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We have analyzed the emission of conduction electrons from
metals caused by the sudden alteration of a nuclear charge as a
consequence of any nuclear decay. The refraction of the electron
wave at the crystal surface is taken into account. It is shown that
the energy distribution of ejected shake-off electrons contains a
peak at an energy of the order of 1 eV. The calculated energy
spectrum of shake-off electrons is consistent with experimental
data.

1. Introduction

As far as in 1946, Migdal [1] and Feinberg [2] indicated
that the alteration of a nuclear charge after the nuclear
decay is apprehended by atomic electrons as a sudden
perturbation of the Coulomb field, in which they move.
As a result, any atomic electrons can leave their bound
states in the atom and fly away. They are called shake-
off electrons. Since then different aspects of the shake-
off process have been studied both theoretically and
experimentally [3–13] (see also reviews [14–17]). The
probability of the electron transition from the K or L
level to ones of the continuous spectrum, caused by
the β decay of a nucleus, has been calculated in [1–
4]. In those papers, the wave function ψi(r) of the
initial K state describes the motion of an electron in
the Coulomb field of the point charge Ze, and the
final wave function ψf (r) describes the motion of the

shake-off electron in the Coulomb field of the charge
Z ′e, where Z ′ = Z + ∆Z. For the β− decay, the
electron capture, and the α decay, ∆Z = +1,−1,
and −2, respectively. The transition probability equals
the squared modulus of the overlapping integral <
ψf (r)|ψi(r) > multiplied by the density of final electron
states in the continuous spectrum. Note that time-
dependent perturbation theory provides the same shake-
off probability if the alteration of the Coulomb field
can be treated as a small perturbation of the initial
field Ze2/r, i.e. if Z À 1. Below we use just such an
approximation.

It have been shown in [8] that the energy distribution
of shake-off electrons contains the peak at the kinetic
energy E ≈ 1 eV which is followed by a monotonous
lowering of the intensity with increase in E (see Figs.
1–3). Although Levinger [3] predicted this tail in the
spectrum of shake-off electrons, he did not mention the
appearance of the low-energy peak.

Here, we will concentrate on the energy and angular
dependences of emitted shake-off electrons and analyze
the role of the crystal environment in the shake-off
process. Evaluations (see, e.g., [18]) show that the shake-
off probability rapidly grows with lowering the transition
energy of the electron from the initial bound state to the
continuous spectrum. Therefore, the main contribution
to the measured spectra of shake-off electrons is provided

Fig. 1. Energy distribution of shake-off electrons integrated over
angles for the screening radius r0 = 1 Å

Fig. 2. Energy distribution of shake-off electrons integrated over
angles for the screening radius r0 = 2 Å

120 ISSN 0503-1265. Ukr. J. Phys. 2008. V. 53, N 2



SHAKE-OFF FOR CONDUCTIVITY ELECTRONS

by electrons which are located on the upper-lying
levels prior to the nuclear decay. In other words, the
experimentalists “see” mainly the electrons which escape
from valent levels. Recent shake-off experiments [8–13]
have been carried out with metal radioactive sources.
There the valence electrons become free carriers of
charge, by moving in the conduction band. We consider
here the shake-off process just for the conduction
(valence) electrons of a metal.

It is also worth to mention work [6], in which
an additional peak was discovered in the spectrum of
conversion electrons, whose shape is a mirror image of
the shake-off electron spectrum. In this case, the nuclear
energy is shared among conversion and shake-
off electrons. This effect has been explained in [19] by
describing the whole process as a two-step decay of the
coupled “nucleus + atomic electrons” system.

2. Sudden Perturbation

The conduction (valence) electrons of a metal, moving
in a periodic crystal potential U(r), are described by the
Bloch wave functions. We use the oversimplified model
of free electrons confined in the potential well (see, e.g.,
[20, 21])

U(r) =
{ −U0 inside the crystal,

0 outside it, (1)

where U0 > 0.
The perturbation of this potential suddenly arises

at the time moment t = 0, when the nucleus abruptly
changes its charge, Z → Z ′ = Z+∆Z. The charge excess
∆Ze is immediately screened by valence electrons which
are redistributed among levels of the conduction band
near the Fermi level. The rate of such screening process
is much higher than that of the electron transition
to any state of the continuous spectrum with energy
E>0, since the transition energies of an electron within
the conduction band are much less than the transition
energy of a shake-off electron.

Thus, the perturbation arising at the time moment
t = 0 is

V (r, t) = vc(r)θ(t), (2)

where vc(r) is a screened Coulomb interaction and

θ(t) =
{

1, t > 0,
0, t < 0.

(3)

We approximate vc(r) by the function

vc(r) = −∆Ze2

r
exp

(
− r

r0

)
, (4)

Fig. 3. Energy distribution integrated over the angle θ from 0 to
π/2 for shake-off electrons ejected from a Co crystal. The results
of calculations are compared with the data in [8]

where r0 represents the screening length. Broadly
speaking, the real Coulomb field of a nucleus screened
by the surrounding electrons can have a much more
complicated dependence on the radial coordinate r.
It is described in terms of the dielectric function
which has the so-called Kohn singularities (see, e.g.,
[20, 21]). But all this is beyond the scope of our
paper.

Hereafter, we put the origin of the coordinate frame
x, y, z into the radioactive nucleus and direct the axis
z perpendicularly to the crystal surface having the
coordinate zs. The crystal slab occupies the region zs −
D < z < zs, where D is the crystal thickness. The shake-
off electrons fly into the region z > zs.

The Hamiltonian for such an electron can be written
down as

Ĥ(r, t) = Ĥ0(r) + V (r, t), (5)

where the unperturbed Hamiltonian

Ĥ0 = − ~
2

2m
∆ + U(r), (6)

and m is the electron mass. The eigenfunctions and
eigenvalues of the operator Ĥ0 are determined by the
equation

Ĥ0ϕn(r) = Enϕn(r) (7)
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with the transition frequencies

ωnm = (En − Em)/~. (8)

At the initial time moment t = 0, let the electron be
in the state ϕ0(r). Then the probability of finding the
electron in any final state n at t → ∞ is given by the
well-known formula of the time-dependent perturbation
theory (see, e.g., [22]):

Pn(∞) =
∣∣∣∣
〈n|vc(r)|0〉
~ωn0

∣∣∣∣
2

. (9)

3. Electron Waves

The conduction electrons moving in the potential well
(1) are described by the wave functions

ψq(r) =
1√
V

eiqr, (10)

where V is the crystal volume. The corresponding energy
is

εq = −U0 + ~2q2/2m. (11)

The depth of the potential well equals

U0 = εF + A, (12)

where εF = ~2q2
F/2m is the Fermi energy, and A is the

work function. The radius of the Fermi sphere equals

qF =
(
3π2N/V

)1/3
, (13)

where N is the number of free electrons in the volume
V given by

N = ν(V/v0) (14)

with v0 standing for the volume per one atom in the
crystal and ν for the valency of atoms.

The average number of electrons on the level εq with
a definite spin projection is determined by the Fermi
distribution

n̄(q) =
[
exp

(
εq − εF

kBT

)
+ 1

]−1

. (15)

The electron in the final state has the energy E > 0
and the wave vectors K inside the crystal and k outside
it. This electron is described by the wave function (see
also [23])

ψk(r) =
{

eiK||r
(
eiKzz + re2iKzzse−iKzz

)
, z ≤ zs,

tei(Kz−kz)zseikr, z ≥ zs,
(16)

where K|| is the component of the vector K along the
plane (x, y), while r and t represent the amplitudes of
reflected and transmitted waves, respectively:

r =
Kz − kz

Kz − kz
, t =

2Kz

Kz + kz
. (17)

Matching two waves (19) at the boundary z = zs, one
has the equality K|| = k|| which is nothing but the
refraction law

K sin θ0 = k sin θ, (18)

where θ0 denotes the angle between K and the axis z,
and θ is the angle between k and the same axis.

The energy of the shake-off electron

E =
~2k2

2m
=
~2K2

2m
− U0. (19)

Therefore, the normal component of the wave vector
inside the crystal is

Kz =
√

2m(E cos2 θ + U0)/~. (20)

This helps us to rewrite the transmission coefficient from
the crystal to the vacuum as

T (E) =
4Kzkz

(Kz + kz)2
(21)

or, in the form more comfortable for estimations, as

T (E) =
4(1 + U0/E cos2 θ)1/2

[1 + (1 + U0/E cos2 θ)1/2]2
. (22)

The effective potential has the imaginary part U ′′
0

which determines the attenuation of a wave inside the
crystal. As a consequence,

Kz = K
′
z + iµ/2. (23)

Here, the attenuation coefficient

µ = σin/v0 cos θ0, (24)

and σin is the inelastic scattering cross section of
electrons by one ion of the crystal. According to (17),
the intensity of the reflected wave ∼ e−iKzz about
the radioactive ion will be reduced by a factor of
e−2µzs/ cos θ0 . This enables us to keep only the direct
wave eiKr in ψf (r), when calculating the matrix
element Vfi.
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4. Shake-off Probability

Simple calculations provide us with the transition
probability Pq→k of the electron from the initial state
(10) into the final one (16):

Pq→k =
1
V

1
(E − εq)2

[
4π∆Ze2r2

0

1 + (K− q)2r2
0

]2

. (25)

Here, the screening length is estimated with the aid of
the expression [20,21]

r2
0 =

εF

6πe2n0
, (26)

where n0 is the concentration of the conduction
electrons.

The flux density of shake-off electrons near the
radioactive ion through the plane z = const ' 0 equals

j0 = ~Kz/m, (27)

whereas the flux density outside the crystal through the
plane z = const > zs is

jout = e−µzs/ cos θ0 |t|2~kz/m. (28)

The flux of electrons outside the crystal is reduced as
compared with the flux near the origin of the shake-off
electrons by a factor of jout/j0. Hence, the probability
of finding a shake-off electron in the outgoing beam at
z > zs will be

P out
q→k = (jout/j0)Pq→k (29)

or

P out
q→k = e−µzs/ cos θ0T (E)Pq→k. (30)

Here, cos θ0 may be expressed, according to (19), (20),
in terms of the experimentally measurable angle θ:

cos θ0 =
(

1− E

E + U0
sin2 θ

)1/2

. (31)

The number of electrons emitted from the crystal
into a unit energy interval ∆E and a unit solid angle
∆Ωk after the decay of a single nucleus located at the
distance zs from the surface amounts to

∂2N
(1)
e (E, θ)

∂E∂Ωk
=

∑
q

n̄(q)P out
q→k%(E), (32)

where %(E) stands for the density of final states:

%(E) = (2π)−3(mk/~2). (33)

We replace the summation in (33) over q by integration:

∑
q

−→ V

(2π)3

∫
dq. (34)

It is useful to introduce the spherical coordinates
q, β, α of the vector q with β specifying the angle
between the vectors q and k. Then the integration over
β and α is easily performed by using the identity

(K− q)2 = K2 + q2 − 2Kq cos β, (35)

giving us the distribution of shake-off electrons emitted
from the crystal:

∂2N
(1)
e (E, θ)

∂E∂Ωk
= w(E, θ) exp {−µ(E)zs/ cos θ0} , (36)

where w(E, θ) is the distribution of electrons, whose
emission is ensured by the decay of nuclei lying on the
surface (zs ≈ 0).

Introducing the notations

K̃ = Kr0, q̃ = qr0, α = ~2/2mr2
0,

ñ(q̃) =
[
exp

{
−αq̃2 − εF

kBT

}
+ 1

]−1

, (37)

we write down the result in the form

w(E, θ) = T (E, θ)
1
2α

√
E

α

(
e2

r0α

)2 1
π3
×

×
q̃max∫

0

ñ(q̃)q̃2dq̃

[K̃2 − q̃2]2[1 + 2(K̃2 + q̃2) + (K̃2 − q̃2)2]
. (38)

Here, the upper limit of integration q̃max = qmaxr0.
It should satisfy the condition qmax − qF À kBT .
Then we take all the conduction electrons into account,
since n̄(qmax) ≈ 0. Moreover, qmax should be less
than

√
2mU0/~ in order to avoid the divergence of the

integrand.
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5. Yield of Electrons

While the previous theoretical papers have dealt only
with the emission of shake-off electrons from inner levels
of isolated atoms and completely ignored the role of
environment, we considered this process for conduction
electrons in metals. Note that electrons from all levels of
the conduction band take part in the shake-off process.
Therefore, our final result (33) contains the sum over all
the levels od the conduction band.

To illustrate our results, we calculated the energy
distribution w(E, θ) of shake-off electrons ejected from a
copper crystal. In this case, the volume of the elementary
cell v0 = 1.2 × 10−23 cm3, the screening radius r0 =
0.55 Å [20, 21], the Fermi energy εF = 7.0 eV, and
the work function A = 4.4 eV. Therefore, the depth
of the potential well for Cu is U0 = 11.4 eV. In order
to understand how the energy distribution of shake-off
electrons for the copper depends on the screening radius,
we calculated w(E) integrated over the angles, taking
the screening radii r0 = 1 and 2 Å, when |∆Z| = 1.
These results are displayed in Figs. 1 and 2. We see that,
while the shape of the curve w(E) slightly depends on
r0, the integral yield of shake-off electrons very rapidly
grows with increase in r0. Namely, for r0 = 1 Å, the
integral yield is 1.8 electrons per one nuclear decay at
the crystal surface, whereas it is equal to 15 electrons
per one decay if r0 = 2 Å.

We calculated also the energy distribution integrated
over the angle θ from 0 to π/2 for shake-off electrons
ejected from the cobalt crystal, where r0 = 0.55 Å, εF =
7.36 eV, A = 5 eV. These calculations are compared with
data of [8] in Fig. 3. We see that they well correlate with
each other.

The main peculiarity of such energy spectra of shake-
off electrons is the existence of the peak at an energy E
of the order of 1 eV. Its appearance can be explained
as follows. At E → 0, the density of final states
ρ(E) ∼ √

E also tends to zero. At the same time, the
transition probability Pq→k has no singularity at the
point E = 0. As a result, the energy distribution w(E),
being proportional to ρ(E), vanishes at E = 0. On
the other hand, the denominator of the integrand in
(33) equals the product of two polynomials in K2 =
2m(E + U0)/~2. They provide a monotonous decrease
of the electron distribution w(E) with increase in the
energy E. Thus, the function w(E) rapidly grows from
zero to a maximum value and then slowly falls down
(long tail), when E varies from 0 to ∞.

The angular dependence of the integral electron yield∫∞
0

w(E, θ)dE from a Cu crystal as a function of the

Fig. 4. Angular dependence of the electron yield from a Cu crystal

angle θ is drawn in Fig. 4. This function goes to zero
as θ approaches π/2, since the transmission coefficient
of the electron wave from the crystal to vacuum is
characterized by the same behavior.

The results of calculations of the shake-off electron
yield with regard for the attenuation of the electron wave
inside a crystal will be presented elsewhere.

We are thankful to A.I. Feoktistov, V.T. Kupryash-
kin, V.M. Pugach, V.I. Sugakov, and V.N. Malnev for
helpful discussions.
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СТРУС ЕЛЕКТРОНIВ ПРОВIДНОСТI В МЕТАЛАХ,
СПРИЧИНЕНИЙ ЯДЕРНИМ РОЗПАДОМ

О.Я. Дзюблик, В.Ю. Спiвак

Р е з ю м е

Проаналiзовано вихiд з металу електронiв провiдностi, спричи-
нений раптовою змiною заряду ядра внаслiдок ядерного розпа-
ду. Враховано рефракцiю електронної хвилi на поверхнi кри-
стала. Показано, що енергетичний розподiл електронiв стру-
су мiстить пiк при енергiї порядку 1 еВ. Енергетичний спектр
електронiв струсу вiдповiдає експериментальним даним.
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