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The approach exposed in the recent paper [1] has been appli-
ed in studying the center-of-mass (CM) motion effects on the
nucleon density and momentum distributions in nuclei. We use
and develop a formalism based upon the Cartesian or boson
representation, in which the coordinate and momentum operators
are expressed through the creation and annihilation operators for
oscillator quanta in three different space directions. We are focused
upon effects due to the center-of-mass and short-range nucleon
correlations embedded in translationally invariant ground-state
wavefunctions. The latter are constructed in the so-called fixed
center-of-mass approximation, starting with a Slater determinant
wave function modified by some correlator e.g., after Jastrow or
Villars. It is shown how one can simplify the evaluation of the
corresponding expectation values that determine the distributions.
The analytic expressions derived here involve the own Tassie—
Barker factors for each distribution. As an illustration, numerical
calculations have been carried out for a nucleus *He with the Slater
determinant to describe the nucleon (1s)* configuration composed
of single-particle orbitals which differ from harmonic oscillator
ones at small distances. Such orbitals simulate a somewhat short-
range repulsion between nucleons. Special attention is paid to a si-
multaneous shrinking of the CM corrected density and momentum
distributions as compared with the purely (1s)* shell nontranslati-
onally invariant ones.

1. Introduction

Treatment of the CM motion has been an attractive
subject of exploration in earlier and more recent studies
of nuclear theory (see, e.g., [1-9]). Those studies origi-
nated from the necessity to remedy a deficiency of the
nuclear many-body wave function (WF), namely its lack
of translational invariance (TI), wherever shell-model
single-particle (s.p.) WF’s are used for its construction.
This deficiency is important in quite a number of cases.

In the present investigation, we adopt the “fixed-CM
approximation” [10, 11] as a recipe to restore TI of a
many-body WF which does not possess this property.
We apply it when evaluating the elastic form factor
(FF) F(g) and the nucleon momentum distribution
(MD) n(p) for light nuclei, and more specifically for
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4He in its ground state (g.s.). Following [1], we prefer
to deal with the intrinsic quantities which are determi-
ned as expectation values of appropriate (multiplicative)
operators that depend on the corresponding Jacobi vari-
ables and act on the intrinsic WF’s. We have seen in [1]
that the intrinsic density distribution (DD) pint(r), bei-
ng defined by the Fourier transform of F(gq), does not
coincide with the diagonal part of the one-body density
matrix (1IDM) which is related in a standard manner to
the intrinsic MD. In the context, we also note that the
term “one-body” used here is somewhat conventional.
Let us mention that F(¢) and 7(p) can be related to the
different quantities measured via electron—nucleus colli-
sions, respectively, the elastic electron scattering cross
sections and the inclusive electron scattering cross secti-
ons. First of all, we mean comparatively simple relati-
ons in the Born approximation with the plane electron
waves. In addition, to the so-called approximation of
small interaction times (see [12-14] and refs. therein) the
double differential (e, ') reaction cross section becomes
proportional to an integral of n(p) over the momentum
range that is fixed with a certain combination (the so-
called y — scaling variable) of the momentum transfer
g and the energy transfer w (cf. [15]). Of course, in
the framework of these approximations, one neglects
off-shell effects in the electron scattering on bound
nucleons and meson exchange currents (MEC) contri-
butions to an effective electromagnetic (e.m.) interacti-
on with nuclei. The latter should be taken into account
(see, e.g., [16,17]) when describing the electron scatteri-
ng on nuclei, especially at high momentum transfers
(in particular, helping to remove a certain discrepancy
between theory and experiment in the vicinity of the
first minimum of |F(q)| at ¢> = 10 fm™? for *He).
Therefore, any comparison with experimental data omi-
tting such physical inputs has a restricted character.
Nevertheless, in case of light nuclei, every approximate
evaluation of intrinsic quantities, being independent of
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different constraints originated from reaction mechani-
sms, can be compared with microscopic (“exact”) results.
In this respect, our addressing to the alpha particle seems
to be perfectly explicable.

The aim of this paper is to show to what extent
the approach developed in [1, 12, 18, 19] can be useful
in calculations with more realistic WF’s than those of
the simple harmonic oscillator model (HOM). In this
connection, we consider the CM correction of F(q)
and 7(p) treated on an equal physical footing, viz., by
using one and the same translationally invariant g.s.
WEF that incorporates the nucleon-nucleon short-range
correlations (SRC). One should note that, despite much
interest over the last two decades concerning the MD
in nuclei [20-26], its CM correction does not appear
to have been properly treated except for certain studi-
es, where harmonic oscillator (HO) wave functions were
used (see, e.g., [12]). Note also calculations beyond HOM
in [27]. The underlying formalism with basic definitions
is exposed in the following section. Section 3 contains the
analytic results of our derivations beyond HOM, while
the corresponding numerical results are discussed and
compared with experimental data in Section 4.

2. The Intrinsic Form Factor, Density and
Momentum Distributions with Short-range
Correlations Included

By definition, the intrinsic (elastic) FF of a nonrelati-
vistic system with the mass number A and the total
angular momentum equal to zero is

F(g) = Fu(q) = (®ine | expfed - (71 — B)] | ®ine), (1)

where ®;y; is the intrinsic WF of the system (nucleus),
71 the coordinate operator for nucleon number 1, and

=

R=A"! Zf‘:l 7; the CM operator.
In the fixed-CM approximation, according to the
Ernst, Shakin, and Thaler (EST) prescription [11], the

—

nuclear many-body WF with the total momentum P can
be written in the form:

3] EST
| Wp) =|P) | P ), (2)
where a round bracket is used to represent a vector in
the space of the CM coordinate, so that |P) means the

eigenstate of the total momentum operator P. The intri-
nsic WF after EST

| @EST) _ - (ﬁ = 9 | (I)> (3)
" (@ R=0)(R=0] @)1/
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is constructed from an arbitrary (in general, translati-
onally non-invariant) WF @, by requiring that the CM
coordinate R be equal to zero. The corresponding FF is
the ratio

Fgst(q) = A(0)°

Alg) = (® | (27)°8(R) expliq - (7 — R)] | ®). (4)
Using the Cartesian representation in which

S To st Ao =t o
== (i —I—a),p:zp—o(a —a) (5)

V2 V2

with the Bose commutation rules,
lai,a5) =0, [ag,al] =0y (6,5 =1,2,3) (6)

and arbitrary real c-numbers rg and pg that meet the
condition

ropo = 1, (7)

one can show (see [1, 19] and Appendix A) that

Al = e (-5 Vo) ®

Ui = [ atesp (-2 ) (59 )

F(7,5) = (®|01(T + §)01(7) ... Oa(7)|®),

where

(’7:17 '7A)
with
F=1-2 § F=1—2(X—q) (12)

and the renormalized “length” parameter

_ A-1
To = To-

A
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Further, starting from the definition of intrinsic MD
(see [1]),

n(p) = (®ine | 5(5, — P/A — F) | B,

we consider the distribution in the fixed-CM approxi-
mation,

(13)

nes(p) = (® | (2m)°6(R)5(p, QP/A*ﬁ) | <I>>7 (14)
(@] (27)°5(R) | @)

and the Fourier transform

nest(p) = (27r)*3/exp(—zﬁf)N(x)/N(O)df (15)

with

N(z) = (® | (2m)*5(R) explu(pr — P/A)d] | ©). (16)

We see the certain resemblance between the structure
functions N(z) and A(q), viz., both are determined by
the expectation values of similar multiplicative operators
with one and the same trial WF ®. Owing to this, using
the same algebraic technique, we get

N(x) =exp ( p%ZQ) D(x), (17)
7"2 2

D(z) /d)\eXp (— ZA )F(ﬁ’,é"), (18)

where

?z-%a ﬂzjgf—%a (19)

and

I
Do = A Do-

A certain relation of the MD to the corresponding intri-
nsic density matrix has been shown in [1].
Then let us assume a trial WF,

| ®) =| Do) = C(1,2,--- , A) | Det) (20)
with the Slater determinant

1 ~
| Det) = — Z epP{l ¢p, (1)) -+ | dpa(A)) ). (21)

VAl

PeSa

LOf course, the operator may be spin and isospin dependent
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Here, ep is the parity factor for the permutation P, ¢,
the occupied orbital with the quantum numbers {a},
and the summation runs over all permutations of the
symmetric group S4. . o .
The A-particle operator C' = C’(Fa — T8, Do — Dg) 1
introduces the SRC and meets all necessary requi-
rements of the translational and Galilei invariance, the
permutable and rotational symmetry, etc. However, bei-
ng translationally invariant itself, such model introducti-
on of correlations does not enable one to restore the TI
violated with such shell-model WF as the Slater determi-

nant.
What it follows can be used with the Jastrow
correlator [28]
R A
C =11 rap) (22)
a<f

where f(%ag) is a two-body correlation factor whose
deviation from unity occurs only for small distances
Tag = |Fo — 73| less than a correlation radius re.
Another popular option goes back to the lectures by
Villars [29] (see also [30]) with a unitary operator

C = exp(—i@G), (23)

G=> ia,p),

a<p

(24)

where the Hermitian operator §(«, 3) acts onto the space
of the pair («, ). In particular, we could follow the si-
mplest Darmstadt ansatz [31]:

. 1.5 5oL
9(a, B) = 515 (Tap)Pap + Pap’ (Tap)}, (25)
Where 5 is a function of the relative coordinate rag =
Py — 7*5 Its canonically conjugate momentum p, 5 =
3 (o — D)-

Keeping in mind similar constructions, we rewrite
expectation (10) as

F(#,5) = (2(=0) | E{(=5)E1(3) | 2(7)), (26)
where

| (@) = Er(@)... Ea(@) | @),

since i (7 §') E1(0)E,(5) and [Eo(Z), Es(9)] = 0
(a,8=1,...,A) for any vectors Z and ¥.
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Moreover, we find that

E@) 7 E YD) =7+ vk (27)
and
E@pEN@) =7 —17% & (28)

We recall that ET # E~1. In other words, (%) is the
displacement operator in the space of nucleon states with
the label a.

Due to this property, when handling the similarity
transformation

C' = B\(Z) ... Ea(®)C(Ta — T3, Dy — D) X

(29)
We recall that C is a function of all the relative

coordinates and their canonically conjugate momenta.
It follows from Egs. (20) and (29) that

(30)

Here, | Det(Z)) = E1(Z) ... Ea(Z) | Det) is a new Slater
determinant composed of the renormalized orbitals,

| $a(Z;0)) = Eo(Z) | pa()) (a=1,...,A), (31)
. 1 . . .
| Det(Z)) = mp% epP{| ¢p, (T51)) -+ | bp, (75 4)) )
(32)
832

In their turn, such orbitals can be evaluated in a concise
analytic form, as the initial ones are linear combinations
of the HOM orbitals (see Appendix A).

Following (26), we arrive at

Fcorr(Uvg) = <q)corr(_6) | EA‘I(_E’)EA‘l(g) | q)corr(ﬁ» =

= (Det(—7) | CTE{(=5)E1(5)C | Det(d)). (33)
Expressions (8) and (17) with expectations F (7, s) and
F(7',8 "), which are determined by Eq. (33), are a
certain base for our calculations.

2.1. Several working formulae: application to
4He

In the special case of the pure HOM (1s)* configuration
occupied by the four nucleons in “He, we have

| @eore(T)) =] Peorr) = C | (13)4>v

taking into account that the HOM g.s. | (1s)*) is the

vacuum for the operators @u (a =1, ...,A). It is the
case, where | Det(¢)) does not depend on ¥ coinciding

with the initial Slater determinant | (1s)*). Hence,

(34)

Fis(7,8) = ((1s)* | CTE] (=9 E1(5)C | (1s)"). (35)

In other words, under such a simplification, the function
F(7, ) in integral (9) becomes independent of A, and we
get

Ulg) = Uls(q)/eXp (— Tif) dx,

so that

Uie) (197 CTB (B0 B (2500 | (15))

01.(0) (1)1 C1E ] (1)) '
(36)

Thus, the FF of interest is

Frst(q) = Fr(q)Fipm(q) Feorr (q), (37)

where, according to Eq.(A.1), we have the Tassie-Barker
factor Frp(q) and the HOM FF Fhom(q). The factor

(19)* | CHE] (— 5D B (25 )C | (1))

Fcorr(Q) = <(15)4 | ctC ‘ (13)4>

(38)

incorporates the SRC in any way.
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A SIMULTANEOUS CENTER-OF-MASS CORRECTION

At this point, one can proceed, at least, along
two guidelines. One of them could be based upon the
representation

1s)4 C'TET—ZT—O E zr—o C|(1s)) =
((1s)™ | CTE( \/5671(\/5@) | (15)7)

= ((15)* | CI (=D C1(@) | (15)"), (39)
where
A = 70 AL L, A To
C1(q) = El(@ﬁdﬁc(mpp ) By 1(Zﬁ(i) =
:C<%1+zgr§,ﬁl+g,...). (40)
Other continuation is prompted by the relation
El (X2 $)E (1L §) = ex 160" o (i )

1 /2 q )1 5 q P 4 pltq r1),
that gives rise to

1202

Feorr(q) = exp (ZC]) Feo(q), (41)

(1)1 CTC | (15)%)

where Fc(g) is the no CM corrected FF with the
correlated g.s. C | (1s)%).
Analogously, we find

N(z) = Nr(x) Naom(x) Neorr () (43)
with the own Tassie-Barker factor
Nen(o) = o (55 ) (1)
and
Nuowm(z) = exp (—png) , (45)

)| CTET (22 3) By (— 22 7)C 5)4
Nowee(2) (L)t [ C El(f ) A( 24)Cl(1 )"

((Ls)t [ CTC | (15)*)
(46)
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Again, different continuations are possible (cf. the
transition from Eq. (38) to Egs. (39) and (41)). In parti-
cular, with the help of

2,2
x ~
= exp <p04 ) exp (zﬁla?) ,

we get
Neore(z) = exp <p% :c2> Ne(x), (47)
((1s)* | Ctexp(up, )C' | (15)%)
Ne(z) = — . 48
ol (1s)4 | CTC | (1)%) )
The Fourier transform
nelr) = g | € P Ne ()i (49)

gives us the one-body momentum distribution (OBMD)
without the CM correction of the model g.s. C | (1s)%).
By definition, the intrinsic DD is

1 —qT -
3 /e T Fin(q)dq =

Pint (7“) = m

= (Dipt | 5(%1 - R- 7) | Qing),
so that the relations

1 —aqr —
prsT(r) = (27T>3/e " Frst(q)dq

and

pelv) = s [ T Fela)di

are, respectively, the one-body density distribution
(OBDD) with the CM correction and the no CM
corrected distribution.

Thus, we have shown (with the help of purely
algebraic means) that the evaluation of the distributions
can be reduced to the well-known treatment. Indeed, the
expectation values (42) and (48) occur in all conventi-
onal calculations with the many-particle WF (20), i.e.,
without any CM correction. Diverse methods have been
elaborated when evaluating similar quantities (see, e.g.,
[6, 8, 30-35] and refs. therein). In this work, we confi-
ne ourselves to comparatively simple computations for
the (1s)* configuration, where a short-range repulsion
between nucleons is introduced in an effective way, viz.,
modifying the s.p. orbital as in [10]. Respectively, the
following WF is used in the next section.
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3. Analytic Expressions for the Form Factor,
Density and Momentum Distributions with
the Single-particle Wave Function beyond
HOM

In accordance with [10], we employ the normalized
Radhakant, Khadkikar, and Banerjee (RKB) radial orbi-
tal for the lowest s.p. state of ‘He,

¢E(r) =

(¢oo(r) + Béro(r)), (51)

v

where ¢g9 and ¢19 are the normalized HO radial ei-
genfunctions:

1 r r2
() = 2| e () (52)
3 r 2 r2 r2
b10(r) = N {1 332 } exp ( 2b§{> (53)

for the states withn = 0,1 = 0and n = 1,1 = 0, respecti-
vely. Here, by is the HO parameter, and [ is a mixing
parameter.

The RKB WF allows one to obtain the following
expressions for the density distribution (normalized to
unity), for the point proton FF as well as for the MD
(also normalized to unity):

0= o ()

N

() = e (_ <bff>2) «
1+52+< \fﬂ>b ] (59

b3
RKB _YH 32 2
nsp (p> - 71'\/%(14-/62) eXp( pr )X

X [1 - \/gﬁ (1 — gbﬁ,ﬁ)] 2. (56)
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3.1. The CM corrected form factor F(q) and its
reduction to quadratures

Assuming a Slater determinant as the g.s. (1s)* of “He,
its FF in the fixed-CM approximation can be written in
the form (cf. [10]):

J Fis(17 + @) F (u)di
[Fiwdi

Fesr(q) = (57)

where
— iTF (2 L A 2 :
Fis(v) = [ ¢, (r)dr = o @1,(r) sinvr rdr

is the not CM-corrected FF.
In the case of the RKB-like s.p. WFs whose orbitals
are truncated expansions in the radial HO eigenfuncti-
ons, the multiple integrals on the r.h.s. of Eq. (63)
can be expressed through simple integrals. The respecti-
ve algebraic technique has been developed in [12] and
exposed recently in [37] (see also Appendix A to the
present paper). Its application with the RKB orbital
enables us to get
ARKB ( q)

(58)

where

AREB (o) = 1 (q) + Ix(q),

4 3
Ii(g) = — — = 22
1(q) s eXp( 164 O )

o fie [ho- Lo st [He L ] -
/

1

—B, [i(tJriqu)Q} M3 [4(tiqu)2]}exp(t2)tdt,

I(q) =

s 3
bT exp (16(]26%{) X
H

o o= Sanar] e L]+
0
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1
-

L0+ Javn | 223 [ 40 Jaba?] ol

i 1
ARKB () = %/M; {4 tQ} exp(—t%)tdt.
H
0

The functions Ms(z) and Ba(z) are second degree
polynomials of the variable z

My(2) = mg + my1z + my2>

BQ(Z) =ho+ h1z+ h2227

where the constants are related to the mixing parame-

ter G

mo = 1 +ﬂ2a
m1 = 2/2/33(1 — \/2/3p),

my = (2/3)32,
and

ho = mg +mq + 2m2’
hi1 = my + 2may,

h2 = MmMa.
3.2. The CM corrected momentum distribution
n(p) and its reduction to quadratures

In parallel, starting from Eq.(16), we obtain, for the
(1s)* configuration with the Slater determinant | ®) =
| (1s)%) (see Appendix B to Lect. I in [37]),

. o A—
Ngst(z) = /dk (1s | exp (zi{) exp (z "
x(1s | exp (zii) exp (—zﬁc) | 1s)3.

Again, using representation (5) and splitting the
exponents involved in Eq.(67) with the succesive normal

Lo,
px) | 1s)x

(59)

ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 9

ordering of the operators atand @ (the former are to
the left from the latter), we get
J(x)

N (z)RKB ( A—1 22 )
=exp (- — :
A 4% ) J(0)

N (0)RKB
where the integral J(z) is determined by

(60)

J(z) = [ ex AT 02 22)a2d
= P =y |9 2NN,
0

1 3
g\ a?) = <A1 + 3,42) B} + <A1 + 5,42) BiBsy+

1 1 1 1 )
+3 (5A1 + 7A2> B1B§ + <7A1 + 9142) 357

2 2 A—1\? p2a?
_ 2 _ .12 = 0
a=1ap 251420 (A1) By

2 2 raN?
+\/;ﬂ [1 - ﬁﬁ 247 "
2
JrlﬂQ A—1\2 p%a:2 B r%)\z
6 A 2 242 ’
1, (A—1\%22)2
Ay =@ (2=
2 Gﬁ ( A ) A2 )
2 2 | px?
By =1+ - f 1 \/> 0
1 +0 35 + 351 2 A2 +
2 2 | rdN2 1, [pga® rdN 2
+\/;ﬂ [1 a \@5 24z 17 |24z " 2ar|
1 2:1:2)\2
By = S35

Thus, the structure function NRXB(z) can be reduced
to one-dimensional integrals similar to those derived for
FREB(g). Here, A = 4, but we allow A to be changeable,
particularly, in order to check that the corresponding di-
stribution

1 7 .
nesT (p) = 272 /NRKB(J?)/NRKB(O) sin(px)zdz
0

to the limit A — oo yields the not CM corrected distri-
bution (62).
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1E : : | ! 1F : : . =
"\
Y —— RKB+CMM N ——— RKB+CMM
N e RKB =Y » Froschetal.
v \\ \
01 X | 01 }\
- W\ B \
< Y\ = < 3
i \’ RS w
A
0,01 ' 3 0,01
| '
| .t
|
1/ N
|
1E-3 | 9 1E-3
: ; . .
0 5 10 15 20 25 0 5 10 15 20 25
q° (fm*) q° (fm*)

Fig. 1. Point-like FF (left) and the charge FF (right) of *He.
Curves calculated with the RKB WF using the EST prescripti-
on (solid) and without the CM-correction (dashed); experimental

points from [39]. Other clarifications are given in the text

0,10 T T T T T T T T T T

008 T ——RKB+CMM || ]
@_ 0,06 -~~~ RKB
E -~ MORITA et al.

25 3,0
T
—— HOM+CMM 8
----HOM
-—-MORITAetal. | ]
1 1
2,0 2,5 3,0

Fig. 2. One-body density distribution (OBDD) for (1s)* confi-
guration with the RKB orbital in the fixed-CM approximation
(solid) and without the CM correction (dashed). For two sets of
parameters: by = 0.8532 fm and 8 = —0.4738 (top); by = 0.8532
fm and 8 = 0 (bottom). Dot-dashed line with the parametrization
from [41]

4. Results and Discussion

The analytic expressions obtained in Section 2 for the
density and momentum distributions and their Fouri-
er transforms are sufficiently general to be applied in
different translationally invariant treatments with the
SRC included. The corresponding formulae derived in
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T ¥ T ¥ T v T

W — RKB+CMM ]
08 | % ----RKB E
% N --—-—- MORITA et al.

"o, 20 25
1'2 T T T T
LS N —— HOM+CMM 7
Y N ----HOM ]
e ] 5, --—-—- MORITA et al.
1 i
20 25

p (fm”)
Fig. 3. One-body momentum distribution (OBMD) for the (1s)*
configuration with the RKB orbital. Difference between the curves
is the same as in Fig. 2. Dot-dashed line with the parametrization
from [42]

T T & T T
TE~ . 3
0,1
0,01
E
1E-3
1E-4 —— RKB+CMM
----RKB \
————— MORITA et al. - ]
BSE e Ciofi degli Atti et al. i 3
\‘l 3
1E-6 & s 1 " Il " Il L 1 s 1 L =
0,0 05 1,0 1,5 2,0 25 3,0
p (fm")
Fig. 4. Variations lognREB (p) (solid), logn;RpKB(p) (dashed), and

IOgnlvlorita(p) (dOt'daShed) with p- Notation IOgnMorita(p) =
% 3 WSN(%p), where the function WSN(z) calculated with the
convenient parametrization from [42]. Points are resulted from
24]

Section 3 in the case of a “He nucleus have been
employed to carry out our the calculations beyond the
simple HOM. Their numerical results are displayed in
Figs. 1-4.

In Fig. 1, we show the results of calculations of the
charge FF, Fu,(q?) = f,(q)F(q) of the alpha particle,
using Egs. (55) and (58) and considering the Chandra
and Sauer prescription [40] for the finite proton si-
ze factor f,(¢). The parameters by and § have been
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determined by the least-square fitting to the experi-
mental values [39]: their best-fit values are by = 0.8532
fm and 3 = —0.4738 (x? ~ 13.07). These values have
been utilized in our calculations shown in Figs. 2—4.

As seen in Fig. 1 (its left part), the CM correcti-
on leads to a considerable qualitative change of the g¢-
dependence of the FF: its first minimum and second
maximum are shifted towards higher g-values. This di-
fference between the solid and dashed curves is due to
the different behavior of the respective densities at small
distances r < 1 fm: see Fig. 2, top, where the dashed
curve is pRiB(r) by Eq. (54), while the solid line is
determined by

o0

RKB (.
p 27r T /

0

) sin(gr)qdgq. (61)

Moreover, we see that each of the distributions (for the
simple HOM orbital on the bottom and for the RKB
orbital on the top), after being CM corrected, increases
in its central but decreases in its peripheral region. One
may say that we encounter a specific effect of shrinki-
ng the OBDD owing to the translationally invariant
treatment.

In addition, there is a central depression of the densi-
ty distribution (cf. the upper and lower dashed lines in
Fig. 2). Such a change is not unexpected since the RKB
WF represents a simple way to allow for some of the
effects of short-range repulsion between the nucleons in
4He. These numerical results get an explicit confirmation
if we write

1
pl;{pKB(O) (\fbH)?) 1+ﬁ2 <1+ \/7ﬁ>

Evidently, the inequality

(62)

b
(V7bm)?

takes place for negative 3 values with | 3 |< 2v/6.

In parallel, we show in Fig. 3 that the corresponding
change of the OBMD has much in common with that for
the OBDD, viz., the distribution ni&P(p) turns out to
be shrunk in the above sense relative to the distributi-
on B (p). Thus, we see a simultaneous shrinking of
the density distribution p(r) and the momentum distri-
bution 7(p). As has been shown in [12] (see also [14]),
such a simultaneous change of these distributions plays
a substantial role in getting a fair treatment of the data

on the elastic and inelastic electron scattering of “He.

PREB(0) < B (0) | = pHOM (0) =
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Let us recall that there the charge FF and the dynamic
FF of *He were calculated using one and the same HOM
WF, corrected both with the fixed-CM approximation
and the Peierls—Yoccoz prescription [44].

Regarding the properties of these simultaneously
corrected distributions in detail, we would like to
emphasize a practical consequence of their interpretati-
on. This aspect becomes especially transparent in the
case of the simple HOM (1s)* configuration, where we
have

PST (1) =

[VaTo]~

® exp(—r?/7()
Vs

paOM(r) =

(Vo] ™

exp(—r?/rf)
and

UESTM( )

[VTho]~

% exp(—p°/p3)
VS

HOM( )

779;0 [\/>p0]

Thus, the inclusion of CM corrections gives rise to two
independent renormalizations, ro = by — 79 = \/3/747“0
and py = by ' — po = \/ﬂpo, of the oscillatory
parameter values, rg and pg (cf. [12]). Evidently, such
changes are not equivalent to a hasty replacement of pg
by \/‘%]?o if one follows the Tassie-Barker recipe with
bir — +/3/4byr only.

Now, following the conventional way of determining
the HOM parameter 7, as in [12], we use the expansions

% exp(—p?/p}).

1
Fon(q®) =1 = o+,
1 15,
Fo@) =1 g4
and
14,
F(q)zl_gq Toms T 707

where, within the HOM, we have

3
2 2
Trms = §T07
so that

2 3 2

Tch = 5’“0 + 7"
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whence

2
2 2 2
exp g [rch - rp] .

r2=r (63)
Doing so for the CM corrected quantities, we find the
similar relation

7'0 DY [Tgh - T.p} = T.gxp (64)
with the identical g-dependence FEOM(q) = q) =
exp(—q*rZ,/4). At the same time, the difference
between the respective OBMDs becomes more consi-

FHOM(

derable than that after the substitution ry — ﬁrexp

HOM(p) —

3
in ng exp(—p?r), which gives

T3/2

A 3/2 r A
HOM _ exp 2.2
nep ( ) - (A _ 1> 71_3/2 €xXp |:A _ 1p Texp:|

VS

3

T
Ny (p) = —575 exp(=P reg).

Under the simultaneous CM correction of the OBDD

and OBMD, we have

A\ g3 A4 \2

HOM/, \ _ exp 2.2
T]EST (p)(A—1> 7T3/26X _<A_1> prcxp

(65)
VS
HOM e 2.2
nep ( ) 3/2 exp(fp Texp)ﬂ (66)

which is equivalent to the substitution ro — ﬁrexp in

neEOM(p) =

3
i exp(—p°rg).
Note also that the product 7opp = 1 — A~! # 1,
unlike the relation rgpy = 1. In this connection, followi-
ng [19], let us recall the commutation rules for the intri-

nsic coordinate 7’ = ¥ — R and conjugate momenta

pl=p—P/A:

(71,05 =1i0;(1 = 1/A), (I,j=1,2,3). (67)

One can show that the corresponding uncertainty pri-
nciple is related to the deviation from unity. Thus,
the uncertainty principle does not contradict the si-
multaneous shrinking of the density and momentum di-
stributions (see also [37], Lect. I, Suppl. C)

In the case of the RKB function, we get

3
r?ms = §T(2) 1 ¥ 62 ( \/>ﬁ> rO (68>
838

This means that the short-range repulsion involved in
the WF with a negative § leads to some increase in
the rms radius, viz., rRKB > ¢HOM Tor the values
by = 0.8532 fm and [ = —0.4738, formula (68) yi-
elds 7RKB = 1.429 fm, so that the corresponding charge
radius is equal to rf‘KB = 1.667 fm. Here, we employ
the charge proton radius r, = 0.86 fm (see, for example,

Appendix 7 in [43]).

The CM correction gives an opposite effect. Indeed,
after some calculation, we find that rEST = 1.309 fm for

the same by = 0.8532 fm and ( = —0.4738. This yields
rEST = 1.566 fm.
RKB

The variation of lognpsy and log nRKB with p is
depicted in Fig. 4 for a wider range of momenta. It is
seen from Fig. 4 that the allowance of the CM motion
improves the description of the available data on the
OBMD of an alpha particle. It is further seen from Fig.
4 that, in the translationally invariant quantity accordi-
ng to the fixed-CM prescription, the “seagull” behavior
appearing in the variation of the corresponding s.p. one
becomes somewhat less pronounced. The dip is dimini-
shed, and it moves to smaller values of momentum.

Finally, we would like to point out in connection
to the comparison with the s.p. distributions that the
CM corrected OBDD and OBMD become closer to the
corresponding microscopic ones by using their conveni-
ent parametrizations from [41] and [42], as one can see
in Figs. 3 and 4. According to communication [42], one
has to introduce the factor (27)~2 to reproduce the
momentum distribution 7yorita(p) which is one of the
significant results obtained by the Sapporo group. At
this point, let us recall that these authors employed
the so-called ATMS-method (ATMS is abbreviation of
“Amalgamation of Two-body correlations into Multiple
Scattering process”) to construct the variational WF
of the “He nucleus (see [21] and refs. therein). Along
the variational approach, a considerable progress was
made when including more the dynamics of the reali-
stic nucleon-nucleon interaction such as the effect of its
tensor component (cf. [22]).

5. Concluding Remarks

We have seen how the approach exposed in [1] can be
extended to the translationally invariant evaluation of
the density and momentum distributions in nuclei. The
present analysis shows that the restoration of translati-
onal invariance in the Slater determinant WF of “He by
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means of the fixed-CM correction (the EST prescription)
gives rise, as a whole, to essential changes in the r-, p-,
and ¢-dependences of the OBDD p(r), the OBMD 75(p),
and the charge FF F,(q), respectively. We have seen
that the correlation between nucleons induced by the
fixation of the center-of-mass of the nucleus results in
the simultaneous shrinking of p(r) and 7(p). Meanwhile,
this effect has been revealed here beyond the pure HOM
extending the available experience.

Also, this study demonstrates the relative
importance of the CM and SRC corrections for the
same nucleus, viz., the shrinking of the density and
momentum distributions owing to the use of translati-
onally invariant g.s. wave functions of *He versus their
broadening after the inclusion of short-range repulsi-
on in these wave functions at small distances r < 1
fm. It is true that the latter has been introduced in
our calculations in a simple manner. Nevertheless, there
are all reasons to believe that the algebraic method
employed here might be helpful within more sophisti-
cated approaches, where the short-range correlations
are taken into account via the Jastrow factor or other
correlation operator (see, e.g., [31]). At present, the
corresponding applications are in progress both for *He
and %0 nuclei.

One of us, A.S., is very grateful to M. Grypeos and
his colleagues for their hospitality during his visits to
Department of Theoretical Physics at Aristotle Universi-
ty of Thessaloniki, where this work was begun. Also, it is
a great pleasure for us to thank A. Antonov and M. Gai-
darov for sending the numerical values of the momentum
distribution displayed by the points in Fig. 4.

APPENDIX A
Details of calculations beyond HOM

Here, we want to illustrate a convenient method for the evaluati-
on of the expectations in question, being aimed at some general
(model-independent) results (cf. [1, 19]).

First of all, we have, by recurring the Cartesian representation,

h i

. (; ﬁ) L A-1 o . 7
exp 17 (1 — =exp «§ ——— T1 exp —1q — =
P g ("1 P g A 1 p q A
A-1 T AT
=F F exp 1§ —— —= d; X
TB(9) FaOM(q) exp 2g A o
% L -1 7o 5 L To ot «
exp 1§ —— —= a1 exp —f——=— a
P q A \/5 p q\/ﬁA 2
S To 2
Xexp —1f——— d2 ..., Al
N (A1)
7‘2 2 r2 2
Fre(q) = exp(2%), Fuom(q) = exp(—"2L), where the index a
at d’a((il) is the individual particle number (o« =1,--- , A).
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Thereat, the Tassie-Barker factor Frp(q) appears automati-
cally due to a specific structure of the operators involved. In other
words, its appearance is independent of any nuclear properties (in
general, properties of a finite system). The only mathematical tool
that has been used is the Baker—Hausdorff relation

1
GATB _ A (B —1[AB]

(A.2)

that is validywithjarbitrary operators A and B, for which the
commutator A, B commutes with each of them. Further, applyi-

ng Eq. (A.2) inzcombination with

(2r)36 B = exp AR dX, (A.3)
we can show that the expectation value A(g) in Eq. (4) and the
expectation value N(z) in Eq. (16) are expressed through one
and the same function F(Z,%) that depends, respectively, on the
arguments £ = ¥, § = § (as in Eq. (9)) and & = 17, g = s (as
in Eq. (18)). In other words, we have constructed the common
generating function for each of them. One should stress that this
result has been obtained independently of the model WF &.

The algebraic technique shown here turns out to be useful for
practical calculations with the Slater determinants like | ®) (see
[18]) or the Slater determinants modified by different correlators
(for instance, the Jastrow factor).

In the simplest case of the independent particle model (IPM)
(1s)* configuration for *He with the Slater determinant | ®) =|
(1s)*), we get, by omitting the nonessential factor [A!]~1,

IPM 74 | 1pm
AT (@) =exp ——— UM ), (A4)
z 2,2

- raA F_—
UM(q) = diexp ——7 f(X),

(A.5)

FOLD = (1s | exp (—a* &) exp (@ &) | 1s)x

x(1s | exp (—3*@") exp (33) | 15)3, (A.6)
o _ro_

V2A V2A

with the renormalized “length” parameter
—
A—-1
A

In our case, ro = by. We are keeping the notations with a mass
number A (= 4) to point out a certain trend in the A-dependence.

At this point, let us note that the RKB orbital (or another
model orbital) being composed of the basis states of the spherical
representation can be written then as a superposition of the basis
states | ninang) of the Cartesian representation (see, e.g., [38] and
refs. therein),

[X+(A71)qjvg:z [X*Cﬂ,

-
o =1

T = TO-

1 5 T

— (%1
Vnilnalns!
where the vector | 0) =| 000) is the vacuum state with respect to
the destruction operators a; (i =1,2,3), e.g.,

[ [

)" (@ )" (a3 )" | 0), (A7)

| ninang) =

@|oy=o. (A.8)

It is proved that, for the RKB-orbital,

| 1s) = [1+6%Y2[1— (8/v6) @ '@ " ] 0). (A.9)
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Substituting (A.9) into (A.6) (when calculating the ratio
ATPM () /ATPM(() " the normalization factor [1 4+ $2]71/2 can be
omitted), we find

exp (X-a@) | 1s) = [1 - (8/V6)@ "+ )@ "+ %) | 0)

for any complex vector X.
Now, after the modest effort, we obtain

(A.10)

ox ot N 2 - %o
-d )exp(x~a)lls>:1+62—562x X—

,8 = % =k - = ﬁQ = Kk = k)=
-——= + + — . A1l
76 KX HXX+ 5 (X RN (A.11)
It follows from (A.11), for instance, that
ek
(1s | exp (:@*a@ T) exp (1@a) | 1s) = Mo a2a , (A.12)

where the polynomial M2 (z) is given at the end of Subsection 3.1.
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OJIHOYACHA KOPEKIIISI IPOCTOPOBOIO
TA IMITYJILCHOI'O PO3IIO/IL/IIB
HYKJIOHIB B sIJIPAX HA PYX

LIEHTPA MAC

O. Ille6exo, II. I'pueopos
PezwowMme

OcHoBHy yBary 3ocepeizkeno Ha [IM-koperyBasHi OHOYACTHHKO-
BOI MaTpumi rycTHHE Ta i1 dpyp’e-IepeTBOpeHD, sKi MicTaTh GaraTy
iHdOpMAIiIo IPO BIACTUBOCTI OCHOBHOI'O CTaHy s1/ipa (30KpeMa IIpo
HYKJIOH-HYKJIOHHI Kopessanii). Ili Beqwunum € HeBix emMHOIO CKia-
JIOBOIO AaHAJII3y PO3CISIHHS IIBHJIKUX YACTHHOK (HAIPUKJIAJ eJle-
KTPOHIB) snepHuMu Mimensmu. Hacamnepen, izerbcs mpo pos-
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MOZJT TyCTHHU HYKJIOHIB p(r) 1 Biamosimumit ¢popm-daxrop, a Ta-
KOXK IIPO IMITyJIbCHUE po3nonin HykJoHiB 1(p) B aapi. [Ipu 1x 06-
9UCIIOBAHHI B Ififf po6OTi 3aCTOCOBAHO AJreOpai<HUNl METOX, IO
I'PYHTYETbCSI HA BUKOPUCTAaHHI JE€KapTOBOI0 300pasKeHHs JJIsl Olle-
paTopiB KoopauHAT Ta imitysbeis Hykionis. Lleit merox (mus. [1])
JIO3BOJIMB HE TLILKU CIIPOCTUTH PO3PAXyHKU OUYiKyBaHb Oararoda-
CTUHKOBUX MYJIbTHILUIIKATUBHUX OIEPATOPIB, ajie i, 10 BaKJIUBi-
1re, J1aB 3MOTY BHUSIBUTU HOBI MOJIEJIbHO HE3AJIEXKHI 3B’SI3KU MiXK
POBIVISHYTUMHU BeJIUYWHAMU. BifnoBiiHI CIiBBiIHOIIEHHST JeMOH-
CTPYIOTh OJHOYACHE 3ByXKeHHsI 060X posmoaimis p(r) ta n(p) 3a
paxyHok BuokpemsieHHs1 pyXy LIM. Takuii skicHuit pe3yJsbrar mii-
TBEP/KYETbCsl YUCEJIbHUMH DO3PaXyHKaMU B HaOJIMKeHHI (ikco-
Banoro I1IM st sapa 4He. ¥V IIbOMY KOHTEKCTI OOrOBOPIOIOTHCS
3HaYHI BiAXWJIEHHs Bij nomysspHoro perenrta Tacci-Bapkepa sik
B MerKaX OCIHUJISITOPHOI MOZeJIi, TaK i mo3a i1 MexKaMmu.
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