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A mechanism of the Ostwald ripening of islands in thin films and
heterostructures under the simultaneous action of the diffusion
and Wagner growth mechanisms is proposed. The island size
distribution function and the corresponding time dependences
for the average (critical) and maximal dimensions of islands
are calculated. The comparison of the experimental histograms
with the calculated curves confirms the possibility of practical
realization of the proposed growth mechanism in the process of
Ostwald ripening.

1. Introduction

The phase structure and dispersion (particle size
distribution) at late stages of the decay of an
oversaturated solid solution, i.e. the Ostwald ripening
(OR) stage [1], are determined by the mechanisms
of mass transfer between structural components. If
the growth of particles of a different phase is
limited by the coefficient of volume or matrix
diffusion D,, then the average size of precipitates
(particles, clusters) (r) changes in time as t'/3,
whereas the particle size distribution is described
by the Lifshitz—Slyozov distribution [2, 3|. In the
case where the growth of clusters is controlled
by processes taking place at the “particle-matrix”
interface, i.e. by the kinetic coefficient (3, (r) varies
as t'/2, while the size distribution corresponds to
the Wagner distribution [4]. In the case of the
simultaneous action of these two mechanisms of growth
proposed in [2-4], the dispersion of precipitates is
described by the generalized Lifshitz—Slyozov-Wagner
distribution [5].

Works [2-4] represent the basis of the Ostwald
ripening theory also called the Lifshitz-Slyozov-Wagner
theory or simply the LSW theory. In the framework of
this theory, a number of other problems related to the
investigation of OR under the conditions of the diffusion
along grain boundaries [6,7] and dislocation tubes [8-
13] were later solved. The LSW theory is also used for
the analysis of dissipative structures in nonequilibrium
semiconductor systems [14,15].
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However, of special interest is the extension
of the LSW theory to surface dispersed systems
and particularly island films. It is especially urgent
today taking the development of nanotechnologies
and the production of nanostructures into account
[16-22]. In particular, semiconductor heterostructures
with quantum dots obtained in the process of self-
organization in the Stranski-Krastanow mode [23,24] are
of important practical use.

Chakraverty for the first time applied the LSW
theory to the description of the evolution of a structure
of discrete films consisting of separate islands (clusters)
and having a form of spherical segments (Fig. 1) [35].

In the Chakraverty model, a film consists of
separate dome-shaped islands (Fig.1) statistically
uniformly distributed over the substrate surface in the
oversaturated sea (solution) of atoms absorbed by the
substrate (adatoms). One can see from Fig. 1 that the
dome-shaped clusters in the form of segments represent
a part of the sphere with the radius R¢ and the contact
angle 6. That is why the radius of the island base r,
the perimeter of circle I, the surface area S, and the
volume V can be expressed in terms of R¢o: 7 = Resinf,
| = 2nResing, S = 4nR%as2(0), V = %WR%OQ 0),
where a (0) — 273cosg+cos297 Qs (9) _ 173059 [36]

|
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Fig. 1. Island (cluster) in the form of a spherical segment being a

part of the sphere with the radius R¢
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The concentration of adatoms near the base of
clusters C). is given by the Gibbs—Thomson formula

O, = CooeBPHF ~ Oy (1 + AP”—’”) , (1)
kT

where Cy denotes the equilibrium concentration at the
temperature T, v,, is the adatom volume, k is the
Boltzmann constant, and AP stands for the Laplace
pressure caused by the surface curvature of an island.
It can be determined by equating the work required for
a decrease of the island volume by dv to the reduction
of the free energy of the island surface caused by it:

ds - iag (0)

APdv = od 60 AP=0c— =
v = odS abo Udv Rca1(9)’

(2)
where o is the specific value of the surface energy.
With regard for (2), formula (1) can be rewritten as

20 v @2(0) 20 vm sin @ az(0)

Cr = Cuxefo FT 1@ = Ce T a1l =
20 Uy, sin b as (6)
= 1 - T . - T <
Cuo (14 2tz 02 3)

It is worth noting that the Gibbs—Thomson formula in
the form (3) is presented for the first time.

Thus, the concentration of adatoms at the
“cluster—substrate” interface along the boundary line
(along the perimeter of the cluster) is determined by the
curvature radius of the cluster base r, exactly as it should
be for a plane problem. The smaller the cluster radius 7,
the larger must be the concentration of adatoms at the
interface. Vice versa, the higher the cluster radius, the
lower C,.. On the substrate, some average concentration
(C) determined by the critical radius 7, is established:

20 sinf as (6)
T em) W

20 sinf @2(0)
(C) =Cxeme T @ = Oy [ 14

The clusters, for which C, > (C), will dissolve. The
clusters, for which C, < (C), will grow. Those clusters
of critical size, whose radius is determined by Eq. (4),
are in equilibrium with the solution of adatoms:

(07

- )
=2, )
where o = 2"%;“’" sinegzggg, the oversaturation A =

1
(C) — Coo.

In the case of the diffusion mechanism of growth of
dome-shaped clusters, the mass transfer between them
is realized by the surface diffusion under conditions of a
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self-consistent diffusion field [37,38] characterized by the
surface diffusion coefficient Dg. Reaching the perimeter
of islands due to the surface diffusion and overcoming
the potential barrier at the “island—substrate” interface,
adatoms get to their surface. The redistribution of
adatoms over the surface of clusters is implemented by
capillary forces (surface tension forces).

According to the Wagner theory, the surface
mechanism of growth with conservation of the form of
islands, i.e. with conservation of the contact angle 6,
is realized if atoms, that cross the “island—substrate”
interface and get to the island surface for unit time,
have time to form chemical bonds necessary for the
reconstruction of the structure of the island substance.
Otherwise, there takes place the accumulation of
adatoms around the “island-substrate” interface with
the concentration C' equal to the average concentration
of the solution (C). In this case, the process of growth
is already controlled by the kinetic coefficient § rather
than by the surface diffusion coefficient Dg.

In accordance with the Wagner theory, the number
of adatoms that cross the “island—substrate” interface
and get to the island surface for unit time is

202 (0)

J1=4mRcas (0) B(C) = dmr® ——;
sin“ 0

B(C), (6)

while the number of atoms that leave it for unit time is

(6] (0)

sin’ 0

BCr, (7)

Jo = dgr?

so that the summary flow of atoms taking part in the
formation of chemical bonds is equal to

. . . «
Ji=]1—j2=47”“2 )
sin

JAC) = C). ®

where C,. is specified by formula (3).

At the same time, the diffusion flow of adatoms
js to the island (from an island) is determined by
the concentration gradient (%) R, at the “island—
substrate” interface:

. ac
Js = 27TTDS (dR>R27, . (9)

It can be found by solving Fick’s equation that
describes the concentration of adatoms near a separate
island and takes the following form under the conditions
of stationarity and radial symmetry:

vin (RDsGg) =0 (10)

RdR dR
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Here, R varies within the limits r < R <lr, [ = 2, 3
(screening distance [35]).
The solution of (10) can be presented as
R
C(R):C11H?+CQ, (11)
where the constants C; and Cy are determined from the
boundary conditions

CR)=C,, if R=7r (12)
C(R)=(C), if R=1Ir, (13)
so that
_ <C> B Cr _
Cy = VR Cy = C,. (14)
Thus, the solution of (11) will have the form
_ <C> B Cr E
C(R) = VR In " + C,. (15)
Knowing C (R), we obtain
. 27TDS
- —C). 1
js =05 ((¢) - o) (16)
In the equilibrium state,
Ji=Js =J- (17)

That is why the flow j to the cluster (from a cluster)
can be expressed as j = % (ji + js) and, in the general
case,
J =i+ Js) (18)
The aim of the given work lies in the calculation
of the size distribution function of islands (clusters,
particles) and the corresponding time dependences for
the average (r) (critical) and maximal dimensions of
islands depending on the relation between the flows jg
and ]z

2. Growth Rate of Islands

In order to determine the island size distribution

function f (r, t), it is necessary to know their growth
dar

rate 7 = o5 as they are linked with each other by the

continuity equation

of (r,t) 0 )

—_—+ = t)r] = 0. 19
o o [ 1)) (19)
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The growth rate of a separate island is determined
from the condition

d (4 d (4 13 ,
(20)

where j is specified by Eq. (18).
With regard for (8) and (16), we can obtain the
growth rate of islands from (20) as

dr 1 sin39v o
dt — 4mr2ag () ™

27TDS
Inl

2 a2 (0)

X |4
T sinZ (9)

ﬁ (<C> - Cr) +

(c)-¢)
(21)
We denote the ratio of the flows by
Js T

P (22)

where z = JTS is the contribution of the flow jg to the
summary flow j, and, respectively, (1 — z) = j?

In order to express the growth rate (21) in terms
of the flows j; and jg, we factor out the second term
228 ((C) — C,) and multiply the numerator and the
©-c,
C:, is the concentration of adatoms at the interface of
an island of the maximal size r4:

denominator of the first term by ( ) rg, where

dr 1 sin®@ 27 Dg
dt — Amr? oq (0) (€)= ) i "
arr22@ g0y - ¢, )
% g sin? 6 . H 1. (23)

271T£S (<C> - Crg)

The first term in the square brackets is equal to the
ratio of the flows j;/js for a particle of the maximal size.
According to relation (22), it can be replaced by %,
because expression (22) does not impose any restrictions
on the particle size. In addition, in view of the relation

200U, . ,a2(0) (1 1
() =G = kT bmeal (0) (rk r) ’

formula (23) for the growth rate can be rewritten as

dt kT

dr  0Cxv2,Dgsin* fay () 1 (1 —zr? ) "
x

— L.
a? (0)Inl 13 72 +
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~

Fig. 2. Schematic dependence of the specific growth rate % onr

A* (1 —axr?
Tk r r T Tk
x _ 0002 Dg sin? 0as(6)
where A* = i o2(0) i

Equation (24) determines the growth rate of islands
under the conditions of surface diffusion with the
contribution of the (1 — x)-th part of the flow controlled
by the kinetic coefficient (.

At x =1, Eq. (24) becomes

ar _ A (r
dt 3 \rg
and coincides with formula (17 in [35].

Repeating the previous computations and factoring
out 4mr222®) 3 ((Cy — C,), we obtain

sin? 0

dr 200, v2, 3 sin? a3 0)1 x ﬁ 1) x
dt kT a1 (@) r\1l—xr?

* 2
c( o) =BT ) (),
T r \1l—xr? Tk
where B* = UC";;?"’B Sinifég(e). At 2 =0, Eq.(26) takes
the form

dr B* (r 1
dt r \rg
which coincides with relation 31 in [35] for the growth
rate of islands controlled by the kinetic coefficient (.
Equation (26) describes the nondiffusive Wagner

mechanism of growth of islands with the contribution
x of surface diffusion.

(24)

(25)

(26)

(27)

1104

3. Time Dependences of ry and ri

One of the basic parameters of the LSW theory is the
parameter ug — the so-called locking point. In our case, it
equals ug = ry/r%. Using up and Eq. (24) or (26) for the
growth rate, we can not only find the time dependences
for r4 and r; but can also determine the analytic form
of the size distribution function, by integrating the
continuity equation after the separation of variables in
it.

The value of ug is found from the equation for the
specific growth rate (i.e. the growth rate per unit length
of the island radius) rather than from the growth rate
equation [11]. For example, with the use of (24), the
specific growth rate can be written as

T A 1—xr? r
P R AT &
g

The schematic dependence of 7/r on r is presented in
Fig. 2. At the point where 7/r reaches a maximum, the
derivative is equal to zero. From this condition, we get

(28)

d (7

—(Z =0 29
i () . (29
and

_E_2$+2
uoirk72x+1' (30)

At z = 0 (the Wagner mechanism of growth), :—f =2

at z = 1 (the diffusion mechanism of growth), ;¢ = 3.

Using the value of wu, (30), the specific growth rate
(28) can be expressed in terms of the dimensionless
variable u = %7 which allows us to represent it
graphically depending on the relation between the flows

rather than schematically:

4
,  Tgdr 1 /1—-z , 20+ 2
T A dt Tl z + 2x+1u » (31)

where the dimensionless specific rate of growth v’ =
4
;;9* %. Figure 3 shows the dependence of v' on u for
various x. The role of the locking point is defined by
the fact that, within the framework of the LSW theory,
all solutions including the size distribution function are

determined only for the values of uyg.
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In order to determine r4 and rj, we use Eqgs. (24) and
(26). Substituting r = r, into (24), replacing the ratio
:—Z by its value (30), and integrating, we obtain

4 A

or:
2 +1)°
pd = ggr 224D (33)

At x = 1, the growth of islands is completely
controlled by the surface diffusion coefficient [35]:

4 Ty 4

27
4 * 4 *
= _-A"t = —A%t == 4
T Tt T3 (34)
Similarly, Eq. (26) gives
B* B* (2 1
7“3:2—1), Tf;_ (x+)2
(1—x)(2z+1) (1—2z)(2z+2)
(35)

Equations (35) describe the growth of islands under
the conditions controlled by the kinetic coefficient G with
the contribution z of surface diffusion. If x = 0, then the
growth process is completely controlled by the kinetics
of the transition through the “island—substrate” interface
[4]:

Tg

1
re =2B%t, rp= 5B*t, =2. (36)

Tk

4. Relative Size Distribution Function g (u)

According to [11], the size distribution function of
clusters (islands) in the interval 0 < z < 1 is presented
in the form of the product

[ t)=¢(rg)d (u),

where ¢’ (u) is the relative size distribution of clusters,
u = -. The function ¢ (r4) is determined from the law

(37)

9
of conservation of the dispersed phase volume:

o= émxl (9) 13 5 /7"3]” (r, t)dr.
0

. (39)

sin
Substituting f (r, ¢) from (37) into (38), we obtain

olry) = 2,
g

(39)
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x=0,

x=1

Fig. 3. Dependence of the dimensionless growth rate v’ on u for

various x
’
where Q = L. = —2 , =
%ml(e)ﬁ J ug’(u)du J uBg’(u)du
0 0
& sin® 0

T o () Taking (39) into account, f(r, t) can be
3

rewritten as

ri =2, (40)
where
g(u) = Qg (u). (41)

In order to determine ¢’ (u), we use the continuity
equation (19) by replacing f (r, t) and 7 by their values
from (40) and (26) (or (24)). In the case of the transition
from the differentiation with respect to = and ¢ to
the differentiation with respect to u, the separation of
variables takes place and (19) becomes

/ qu, — Ldv 4 v
dg (u) - _ Ug u du + u? du, (42)
g’ (u) uvg — ¢
where
7 14 z 1 20+ 2 1
v = = _— —UuU —
B* 1—zu? 2¢+ 1 ’
_redry 1
VTV Ty T Ao e+ 1)
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8(u)

e(u)/e"™

Fig. 4. Function g (u) calculated according to (47) (a) and (g(u)/g™*® (b)

du 1

b
dr 14

du _ _u

dry 14
Substituting v, vy, and 42 into (42), we obtain the
expression

dg' (u)

g’ (u)

dut —u? (14+2—222) +4u (22 42) — 3z (23:—|—1)d
= — u,
u(1—u)?® (u242ua?+222+x)

(43)
whose integration allows us to find
u? (u2 + 2ux? + 222 + m)D/Q
(1-w”

g (u) =

( F — Da? u+ 2 )
X exp arctg X
V222 + o — ot V22 + o — ot

xexp( C)
1—u)’

where

(44)

_ 32z + 1623 + 4822 + 13z + 5

B
A ’

_12x2+3x+3

C= 1 ,

1106

80x? + 4023 + 1522 +x + 2

D=

A )

_ 3220 4 162° + 54x* + 3423 + 82

F =
A )

A =162 + 82> + 922 + 22 + 1.

At £ =0, we obtain B=5,C = -3, D = —2, and
F = 0, and expression (44) corresponds to the Wagner
distribution [4]:

_ 3
"(u) =u(l—u)~° — ). 45
7 ) =ult=w e (-2 (45)
At z = 1, we obtain: B = 19/6, C = —1/2, D =
—23/6, F = —4 and expression (44) transforms into the
Chakraverty distribution [35]:

ud exp (—2(1—1_u)) exp (—ﬁarctg“—jﬁl)

(1— )"0 (u2 + 2u + 3)¥/12

g9 (u) = (46)

With regard for the law of conservation of the
volume (mass) of the island condensate, the relative size

distribution function of clusters ¢ (u) can be found from
Eq. (41) as

(47)
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Fig. 5. Comparison of curve (47) with experimental diameter (d) and height (h) histograms of Mn nanopoints at various temperatures

and thicknesses of Mn monolayers (ML): a — room temperature, Mn, 0.21 ML :—Z = 1.555; b— 180 °C, :—z = 1.5; ¢ — room temperature,

Mn 0.21 ML 22 = 1.384; d - 180 °C, 12 = 1.357
k k

5. Discussion

The curves presented in Fig. 4,a correspond to the
calculated size distribution (47) at various values of x.
The curves z = 0 and = = 1 correspond to the Wagner
and Chakraverty distributions, respectively [4,35]. All
the other curves in the range 0 < x < 1 describe the
island size distribution in the case of the simultaneous
action of the Wagner and diffusion mechanisms of
growth of clusters.

The same curves normalized to their maxima are
presented in Fig. 4,b. In such a form normalized to unity
with respect to the coordinate axes, they can be easily
compared with the experimental histograms.

ISSN 2071-0194. Ukr. J. Phys. 2008. V. 53, N 11

For the calculated family of distributions (47), the
value of the locking point changes according to (30) in
the range 2 < ug < 4/3. At © = 0.5, ug = %, which
coincides with the analogous value for the Lifshitz—
Slyozov distribution. At the same time, curve (47) at « =

0.5 doesn’t represent the Lifshitz—Slyozov distribution:

g(u) =

= {u3 exp [—1.084435arctg (1.032795u + 0.258199)] x

X exp <_11—'2u>} / {(1 —u)®/? (u® +0,5u+ 1)4/3}.
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Fig. 6. Comparison of curve (47) with experimental histograms of Au particles obtained using the method of molecular-beam epitaxy

at the temperature of 525 °C (a) and after the 180-min isothermal exposure (b)
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Fig. 7. Comparison of curve (47) with the experimental histogram

of Ag nanoclusters obtained using the method of molecular-beam

epitaxy at room temperature on a TiO2(110) substrate

This means that one cannot judge the character of a
distribution by the value of the locking point wug. It
can serve as an estimating parameter when choosing
a theoretical curve from family (47) for the sake of
comparison to a necessary experimental histogram.
Another important peculiarity of the calculated
distribution (47) lies in the fact that it can be used not
only for comparison to experimental histograms in the
form of the radial (r) distribution of particles but also
for description of their height (k) distribution. One can
see from Fig. 1 that the height of an island is equal to

1—cosf
h:Rc(l—cosﬂ):rﬂ

)

sin 6

1108

so that the ratio TL = }f—L = u.
g g

Figure 5 shows the comparison of the theoretical
curve (47) with the experimental diameter (¢ and b)
and height (¢ and d) histograms of Mn nanopoints on
a Si substrate obtained with the help of the method of
molecular-beam epitaxy at various temperatures: room
one (a, ¢) and a temperature of 180 °C (b, d) as well
as at various thicknesses of Mn molecular layers (ML)
[39]. The results of the comparison demonstrate that, in
the case of the experimental diameter distributions, the
contribution of each of the growth mechanisms (Wagner
and diffusion ones) are approximately equal: Fig. 5,a,
x = 0.4; Fig. 5,b, x = 0.5. At the same time, in the case of
the height distributions, the diffusion growth mechanism
prevails: Fig. 5,c, x = 0.8; Fig. 5,d, x = 0.9. This means
that, in the process of growth, the height dimension
of Mn nanopoints surpasses the lateral dimension d, so
that % > 1. Possibly, this fact explains the form of Mn
nanopoints obtained in [39].

In Fig. 6, one can see the results of comparison
of the theoretical curve (47) with the experimental
histograms of gold particles obtained at a temperature
of 525 °C on a silicon substrate (Au/Si(111)) (a) and
after the 180-min isothermal exposure (b) [40]. Judging
by the value of x, the growth of particles is controlled
at the beginning (Fig. 6,a) by the kinetic coefficient
(. However, the mechanism of growth changes with
time and, after a three-hour exposure, becomes mainly
diffusive (Fig. 6,b).

The proposed growth mechanism is also confirmed
by the results of comparison of the theoretical curve

ISSN 2071-0194. Ukr. J. Phys. 2008. V. 53, N 11
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calculated at x = 0.3 with the experimental histogram of
Ag nanoclusters obtained with the help of the method
of molecular-beam epitaxy at room temperature on a
TiO2(110) substrate [41] (Fig. 7).

The considered examples of comparison of the
calculated and experimental data allow us to make a
conclusion about the possibility of a practical realization
of the simultaneous action of two growth mechanisms —
Wagner and diffusion ones. Moreover, such a situation
where two growth mechanisms act simultaneously is
possibly more general than the manifestation of one
of them earlier considered separately by Wagner and
Chakraverty.
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V3ATAJILHEHUN PO3IMOAIT YAKPABEPTI-BATHEPA

P.JI. Benepenosuu, B.B. Isancvruti, A.B. Mockxaniox

Pezmowme

3amponoHOBaHO MeXaHi3M OCTBAJIbIIBCHKOIO NO3PiBaHHS OCTPiB-
[iB Yy TOHKHX ILIIBKax i reTepoCTPyKTypax B YMOBaX OJHOYACHOL
nil mudysiitHoro i BarsepiBchbKoro mexaizmis pocry. Pozpaxosa-
HO (DYHKIIIO PO3MOJiILY OCTPIBIIB 3a po3Mipamu i BiamoBigai Tit
9acoOBl 3aJIE2KHOCTI /I cepefHix (KPUTUYHUX) Ta MAKCHMAJIbHUX
po3MipiB ocTpiBIiB. 3icTaBIEeHHST €KCIIEPUMEHTAJBbHUX IiCTOrpaM 3
PO3paxOBaHUMU KPUBUMHU ITiITBEPKY€E MOXKJIMBICTb peaJtizalil Ha
MPaKTHUIll 3aIPOIIOHOBAHOIO MEXaHI3My POCTY y IIPOIECi OCTBAJIb-
JIBCHKOT'O JIO3piBaHHS.
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