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Using the formalism of the relativistic electrodynamics of conti-
nuous media and the main principles of relativistic quantum
field theory, the covariant Lagrangian of the interaction of an
electromagnetic field with polarizable 1/2-spin particles has been
obtained. This Lagrangian allows us to determine the canonical
and metric energy-momentum tensors as well as the low-energy
Compton scattering amplitude.

1. Introduction

At present time, the description of the Compton scatteri-
ng by hadrons is realized with the use of a nonrelativistic
Hamiltonian function [1, 2]. However, for the extracti-
on of the more essential experimental and theoretical
information about hadron polarizabilities not only from
the Compton scattering process but from other virtual
and real two-photon processes, it is necessary to use the
Lagrangian of the interaction of an electromagnetic field
with a polarizable particle in the covariant form.

The covariant Lagrangian of the interaction of
the electromagnetic field with polarizable particles
was constructed in [3, 4], where the phenomenologi-
cal formfactor-based approach was used. In the present
paper, we apply the approach developed in [4] to the
construction of the similar Lagrangian in a more consi-
stent and complete way, which allows us to determine
also the energy-momentum tensor of the interaction of
the electromagnetic field with polarizable particles and
to take the spin polarizabilities of hadrons introduced
in [4, 5] into account.

2. Lagrangian for the Interaction of the
Electromagnetic Field in the
Electrodynamics of Continuous Media

We present the Lagrangian responsible for the interacti-
on of the electromagnetic field with a structural particle
as

LI = −jµ
(M)(x)Aµ(x), (1)

where jµ
(M) is the current density due to a motion of

constituents, and Aµ is the four-dimensional potential of
the electromagnetic field.

The current density jµ
(M)(x) has to satisfy the

conservation law

∂µjµ
(M) = 0,

which allows us to present it in the form

jµ
(M) = −∂ρGI

ρµ,

where GI
ρµ is an antisymmetric tensor.

Let us introduce the vectors which are the relativistic
generalization of the electric

Dν = GI
νρU

ρ (2)

and magnetic

Mσ = εσρκµGI
ρκUµ (3)

dipole moments of the system. In expressions (2) and (3),
the four-dimensional velocity of a structural particle U
has the components

Uµ {γ,vγ} ,

where γ =
1√

1− v2
, and v is the medium velocity.

In the rest system of the structural particle, the
vectors Dν and Mσ can be presented as a multiple
expansion relative to the center of gravity [9]:

Dk =
∞∑

L=1

(−1)L−1 Q
(L)
kl...n ∂l... ∂n δ(−→x ),

Mk =
∞∑

L=1

(−1)L−1 M
(L)
kl...n ∂l... ∂n δ(−→x ),

where k, l = 1, 2, 3; Q(L) and M (L) are multiple tensors
which are determined from a displacement of consti-
tuents with regard to the center of gravity.
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It follows from (2) and (3) that UνDν = 0, UνMν =0.
Using the vectors Uν , Dν , and Mν , one can

construct the antisymmetric tensor GI
µν . Taking into

account the space inversion, this tensor looks like

GI
µν = UµDν − UνDµ + εµνρσUρMσ. (4)

On the other hand, the effective Lagrangian (1) can be
presented as

LI = −j(M)
µ Aµ = (∂ρGI

ρµ)Aµ.

To avoid the ambiguity of the Lagrangian, we set

LI = −1
2
GI

ρµF ρµ (5)

or, by taking (4) into account,

LI = −1
2
(Dµeµ −Mµhµ), (6)

where eµ, hµ can be expressed via the electromagnetic
field tensor as eµ = FµνUν , hµ = F̃µνUν .

In the case where

Dµ = 4παµνeν , (7)

Mµ = 4πβµνhν , (8)

and tensors αµν and βµν are represented in the di-
agonal form, by using the metric tensor gµν , as αµν =
gµνα, βµν = gµνβ, Lagrangian (6) can be split into two
parts,

L = L0 + LI , (9)

where L0 = −1
2
(e2 − h2) = −1

4
FµνFµν = −1

4
F 2 and

LI = −2π

[
(α− β) e2 +

β

2
F 2

]
. (10)

Inserting Lagrangian (9) into the Euler–Lagrange
equation of motion

∂µ
∂L

∂(∂µAν)
− ∂L

∂Aν
= 0, (11)

we can find

∂µFµν = j(M)ν = −∂µGIµν , (12)

where

GIµν = 4π [(α− β)(eµUν − eνUµ) + βFµν ] .
(13)

From Eqs. (12) for the medium at rest, the defini-
tions of charge and current densities for bound charges
are as follows:

ρ(M) = −4πα(∇E) = −4πα · div E, (14)

j(M) = 4π(α · ∂tE− β · rot H), (15)

while the Maxwell’s equations for the medium have the
form

rot E = −∂tH, div H = 0,

rot B = ∂tD, div D = 0, (16)

where D = ε̂E and B = µ̂H are the vectors of electric
and magnetic inductions, respectively.

Equations (14) and (15) for the medium at rest can
be presented in the covariant form by the introduction
of the polarizability tensor of the medium [10]

M̂ =
(

0 −P
P M×

)
, (17)

where P and M are the vectors of electric and magnetic
polarizabilities of the medium. By definition, they are
the dipole moments of volume scale.

As a result, the charge and current densities are
transformed into

j(M) =
∂P
∂t

− rot M, ρ(M) = −div P, (18)

while the equation of motion reads as

∂µ(Fµν + GIµν) = jν (19)

for the moving medium and

∂µ(Fµν + Mµν) = jν , (20)

for the medium at rest. Here, Mµν is the polarizability
tensor of the medium (17), and jν is the current density
of free charges.

Let us introduce the tensor [9, 11,12]

Gµν = dµUν − dνUµ + εµνρσUρbσ, (21)

with dµ = εµσeσ, bρ = µρσhσ. Then Lagrangian (2) for
the moving medium can be presented as

L = −1
4
FµνGµν = −1

2
(eε̂e− hµ̂h), (22)

where ε̂ = I + 4πα̂, µ̂ = I + 4πβ̂.
Lagrangian (2) helps us to determine the canoni-

cal energy-momentum tensor. Indeed, the Noether’s
theorem yields [8]

Tµν =
∂L

∂(∂µAρ)
(∂νAρ)− gµνL. (23)
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Inserting (22) into (23), one can find that

Tµν = −Gµρ(∂νAρ)− gµν 1
4
(FρσGρσ). (24)

Now we determine the metric energy-momentum
tensor as

T̃µν = −Gµρ(∂νAρ)− gµνL + ∂ρ(AνGµρ). (25)

After some reconstruction of (25) with the use of the
equation of motion (19), we find

T̃µν = Fρ
νGµρ +

1
4
gµν(FρσGρσ). (26)

From relation (26), we can obtain that the energy densi-
ty for the medium at rest is

T̃ 00 = ω =
1
2
(εE2 + µH2). (27)

Using the correspondence principle [7, 8], we now
consider the quantum-mechanical description of the
interaction of the electromagnetic field with polari-
zable particles. The electric and magnetic polarizabilities
extracted from Lagrangian (22) can be presented as

LI = −2π(αFµρFσ
µ − βF̃µρF̃σ

µ)UρUσ, (28)

where F̃µρ =
1
2
εµρσκF σκ, ε0123 = −1.

3. Lagrangian of the Interaction of the
Electromagnetic Field with a Polarizable
Spin-1/2 Particle

To pass from Lagrangian (28) to the Lagrangian descri-
bing the interaction of the electromagnetic field with
a polarizable 1/2-spin particle, we perform the followi-
ng transition based on the correspondence principle
between classical and quantum mechanics. First of all,
instead of Pµ, we introduce a momentum operator acti-
ng on the wave function of the particle, −i∂µψ. Taking
into account that ψγµψ is the current density of parti-
cles, making symmetrization of operators, and providi-
ng the hermiticity, as well as the relativistic and gauge
invariance, we can present the Lagrangian describing the
interaction of the electromagnetic field with a polarizable
1/2-spin particle as

LI =
2π

m

[
αFµρFσ

µ − βF̃µρF̃σ
µ
]
Θ̃ρσ, (29)

where Θρσ is the energy-momentum tensor of the spinor
field.

The polarizabilities α and β introduced in expression
(29) are used in hadronic physics and are connected with
the polarizabilities of expression (28):

α′ = ρα, β′ = ρβ,

where ρ is the density of particles.
To verify that Lagrangian (29) is correct, it is suffi-

cient to define a Hamiltonian for the interaction of the
electromagnetic field with a polarizable particle and the
Compton scattering amplitude by this particle.

To define the movement of a charged polarizable spi-
nor particle in the electromagnetic field, we write the
total Lagrangian in the following form:

L =
i

2
ψ

∧↔
∂ ψ −mψψ − eψÂψ−

−1
4
F 2 − 1

4
FµνG(S)Iµν . (30)

Then tensor (13) is determined as

G(S)Iµν = −4π

m

{
(α− β)

[
FµσΘ̃σ

ν − F νσΘ̃σ
µ
]

+

+βΘ̃ρ
ρFµν

}
. (31)

In view of Lagrangian (30) and the antisymmetric tensor
(31), the metric momentum-energy tensor can be defined
as

T̃µν = Θ̃µν + Fρ
νFµρ +

1
4
gµνF 2−

−e

2
ψ(γµAν + γνAµ)ψ + T̃µν

I , (32)

where

T̃µν
I = Fρ

νG
(S)µρ
I +

1
4
gµν(FρσG(S)Iρσ). (33)

One can see from expression (33) that, for the particle at
rest, its interaction energy due to its polarizability will
have the form [2]

HI = −2π(αE2 + βH2). (34)

Lagrangian (30) yields the following equation of motion:

∂µFµν = eψγνψ + j(M)ν , (35)

where j(M)ν = −∂µG(S)Iµν .
Taking into account (34), the scattering amplitude of

the second order in the photon energy gives the following
contribution to the electric and magnetic polarizabilities:

T pol
fi =

8πmωω
′

N(t)

[
e
′∗ · eα0 + s

′∗ · sβ0

]
. (36)

Here, s = n× e; s′∗ = n′ × e′∗, e and e′ are the polari-
zation vectors, ω1 and ω2 are the energies of the incident
and scattered photons, n = k/|k|, and n

′
= k

′
/|k′ |.
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4. Conclusion

On the basis of the relativistic electrodynamics of conti-
nuous media and the main principles of relativistic
quantum field theory, we have constructed the covariant
Lagrangian of the interaction of the electromagnetic fi-
eld with polarizable 1/2-spin particles. This Lagrangian
allowed us to determine the canonical and metric energy-
momentum tensors as well as the low-energy Compton
scattering amplitude.
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ТЕНЗОР ЕНЕРГIЇ-IМПУЛЬСУ ДЛЯ ЧАСТИНОК
ЗI СПIНОМ 1/2 З УРАХУВАННЯМ ЇХ ЕЛЕКТРИЧНОЇ
ТА МАГНIТНОЇ ПОЛЯРИЗОВНОСТЕЙ

С.А. Лукашевич, Н.В. Максименко

Р е з ю м е

З використанням формалiзму релятивiстської електродинамi-
ки суцiльних середовищ та основних положень релятивiстської
квантової теорiї поля отримано коварiантний лагранжiан вза-
ємодiї електромагнiтного поля з частинкою зi спiном 1/2, що
поляризується. За допомогою отриманого лагранжiана визна-
чено канонiчний i метричний тензори, а також амплiтуду низь-
коенергетичного комптонiвського розсiяння.
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