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A joint space-frequency distribution, the special cases of which
are the Ville and Wigner distributions, has been proposed.
The frequency representation of the joint distribution has been
obtained for the first time, which enabled us to remove features
that arose in the coordinate representation. An expression for the
joint distribution of a rectangular pulse has been calculated. A
relation between the Ville and Wigner distributions has been
found. In particular, it was demonstrated that the Wigner
distribution is formed by rotating the Ville one on the information
diagram of the conjugated coordinates (x, p) by an angle
that is proportional to the joint parameter t. The results of
numerical calculations of the joint space-frequency distribution
of a rectangular pulse at various values of the joint parameter
have been presented.

1. Introduction

Since the middle of the last century, space-frequency
distributions have occupied a special place in the
description of optical systems for information processing.
The distributions of such a type have been successfully
applied for the first time while considering quantum-
mechanical problems by E. Wigner in 1932 [1] and
by J. Ville in 1948 [2].1 In those seminal works, the
fundamentals of the distribution theory have been
formulated, and the main properties of distributions
have been studied. Later on, various modifications
of the Wigner and Ville distributions were analyzed;
nevertheless, the first attempt to systematize space-
frequency distributions was made by L. Cohen [3]. In
that work, the goals, problems, and the ways of their
solution have been accurately formulated for the first
time.

The main purpose of constructing the space-
frequency distribution consists in finding a certain
general function depending on the coordinate and the
frequency W (x, ω). This function must simultaneously
describe the intensity of the signal f(x) at a definite
coordinate and a definite frequency. The generalized
formulation of the space-frequency distribution, which
satisfies the aforementioned conditions, has been
proposed by L. Cohen [3]. This distribution is described
by the formula
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where f(x) is the signal, and Φ(x, ω) is the so-
called kernel function. Various members belonging to
the Cohen class can be obtained from formula (1)
by substituting different kernel functions Φ(x, ω). For
instance, if Φ(x, ω) = 1, formula (1) transforms into
the Wigner distribution function; whereas, at Φ(x, ω) =
δ(x − x0)δ(ω − ω0), it becomes the Ville one. Since
our research deals just with the Ville and Wigner
distributions, we consider these two distributions in
more details, because they are widely applicable in the
space-frequency analysis, in particular, in the optical
systems of information processing.

The Ville distribution can be written down in the
following form [2]:
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1In a number of works, along with the term “the Ville distribution” , the term “the uncertainty function” was used. But, taking into
account the fact that the given distribution was suggested by Ville, the former term is used throughout the work.
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× exp (−iω0x)dx. (2)

The Wigner distribution is one of the most popular
coordinate-frequency distributions and is used for the
space-frequency analysis [4,5]. By definition, the Wigner
distribution looks like

Wf1 f∗2 (x; ω) =
∫

f1

(
x +

x0

2

)
f∗2

(
x− x0

2

)
×

× exp (−iωx0)dx0. (3)

Although the use of the Ville distribution somewhat
simplifies calculations, while restoring the distribution of
the input signal intensity, the majority of authors uses,
nevertheless, the Wigner distribution in their works.
A logical step in this direction was made in work [6],
where the generalized Wigner function was introduced.
This function is constructed in such a manner that
the transition from the Wigner formalism to the Ville
one can be carried out by varying a definite parameter
θ. Taking into account the ample opportunities which
are offered by the implication of the Ville distribution
in the theory of optical information processing (see
work [7]), we propose a method of construction of
a generalized coordinate-frequency distribution using
the Ville function as a basic one. Both approaches
mentioned above are equivalent; however, the use of
the latter allows one to find a whole class of new
distributions and to restore the intensity of the input
signal which is experimentally registered at the optical
system output [8].

2. A Joint Space-frequency Distribution of
Two Signals

2.1. Theoretical background

A challenging problem in the distribution construction
is the design of a distribution of the extended type with
a certain extra parameter 0 ≤ t ≤ 1; a new distribution
must coincide with the Ville and Wigner distributions at
its limiting t-values, being a more general construction
in the intermediate range 0 < t < 1. The first attempt
to build up a distribution of the extended type with the
parameter θ was made in work [6], by generalizing the
well-known Wigner distribution function. The results
obtained in that work confirmed the fruitfulness of such
an approach. Bearing in mind that the work mentioned
was executed in the framework of quantum mechanics, a
question arises of whether such an approach is applicable
to classical systems.

Taking into account the fact that the Ville and
Wigner distributions were also first introduced to
describe quantum-mechanical phenomena but turned
out fruitful for describing the classical systems as
well, we can hope for that a similar state of affairs
would take place in the situation concerned. In work
[7], a distribution of the extended type with the
parameter t has been introduced by generalizing the
Ville distribution function. The application of the Ville
function has a basic advantage in comparison with that
of the Wigner distribution function, which consists in a
simplified scheme for the restoration of the input-signal
intensity distribution. Let the generalized distribution
of two signals, f1(x) and f2(x), be represented by the
following formula:

K(t)
f1f∗2

(x; p) = Ct

∫ ∫
dx0dω0Af1f∗2 (x0; ω0)×

× exp
{
−i

(x− x0)2 + (p− ω0)2

tan(θ/ 2)

}
×

× exp {i [x0p− ω0x]} . (4)

The constant Ct and the joint distribution parameter t
are defined by the relations [7]

Ct =
2
π

1
1− exp iθ

, t =
θ

π
. (5)

In what follows, distribution (4) will be referred to as
a joint space-frequency distribution or, briefly, a joint
distribution in the coordinate representation.

One can easily see that expression (4) is a
generalization of the ordinary Ville distribution function
with the parameter t. The limiting cases of distribution
(4) are: at t = 0, the Ville distribution (2), and, at
t = 1, the Wigner one (3). Hence, as an addition to
two known distributions (2) and 3), we suggest a whole
series of distributions, every of which being associated
with a definite value of the parameter t.

The coordinate representation of the joint
distribution (4) has features in the vicinity of the
point t = 0. In order to exclude the corresponding
uncertainties, we suggest to use, along with the
coordinate representation, the frequency one for the
joint distribution which is described by the formula:

K̃(t)
f1f∗2

(x; p) = C̃t

∫ ∫
dx0dω0Wf1f∗2 (x0; ω0)×
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× exp
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where the constant C̃t is determined by the relation
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(1− i)2

1− exp iθ
tan

θ

2
. (7)

It is evident that, in the case of the frequency
representation for the joint distribution, the peculiarities
at the point t = 0 and in its vicinity disappear. However,
there emerge the peculiarities in the vicinity of the
point t = 1. Therefore, the pair of representations
– the coordinate and the frequency ones – mutually
complement each other and completely describe the joint
space-frequency distribution on the interval t = [0, 1].

2.2. Limiting cases

This work aims at revealing the mechanism
of redistribution between the Wigner and Ville
distributions and at studying the properties of joint
distributions which describe the range of the distribution
parameter 0 < t < 1. Therefore, essentially important
are the researches of the limiting cases of the joint
distributions (4) and (6).

2.2.1. Case t = 1

In order to describe this case, we take advantage of the
coordinate representation for the generalized uncertainty
function (4). By putting t = 1 (or θ = π) in Eq. (4), we
obtain the following result:

Kt=1
f1f∗2

(x; p) =
2
π

∫ ∫
dx0dω0Af1f∗2 (x0; ω0)×

× exp(ix0p− iω0x). (8)

Hence,

Kt=1
f1f∗2

(x; p) =
2
π
Wf1f∗2 (x; p). (9)

Expression (9) corresponds to the Wigner distribution
function.

2.2.2. Case t = 0

To describe this case, we take advantage of the frequency
representation of the generalized uncertainty function
(6). In this case, t = 0 (or θ = 0), and we obtain

Kt=0
f1f∗2

(x; p) =
∫ ∫

dx0dω0Wf1f∗2 (x0; ω0)×

× exp(iω0x− ix0p). (10)

Hence,

Kt=0
f1f∗2

(x; p) = Af1f∗2 (x; p). (11)

Expression (11) corresponds to the Ville distribution
function. Therefore, in the limiting cases, the joint
distribution (4) is precisely equal to either the Wigner
or the Ville distribution function. Thus, the introduced
distribution describes the known ones at the limiting
values of the parameter t. The study of the set of
intermediate distributions comprises the subject of our
further research.

3. Distribution of a Rectangular Pulse

The use of a rectangular pulse function in optics is
important, because this function makes it possible to
describe an isolated slit [9]. On the other hand, the
rectangular pulse function plays the role of an element
in optical images. Hence, the image can be considered
as an arranged set of rectangular slits characterized
by different contrasts. Therefore, a detailed research of
the properties of the rectangular pulse function forms
the basis for constructing various optical images. A
rectangular pulse is represented by the well-known
formula

rect
( x

2a

)
=





1 |x| < a,
1/2 |x| = a,
0 |x| > a,

where 2a is the pulse width. The Fourier transform of
this function looks like

F (ω) = F̂
[
rect

( x

2a

)]
=

a∫

−a

e−iωxdx = 2a
sin(ωa)

ωa
, (12)

where sinc x
π = sin x

x is the sampling function.
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3.1. Distribution of a rectangular pulse in the
Ville region

The Ville distribution of a rectangular pulse can be
obtained either directly from definition (2) or calculated
analytically [9]:

Af1f∗2 (x0; ω0) = 2
sin[ω0(a + x0

2 )]
ω0

rect
(

a + x0

2a

)
+

+2
sin[ω0(a− x0

2 )]
ω0

rect
(

a− x0

2a

)
. (13)

According to its definition, this distribution is confined
in space by the width 2a of the rectangular pulse
function, but has no frequency limit. In the case ω0 = 0,
the distribution becomes degenerate into a triangular
pulse, and, at x0 = 0, into the Fourier spectrum of the
rectangular pulse function, i.e. the sampling function.

3.2. Distribution of a rectangular pulse in the
Wigner region

The Wigner distribution for a rectangular pulse can be
calculated directly from definition (3):

Wf1f∗2 (x;ω) = 2
sin[2ω(a + x)]

ω
rect

(
a + 2x

2a

)
+

+2
sin[2ω(a− x)]

ω
rect

(
a− 2x

2a

)
. (14)

The Wigner distribution for a rectangular pulse is
confined in space by the width a and, similarly to the
Ville distribution, has no finite frequency limit. In the
case ω = 0, the distribution degenerates into a triangular
pulse and, at x = 0, into the Fourier spectrum of the
rectangular pulse function.

4. Analytical Calculations of the Joint
Distribution for a Rectangular Pulse

4.1. Joint distribution for a rectangular pulse

It is worth noting that, although the external profiles
of the Ville and Wigner distributions for a rectangular
pulse are similar, the signals restored with their help
are substantially different. Therefore, the main goal of
this work is a detailed study of the properties of the
joint distribution of a rectangular pulse. On the basis of
theoretical formulas, we try to obtain a joint distribution
of the rectangular pulse function, which has a wide

application to the description of the optical systems of
information processing. By substituting the expression
for the Ville distribution of a rectangular pulse (13) into
the definition of joint distribution (4), we obtain the
following expression for the distribution:
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}
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The preliminary calculations can be carried out already
by this formula, but the numerical calculation of the
integral with infinite limits is complicated, and the
results are not sufficiently accurate. Therefore, it is
expedient either to transform expression (15) in order
to remove the infinite limits of integration and make
it as simple as possible for numerical calculations or
to obtain the formula for the joint distribution of a
rectangular pulse analytically. The calculation of the
joint distribution of a rectangular pulse (15) can be
carried out following two alternative ways. Let us
consider each of them in more details.

4.2. Method of reduced formulas

The task is to reduce formula (15) down to a
single term and to simplify it as much as possible.
Taking into account the fact that the rectangular
pulse function is even and carrying out a number of
mathematical transformations, we obtain the coordinate
representation for the joint distribution for a rectangular
pulse:
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An analogous formula can be deduced for the frequency
representation:
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Formulas (16) and (17) describe well the joint
distribution of a rectangular pulse in the interval t =
[0, 1]. Nevertheless, these formulas contain the integrals
over ω0 with infinite limits; and this circumstance does
not allow one to calculate three-dimensional plots, which
constitute the basis of the space-frequency analysis,
with a sufficient accuracy. Therefore, making use of
expression (16), the following formula can be obtained:
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where A = a − x0
2 and B = 1

2

√
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(
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2

)
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(18) precisely reproduces the joint distribution of a
rectangular pulse and has a number of advantages
in comparison with formulas (15), (16), and (17).
First, the joint distribution in form (18) includes only
integrals with finite limits, which essentially simplifies
numerical calculations and enhances their accuracy.
Second, the formula describes well the joint distribution
of a rectangular pulse within the whole open interval
t = (0, 1) and allows one to closely approach the limiting
cases t = 0 and t = 1. In this work, formula (18) is a key
one for еру corresponding numerical calculations.

4.3. Method of Fresnel integrals

Making use of special functions – namely, Fresnel
integrals – allows the formula for calculating the joint
distribution of a rectangular pulse to be analytically
reduced to single integrals. For this purpose, let us
express Eq. (18) as follows:
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By fulfilling a number of mathematical transformations
and taking the definition of Fresnel integrals,

S(x) =

x∫

0

dxeix2
, (21)
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into account, we obtain the final formula for calculation
of the joint rectangular pulse distribution in terms of the
Fresnel integrals:

K(t)
rr∗(x; p) = Ct
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The representation obtained is essentially important
while carrying out numerical calculations, because it
involves a single integral. In addition, the application
of Fresnel functions allows accurate calculations of the
asymptotes of such a distribution to be made, which is
essentially important for exact calculations of limiting
cases.

5. Results of Numerical Calculations of the
Joint Distribution of a Rectangular Pulse

In the previous section, we derived a number of
important formulas for calculating the joint distribution
of a rectangular pulse. In this section, we analyze the
results obtained on the basis of numerical calculations.
The main aim of carrying out the numerical calculations
is to interpret the redistribution of the joint distribution
of a rectangular pulse between the planes of Ville and
Wigner distributions. The analytical formulas obtained
demonstrate that such a redistribution occurs, when the
joint parameter t changes. At t = 0, we have the Ville
distribution, while at t = 1, the Wigner one. By varying
the parameter t, we come into the region, which, in this
work, is proposed to be referred to as a common one,
because it contains the information common for both
distributions. Numerical calculations were carried out on
the basis of formula (18).

5.1. Limiting cases for the formation of the joint
rectangular pulse distribution

First of all, we study the formation of the joint
distribution of a rectangular pulse in the limiting

cases, in order to compare the obtained results with
their known analogs. So, let us consider each of them
separately.

5.1.1. Ville distribution

In the classical case t = 0, in order to obtain a complete
set of data on the input signal at a definite coordinate,
it is necessary to sum up all spatial frequencies [10]. In
this case, if x = 0, the distribution of a rectangular pulse
in formula (18) is identical to its Fourier transform. At
p = 0, the distribution acquires the shape of a triangular
pulse. Therefore, the joint distribution of a rectangular
pulse really becomes degenerate into the well-known
Ville distribution at the value of the joint parameter
t = 0 (Fig. 1,a).

5.1.2. Wigner distribution

Another limiting case of distribution (18) – at t = 1 –
is the Wigner one. In this case, for the restoration of
the input signal from its distribution, which is confined
in space, it is also necessary to make allowance for
all spatial frequencies. As is seen from Fig. 1,f, the
distribution corresponds to the Wigner one. Hence, we
may assert that the Wigner and Ville distributions are
really the limiting cases of the joint distribution (18).

5.1.3. Joint distribution

Consider now the common region. By varying the joint
parameter t, we change, in that way, the distribution of
the input signal. Therefore, even if the variation of the
parameter t is not large, the distribution of a rectangular
pulse becomes rotated on the information diagram. In
the course of rotation, both the coordinate and frequency
cross-sections of the distribution change. Similar effects
are also observed in the range of the fractional Fourier
transformation [11, 12] and while studying the Fresnel
diffraction at an isolated slit [10]. Hence, the rotation of
the rectangular pulse distribution in the common region
– clockwise and by an angle proportional to the joint
parameter t – is observed, while the redistribution from
the Ville plane to the Wigner one occurs. In the case of
the motion in the opposite direction, i.e. from the Wigner
plane to the Ville one, there occurs the counter-clockwise
rotation.

The results of such a redistribution are demonstrated
in Figs. 1 and 2 for some selected values of the joint
parameter. The mechanism of redistribution can be
evidently illustrated by giving, as an example, the cross-
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Fig. 1. Formation of the real part of the joint distribution for a
rectangular pulse for various values of the parameter t

Fig. 2. Formation of the imaginary part of the joint distribution
for a rectangular pulse for various values of the parameter t

section x = 0 of the joint distribution of a rectangular
pulse (see Fig. 3). It is important to point out that, in
the limiting cases (t = 0 and t = 1), the imaginary part
of distribution is equal to zero, i.e. the distribution is
real-valued in those cases. Minor changes of the joint
parameter t give rise to the appearance of its imaginary
part, so that the distribution in the common region
is complex-valued. It testifies that the redistribution
occurs exclusively through the complex plane. It should
also be noted that, while entering into the common
region, the rectangular pulse distribution becomes
frequency-confined, i.e. every coordinate is associated
with a definite frequency. It is a key distinction from
the limiting cases, where every coordinate is associated
with an infinite number of frequencies, which makes the
process of input signal restoration from its distribution
essentially complicated.

Now, consider the formation of a rectangular pulse
distribution in the common region. For this purpose, we
analyze some characteristic values of the joint parameter
t in detail.

T h e i n t e r v a l t = 0 ÷ 10−5. Let us start
the analysis from the limiting case t = 0 (the Ville
distribution). In this case, the distribution is real, and
its cross-sections are as follows: in the case x = 0,
the well-known triangular pulse (see Fig. 3, t = 0),
and, in the case p = 0, the Fourier spectrum of a

rectangular pulse (see Fig. 3, t = 0). The complete
distribution of a rectangular pulse in the case t = 0
is presented in Figs. 1,a and 2,a. As was mentioned
above, in order to restore the input signal in this
case, all spatial frequencies given within the frequency
interval −∞ < ω < ∞ have to be taken into
account.

T h e v i c i n i t y o f t = 0.1. By increasing
the value of the joint parameter t to 0.1, we make
a first step into the mixed region. Here, the situation
changes drastically. The distribution becomes complex,
i.e. both the real and imaginary parts are responsible
for the formation of the joint distribution, and those
parts should be analyzed separately. On the information
diagram, the real (Fig. 1,b) and imaginary (Fig. 2,b)
parts of the rectangular pulse distribution rotate by an
angle proportional to the joint parameter t. The joint
distribution starts to redistribute at the zero coordinate,
owing to which it changes (Fig. 3). There appears an
imaginary part, while the real one becomes definite
within the fixed frequency limits. It testifies that, for
the restoration of input signal, it is sufficient to consider
a finite number of frequencies.

T h e v i c i n i t y o f t = 0.3. In this region,
the rotation of both the real and imaginary parts of the
input signal distribution continues (Figs. 1,c and 2,c).
It should be noted that, in this region, the amplitude of
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the real part decreases, and that of the imaginary part
increases. Such a process is natural, because the Wigner
and Ville distributions are normalized in such a manner
that the Wigner distribution, by amplitude, is twice as
large as the Ville one. Therefore, the “transformation”
from the former to the latter is accompanied by a
reduction of the distribution amplitude. The cross-
section of the joint distribution at zero coordinate
(Fig. 3, t = 0.2) indicates a tendency for the band
of finite frequencies, for which the input signal can be
restored unambiguously, to grow.

C a s e t = 0.5. This case is of special interest
within the scope of this research, because the joint
distribution is located exactly in the middle between
the Wigner and the Ville one (Figs. 1,d and 2,d). If
the redistribution is associated with a rotation of the
input signal distribution, then this case corresponds to
the distribution rotation by the angle ϕ = 45◦; the Ville
distribution corresponds to the rotation angle ϕ = 0◦,
and the Wigner one to ϕ = 90◦. The characteristic
feature of the distribution formed in this case stems
from the fact that tan 45◦ = 1, so that any other
features disappear both in the frequency and coordinate
representations. The partial case of the joint distribution
at the value of the joint parameter t = 0.5 requires a
more detailed analysis, which goes beyond the scope of
this work.

T h e v i c i n i t y o f t = 0.7. At such values of
the joint parameter, the redistribution between the real
and the imaginary parts of the input signal distribution
continues due to the distribution rotation (Figs. 1,e and
2,e). The cross-section of the joint distribution at zero
coordinate (Fig. 3, t = 0.8) is completely confined to the
band of finite frequencies, for which the input signal can
be restored unambiguously.

T h e i n t e r v a l t = 0.9 ÷ 1.0. In this region,
the distribution of the input signal becomes ultimately
rotated by the angle ϕ = 90◦, which corresponds to the
Wigner distribution (Fig. 1,f). The imaginary part of
the distribution disappears (Fig. 3, t = 1), and, in the
cross-section at zero coordinate, there emerge infinite
frequencies. Nevertheless, at the large value of the joint
parameter, t = 0.99999, the imaginary part is visually
similar to the Wigner distribution, although being 105

times weaker than the latter by intensity. The previous
researches allow us to draw an important conclusion
that there is an unambiguous relation between the Ville
and Wigner distributions. As was established above,
the Wigner distribution is formed by rotating the Ville
distribution on the information diagram by the angle
ϕ = 90◦.

Fig. 3. Formation of the cross-sections x = 0 (the left column) and
p = 0 (the right column) of the joint distribution of a rectangular
pulse at various values of the parameter t. Solid curves – the real
part, and the dotted curves – the imaginary one

6. Conclusions

The work is devoted to the consideration of the
properties of the joint space-frequency distribution
introduced by the author as a generalization of the well-
known Ville and Wigner distributions. Numerical and
analytical calculations have been carried out to study the
mechanism of redistribution between the distributions
mentioned above. The Ville and Wigner distributions
have been demonstrated to be the limiting cases of the
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joint distribution. The region between those two limiting
cases has been studied in detail, and a continuous
relation between them has been revealed as a rotation
on the information diagram of conjugated coordinates
by an angle proportional to the joint parameter t.

For the description of the joint distribution to
be complete, the frequency representation has been
proposed for the first time, which made it possible
to calculate its limiting cases – a task, for which
the coordinate representation is inapplicable. Bearing
in mind that the study of the joint distribution is
aimed at its application to describe optical systems,
the distribution of a rectangular pulse function, as
an element of optical images, has been investigated
in detail. A number of analytical formulas for the
calculation of the joint rectangular pulse distribution has
been derived for the first time.

The results of numerical calculations confirmed our
theoretical assumptions and allowed us to establish
the unequivocal relation between the Ville and Wigner
distributions, as well as the mechanism of redistribution
between them. The main advantage of using the joint
distribution consists in a possibility to restore the
intensity of the input signal, which is experimentally
registered at the output of the optical system.
The preliminary conclusions about the fruitfulness of
applying the joint distribution for the description of
optical systems can be made on the basis of that fact
that the Ville distribution, which is its limiting case, is
successfully used in solving the similar problems.

It is important also to note that the joint distribution
combines two distributions which are widely used for the
description of optical systems aimed at the information
processing. Therefore, there are all reasons to assume
that the joint space-frequency distribution will be used
for the description of modern optical systems.
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СПIЛЬНИЙ ПРОСТОРОВО-ЧАСТОТНИЙ РОЗПОДIЛ
ОПТИЧНИХ СИГНАЛIВ

Ю.М. Козловський

Р е з ю м е

Запропоновано спiльний просторово-частотний розподiл, част-
ковими випадками якого є розподiли Вейля та Вiгнера. Впер-
ше отримано частотне представлення спiльного просторово-
частотного розподiлу, використання якого дало можливiсть
усунути особливостi, якi мали мiсце при використаннi коорди-
натного представлення. Розраховано вираз спiльного розподi-
лу для прямокутного iмпульсу. Встановлено взаємозв’язок мiж
розподiлами Вейля та Вiгнера. Показано, що розподiл Вiгне-
ра формується при поворотi розподiлу Вейля на iнформацiй-
нiй дiаграмi спряжених координат (x; p) на кут, пропорцiйний
спiльному параметру t. Наведено чисельнi розрахунки спiль-
ного просторово-частотного розподiлу прямокутного iмпульсу
при рiзних значеннях спiльного параметра.
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