used in [8], where a transition radiation mechanism
was suggested to bring the signal out of a beam-plasma
amplifier. In this article, we calculate the non-resonant
transition radiation of a relativistic electron performing

Fig. 1. Region of the interplanetary quasiperpendicular shock:
the configuration of fields, gradients, and electron drift trajectory
(schematic plot)
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January 22, 2004 Interplanetary Shock
Parameters and Theoretical Model

CLUSTER and WIND satellites performed in situ
measurements of the strong electromagnetic emission
at the frequency 1.4 − 1.6fpe [9] in the vicinity of
the interplanetary quasiperpendicular shock crossing. In
the same region, there was detected simultaneously the
increased density of relativistic electrons. The authors of
[9] suggested the transition radiation underlies a possible
mechanism of the generation of electromagnetic waves.
The interplanetary shock on January 22, 2004 [9]
was quasiperpendicular and supercritical with the Mach
number MA ∼ 5.6; the shock ramp width could be
resolved down to 150 km; the ratios of downstream to
upstream magnetic field and density values were about
3.8. Relativistic electrons’ trajectories in the vicinity of
the shock front are driven by the constant component
of the magnetic field, i.e. the cyclotron rotation (Fig. 1),
gradient drift with the velocity (2 ÷ 3) × 104 km/s, and
~ × B-drift
~
E
with the solar wind velocity. These drift
velocities are significantly smaller than the full electron
velocity (0.5 ÷ 0.8)c, where c is the velocity of light.
The interplanetary shock in the event on January
22, 2004 had the velocity of 740*[0.9; –0.3; 0.3]
km/s GSE [10]. The average solar wind velocity
at the bow shock nose was about 550–600 km/s
[11]. Assuming that relativistic electrons detected by
CLUSTER satellites were drifting with the solar wind
velocity downstream, the relative velocity of the drift
in the shock reference frame can be estimated as 150–
200 km/s. The time of the electron presence in the
inhomogeneity region of about one second allows the
particle to perform few hundreds of cyclotron rotations
with a period of 3–8 ms. The transition radiation occurs
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every time when the particle crosses the inhomogeneity
region. Therefore, even the non-resonant transition
radiation can be quite effective.
In the measurements [9], the electron Larmor radius
RL was about hundreds of kilometers, and the length of
the formation zone of transition radiation [1] was about
few tens of kilometers. The cyclotron frequency of the
electron rotation ωc was several orders smaller than the
local electron plasma frequency ωp , that was, in turn,
few times smaller than the electromagnetic emission
frequency ω. In this case, the influence of a magnetic
field on the dielectric permittivity can be neglected,
and the role of the magnetic field consists only in the
formation of the curvilinear trajectories of electrons.
Thus, we come to the model of an electron having a quite
complicated trajectory in the weakly inhomogeneous
isotropic plasma.
The velocity of the guiding center is much smaller
than the velocity of the electron cyclotron rotation.
Therefore, as the first approximation, one can suggest
the model of an electron having the circular orbit with
the center that changes slowly its position along the
linear positive density gradient. The transition radiation
will exist all the time while the guiding center is situated
in the inhomogeneity region, and its properties will
change slowly as well.
As the first step, we consider the model of a
relativistic electron rotating around the motionless
center in a plasma with linear density profile, by
neglecting the influence of a magnetic field on the
dielectric permittivity (Fig. 2).
3.

Wave Equation for Vector-potential and Its
Solution

It is convenient to expand the current density of
the rotating electron into plane waves. The transition
radiation can be found for one plane wave of the current.
Then the integration of all waves constituting the
spectrum gives the total radiation intensity. According
to the model under consideration, the electron has a
circular orbit and rotates in the x0z plane (Fig. 2). Thus,
its motion can be described by the following dependences
of coordinates on time:
x∼ (t) = RL cos ωc t, y∼ (t) = 0, z∼ (t) = RL sin ωc t.
The corresponding velocity components can then be
written as
½
vx (t) = −ωc RL sin ωc t,
vz (t) = ωc RL cos ωc t,
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Fig. 2. Model of an electron having a rotating trajectory in plasma
with linear density gradient (schematic plot)

and the current density created by one electron is
~j(~r, t) = e(e~x vx + e~z vz )δ(~r − ~r(t)) =
= e(e~x vx + e~z vz )δ(x − x(t))δ(y(t))δ(z − z(t)).
The expansions into the Fourier integral with respect to
coordinates and the Fourier series in the time allow us
to represent the full current density as a sum of plane
waves:
jx (~k, t) = iC

n=∞
X

einωc t Bnx (kx , κ),

n=−∞

jz (~k, t) = C

n=∞
X

einωc t Bnz (kx , κ),

n=−∞

where coefficients C and Bnx,nz are given by the
expressions
C = ωc eRL /2(2π)3 ;
³ q
´
Bnx,nz (kx , κ) = Jn−1 RL kx 2 + κ2 ei(n−1) arctan(kx /κ) ∓
³ q
´
∓Jn+1 RL kx 2 + κ2 ei(n+1) arctan(kx /κ) .
For the sake of simplicity, it is convenient to use the
~ instead of the electric and magnetic
vector-potential A
fields. Тhen the wave equation for the vector-potential
looks as
~ − ∆A
~ = 4π ~j + ²k 2 A,
~
grad divA
0
c

(1)

where ²(z) = ²1 + (²2 − ²1 )z/L is the dielectric
permittivity, ²1 and ²2 are values of the dielectric
permittivity upstream and downstream the shock. The
dependence on time is taken as exp(iωt) and k0 = ω/c.
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As far as the model contains a chosen direction, it
is natural to decompose the physical magnitudes into
components parallel and perpendicular to the density
gradient:
~ = e~z Ak + A~⊥ ; ~j = e~z jk + j~⊥ ; ~k = e~z kz + k~⊥ .
A
~ r) = A(z)exp[−i(k
~
Considering A(~
x x + ky y)], Eq.
(1) yields the wave equation for Ak that represents
the electromagnetic wave excitation by a plane wave of
current density:
A00kzz +
=

²0z 0
2
A + (²k02 − k⊥
)Ak =
² kz

4π
[(κ2 − ²k02 )jk + κ(k~⊥ j~⊥ )].
c²k02

1
(C1 eiψ(z) + C2 e−iψ(z) ),
²kz
Rz

Rz p

(2)

(3)

2 dz 0 is the
where ψ(z) = kz (z 0 )dz 0 =
²(z 0 )k02 − k⊥
eikonal.
There is a plane wave of current density j ∼
exp(−iκz) on the right-hand side of Eq. (2). Therefore,
it is natural to look for its partial solution describing the
electric field of this current wave in the form

Ak (z) = B(z) exp(−iκz).
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B(z) =

i exp(−iΦ(z))
p
²(z)

Zz

a

medium

f (z 0 )
p
exp[iΦ(z 0 )]dz 0 ,
2κ ²(z 0 )

where f (z) exp(−iκz) is the right-hand side of Eq.
Rz
(2), and Φ(z) = ((kz2 − κ2 )/2κ)dz 0 . Introducing the
dependence of the WKB amplitudes on the coordinates
[12], one can investigate the wave interaction in an
inhomogeneous medium. Then the solution of Eq. (2)
has a form
Ak (z) = p

According to measurements, the frequency of the
detected electromagnetic radiation was quite different
from the plasma frequency. Consequently, there was
no point of local plasma resonance on the dielectric
permittivity profile ²(z), and there was no reflection
point for electromagnetic waves for reasonable values of
k⊥ . Therefore, the solution of Eq. (1) can be found, by
using the WKB approximation. This approximation is
applicable only if the condition 2π/kz ¿ L is satisfied.
In other words, the result obtained has physical sense
only for angles with cos θ À 2π/(k1,2 L), where θ is the
angle between the radiation direction and the 0z axis,
and subscripts correspond to the plasma upstream and
downstream the shock (Fig. 2). Equation (2) is linear and
non-uniform, thus its solution is a sum of an arbitrary
partial solution of the non-uniform equation and a
general solution of the uniform equation. The solution
of the correspondent uniform equation in the WKB
approximation consists of two terms corresponding to
forward and backward waves with regard to the density
gradient direction:
Ak (z) = √

The dependence B(z) specified by
inhomogeneity is given by the expression

C1 (z)
²(z)kz (z)

C2 (z)

eiψ(z) + p

²(z)kz (z)

e−iψ(z) +

+B(z) exp(−iκz).
Substituting this solution in (2) and imposing the
additional condition on the relation between C1 and C2
[12], we obtain the equation set that can be solved for
the derivatives of the amplitudes C1 (z) and C2 (z):

1 k0
²0
²0

0

(z) = z C1 (z) + ( z + z )C2 (z)e−i2ψ +
C1z



4²
2 kz
2²z

r


i
²

00
−iκz−iψ

B (z)e
,
 +
2 kz zz
(4)
²0z
1 kz0
²0z

i2ψ
0

(z)
=
C
C
(z)
+
(
+
)C
(z)e
−

2
1
2z


4²
2 kz
2²z

r


² 00
i


B (z)e−iκz+iψ .
 −
2 kz zz
The first two terms on the right-hand sides of system
(4) describe the mutual transformation of the forward
and backward wave amplitudes. The last terms describe
the transformation of the electric field current wave
into the electromagnetic radiation. The integration of
these terms by all inhomogeneity widths L allows us to
compute the forward and backward transition radiations
of a given current wave:
ZL s
i
²(z 0 ) 00 0 −iκz0 ±iψ(z0 ) 0
B (z )e
dz .
(5)
C1,2 = ±
2
kz (z 0 ) zz
0

The calculation of that integral in the WKB
approximation for the radiation on the n-th harmonic
of the cyclotron frequency gives
Cn1,2 =

iCπ(²n1 − ²n2 )
×
cκL

R0
i(nωc t∓ kz dz 0 )

×e

(e

∓i

RL
0

kz dz 0

D(L) − D(0)),

(6)
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where
D(z) =

i3k0 cos θk L 3/2
² )×
2(²n1 − ²n2 ) n2
√
(κ2 − ²n2 (z)k02 )Bnz − iκ ²n1,2 k0 cos φk sin θk Bnx
√
√
×
−
( ²n2 k0 cos θk )3/2 (κ2 − ( ²n2 k0 cos θk )2 )
−(exp(∓

(κ2 − ²n (z)k02 )Bnz − iκkx Bnx
3/2

kz (z)(κ2 − kz2 (z))

.

For further calculations, it is convenient to perform
the transformation to a spherical coordinate system
taking into account that
√
²(0) = ²1 , ²(L) = ²2 , k1,2 = k0 ²1,2 ,
kx = k cos φk sin θk , ky = k sin φk sin θk , kz = k cos θk ,
p
kx2 + ky2 = k 2 sin2 θk , r = x2 + y 2 + z 2 ,

i3k0 cos θk L 3/2
² )×
2(²n1 − ²n2 ) n1
√
(κ2 − ²n1 (z)k02 )Bnz − iκ ²n1,2 k0 cos φk sin θk Bnx
√
√
×
),(8)
( ²n1 k0 cos θk )3/2 (κ2 − ( ²n1 k0 cos θk )2 )
−(exp(∓

where it was taken into account that
dkx dky = −k 2 sin 2θk dφk dθk ,

x = r cos Φr sin Θr , y = r sin Φr sin Θr , z = r cos Θr .

kx x + ky y ∓ kz z =

The angles θk and φk indicate the wave vector
direction, whereas Θr and Φr indicate the direction
to a measurement point. Then expression (6) can be
rewritten as

= kr(sin Θr sin θk cos(Φr − φk ) ∓ cos Θr cos θk ).

iCπ(²n1 − ²n2 )
i3k0 cos θk L 3/2
(exp(∓
² )×
cκL
2(²n1 − ²n2 ) n2
√
(κ2 − ²n2 (z)k02 )Bnz − iκ ²n1,2 k0 cos φk sin θk Bnx
√
√
×
−
( ²n2 k0 cos θk )3/2 (κ2 − ( ²n2 k0 cos θk )2 (z))
Ã
µ
¶
i3k0 cos θk L 3/2
− exp ∓
²
×
2(²n1 − ²n2 ) n1
Cn1,2 =

!
√
(κ2 − ²n1 (z)k02 )Bnz − iκ ²n1,2 k0 cos φk sin θk Bnx
√
√
×
.
( ²n1 k0 cos θk )3/2 (κ2 − ( ²n1 k0 cos θk )2 (z))
The vector-potentials of forward and backward
radiations for one plane wave of current are given by
the expression
Akn1,2 (z) = p

Cn1,2 (z)
e−i(kx x+ky y∓kz z) .
²n1,2 (z)kz1,2 (z)

(7)

Integrals (8) can be calculated using the stationary phase
method in the far zone (k1,2 r À 1). The stationary
phase points for integrals over φk and θk correspond to
the direction to the measurement point: φk = Φr and
θk = Θr . In this way, we come to the relation
Akn1,2 = −k1,2
×

exp(−ik1,2 r(iπ/4(δS 00 φ + δS 00 θ ) − cos 2Θr ))
p
×
²n1,2 (z)k1,2 (z) cos Θr
Z∞

×
−∞

×

³
i3k0 cos Θr L 3/2
dκ exp(∓
² )×
2(²n1 − ²n2 ) n2

(κ2 − k22 )Bnz − iκk2 cos Φr sin Θr Bnx
−
(k2 cos Θr )3/2 κ(κ2 − (k2 cos Θr )2 )

− exp(∓
×

i4Cπ 2 (²n1 − ²n2 ) cos Θr
p
×
cLr
| cos 2Θr |

i3k0 cos Θr L 3/2
² )×
2(²n1 − ²n2 ) n1

(κ2 − k12 )Bnz − iκk1 cos Φr sin Θr Bnx ´
.
(k1 cos Θr )3/2 κ(κ2 − (k1 cos Θr )2 )

(9)

Consequently, the inverse Fourier transformation with
respect to kx and ky gives

The integration over κ is performed via numerical
methods. The largest contribution to integral (9) is
∞
∞
made by the Cherenkov resonance region, where κ =
Z
Z
Cn1,2 (z)e−i(kx x+ky y∓kz z)
±k
1,2 cos Θr .
p
Akn1,2 (z) =
dkx
=
dky
²n1,2 (z)kz1,2 (z)
Given the amplitude of the vector-potential
−∞
−∞
longitudinal component harmonic Akn1,2 , we can obtain
the radial component of the Poynting vector:
Z2π
Zπ
√
2 iCπ(²n1 − ²n2 )
dφk sin 2θk dθk ×
= −k1,2
c ² 2
cκL
ΠRn1,2 =
E =
0
0
4π Θr
√
n2 ωc2 ²n1,2 ³ sin2 Θr ∓ cos2 Θr ´2 2
exp(−ik1,2 r(sin Θr sin θk cos(Φr −φk )∓cos Θr cos θk ))
Akn1,2 .
p
×
× = c
4π
sin Θr
²n1,2 (z)k1,2 (z) cos θk
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Probably, it is a result of the interference pattern that
is formed in the far zone by the radiation from different
electron spatial locations. Indeed, the wave length of the
measured radiation is about 3–4 m, while the trajectory
scale can be estimated as the Larmor radius ∼ 100 km.
Usually, relativistic electrons generate the transition
radiation that propagates mostly at small angles to the
velocity direction [1]. In the case of a straight trajectory,
this results into a more intense forward radiation. In
the suggested model, the relativistic electron is rotating.
Consequently, the transition radiation calculation gives
forward and backward radiation powers of the same
order.
The transition radiation Poynting flux for one
Fourier harmonic obtained for the chosen model gives
the result exceeding considerably that obtained for
the straight electron propagation. For example, the
transition radiation for the n = 250 harmonic is by more
than 80 orders of magnitude higher than that in the case
of a straight trajectory [1]. Thus, the electron rotation
provides a much higher radiation efficiency.
5.
Fig. 3. Forward (a) and backward (b) radiation patterns for the
n = 250 harmonic of the Poynting flux radial component in the
far zone for the relativistic electron with the energy Ee = 300 keV
in a plasma with the upstream and downstream densities n1 =
1×105 m−3 and n2 = 2.2×105 m−3 , the magnetic field B =
16×10−9 T, and the inhomogeneity scale L = 1.5×105 m

4.

Preliminary Results and Discussion

We assume that the forward radiation propagates in the
angle range 0 < θ < π/2, and the backward radiation
propagates in the angle range π/2 < θ ≤ π (Fig. 3).
As far as the forward radiation propagates into the
plasma with a smaller dielectric permittivity value, it
comes out of the shock region at all possible angles
between 0 and π/2. The backward radiation is emitted
into the plasma with a higher value of refraction index.
Therefore, it will exist only
p for angles satisfying the
inequality θ ≥ π − arcsin( ²2 /²1 ).
The typical forward and backward transition
radiation patterns created by a given partial wave of
current density are presented in Fig. 3. Due to the
reasons described above, these patterns make sense only
in the limited range of the angle θ.
It can be seen from Fig. 3 that the directivity diagram
of the Poynting flux harmonic has oscillating structure.

418

Conclusions

Properties of the transition radiation under study can be
described as follows.
1. Forward and backward transition radiations of the
relativistic electron drifting through the interplanetary
shock region are of the same order.
2. Both the forward and backward radiation patterns
have highly oscillating structure due to the interference
observed in the far zone from different electron locations.
3. The transition radiation of the relativistic electron
having circular orbit is much higher than that obtained
for the straight electron propagation.
The preliminary results of this work are outlined in
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ПЕРЕХIДНЕ ВИПРОМIНЮВАННЯ РЕЛЯТИВIСТСЬКИХ
ЕЛЕКТРОНIВ З МIЖПЛАНЕТНОЇ УДАРНОЇ ХВИЛI
К.С. Мусатенко, I.O. Aнiсiмов
Резюме
Для пояснення багатосупутникових вимiрювань CLUSTER та
WIND запропоновано модель перехiдного випромiнювання релятивiстського електрона, що дрейфує через область мiжпланетної ударної хвилi. Отримано хвильове рiвняння для поздовжньої компоненти вектор-потенцiалу. Наведено дiаграми напрямленостi фур’є-гармонiки вектора Пойнтiнга. Обговорено
властивостi випромiнювання, що виникає в такiй системi.
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