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On the base of the microscopic approach, the damping of the
spectrum of elementary excitations for a strongly correlated Bose-
system with condensation at nonzero temperatures is calculated,
by using the Popov’s method of hydrodynamic variables.

1. Introduction

The analysis of modern experimental and theoretical
data indicates that the study of the unique phenomenon
of superfluidity of *He is far from the end. There is a set
of contradictions between the theory and experiments
related to the hydrodynamics of a superfluid Bose-liquid
of *He and to the shape of the quasiparticle spectrum:;
these contradictions have no satisfactory explanation in
a frame of the microscopic theory.

The exact first-principles calculation of the
elementary excitation spectrum and its damping in
a superfluid Bose-liquid with strong interparticle
interaction is an extremely complicated problem of
many-body quantum theory. The first success in the
construction of the microscopic theory of Bose-systems
was achieved by Bogolyubov [1]. Using the fact that
the Bose condensation can be presented like the
accumulation of a macroscopic amount of particles on
the lowest energy level with zero momenta, Bogolyubov
suggested to consider the corresponding field operator
ag as a -number, ao — (Go) = /N0, here ng — condensate
density. Using this representation, Bogolyubov was
able to diagonalize the many-particle Hamiltonian
of the weakly interacting Bose-gas and obtained the
elementary excitation spectrum for this system:

5@ = [ (& +2uv(@)] - 1)

2m
For small momenta (q — 0), this spectrum has an

acoustic behavior: E = c|q| with ¢ = y/noV (0)/m. It
is stable, when the Fourier transform of the interaction
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potential V' (q) satisfies the conditions q* > 4mnoV (q),
here, m — the mass of a particle.

Later on, using the methods of quantum field theory,
Belyaev [2,3] has also obtained the Bogolyubo’s result.
In the higher orders of perturbation theory, Belyaev has
described the decay of the quasiparticle spectrum at zero
temperature. At the same time, the calculation of the
long wavelength phonon part of the spectrum F(q) =~
clq| (here, ¢ — velocity of the first (hydrodynamic)
sound in a liquid *He) on the base of the microscopic
perturbation field theory, was faced with fundamental
difficulties. This is related to the fact that, in the non-
renormalized perturbation theory at small values of the
four-momenta ¢ = (w,q) — 0, the so-called infrared
divergences and nonanalyticities appear.

An efficient method to avoid the problem of infrared
divergences was developed by Popov [4]. Separating
the Fourier transform of the field variables ¥ with
respect to the momenta ¢y into the “slow” Wy and
“fast” Wy ones and integrating over the fast variables,
Popov obtained the effective renormalized functional of
a quantum mechanical action Seg. The field theory,
which is based on this functional and formulated in
terms of the “hydrodynamic” variables of the phase p(q)
and the amplitude 7(q), does not contain the infrared
divergences, so it can be used for the calculation of
low-energy properties of the system. In the Bose-gas
approximation, Popov obtained the expression for the
damping of the elmentary excitation spectrum, which
coincides with the Belyaev’s result [3] at T' = 0.

Unfortunately, the models mentioned above describe
such a strongly interacting Bose system as “He not
very well. Therefore, despite a good agreement with
experimental data in the rotom minimum region
attained with the use of the Monte-Carlo method with
the so-called “shadow wave function” and the method
of correlation basic function with modern interparticle
potentials, the calculation of the elementary excitation
spectrum in the superfluid helium remains a very

ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 7



CALCULATION OF THE IMAGINARY PART

difficult urgent problem even now. One of the reasons for
that is that the physical reason for the roton minimum
in the quasiparticle spectrum and the damping of this
spectrum in a Bose-liquid remains unclear.

The goal of this paper is the calculation of the
imaginary part (damping) of the spectrum for the
strongly interacting Bose system using the method of
effective potential developed in [4]. Representing the
thermodynamical coefficients of a quadratic form of the
action Segr by the measurable physical parameters of the
system like the speed of sound ¢, the system density
n, and the condensate compressibility dng/dp (u —
chemical potential of the system of Bose particles), like it
was done in work [5], we find new hydrodynamic Green’s
functions for the strongly interacting Bose system.
Using these Green’s functions in the second order of
perturbation theory, we will calculate the imaginary part
of the spectrum of elementary excitations which define
its damping.

2. Calculation of the Imaginary Part of the
Elementary Excitation Spectrum

In the momentum representation, the Popov’s effective
action Segr has the following form [4]:

Seti[7, @] = %Z {— (p” q’ +pww§> el@)p(—q)—

m

—2Punowsp(@)m(—q)+

o2

+ <pnono - 4mn0> W(Q)W(_Q)} +

+ L > ((112%(12)90((11%9(612)7?((13), (2)
'BwS q1+q2+q3=0 m

where ¢ = (ws/c,q) — 4-vector of the momentum

and energy, ¢ — the speed of sound (will be defined
below); ws = 27ws/B — Matsubara frequency, s
— integer even numbers, and 3 = (kgT)"! -
dimensionless inverse temperature, (kg — Boltzmann
constant). The coefficients p,, puu, Pun, and ppon, are
the thermodynamical derivatives of the pressure with
respect to the chemical potential p and the condensate
density ng. In work [4], it was shown that the term
q%/4mng in expression (2) describes a deviation of
the elementary excitation spectrum from a linear one.
At small momenta, this term can be neglected. The
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cubic term in action (2) leads to the appearance of the
imaginary part in the spectrum.

Considering the quadratic part of expression (2)
as the unperturbed action and the cubic term as a
perturbation, it is possible to find the free hydrodynamic
Green’s functions:

9o = (P(DP(=))y, Gor = (P(O)T(=q)),,

gre = (M(DP(=))os Gnr = (T(O)T(=a))s; (3)

here, (...), symbolizes the average with respect to the
quadratic part of the action. The specific expression for
this function is defined by the inverse matrix of the
coefficients in the quadratic part of action (2):

G (q) = ( Joo Yo ) _

9np  YGrnrm

2
_ dng 2 dng 2
— ( dp ) Ws dp Ws @07
2 22
_ddTLowS 1 n wg +c*q

! 0
+ pnano 1 1 . (4)
8nng Pngng

Here, we used the expressions obtained in [4, 6]

1 n d d
7%:77/’:2:02’ pu=n (5
M PrgnoPup — Pung m dpl, dp

and

Do _ 0, (6)
Pnono d,u

Expressions (5) and (6) represent the thermodynamical
derivatives of the pressure p with respect to the physical
quantities. In relation (5), ¢ — the macroscopic speed
of sound (first sound) which can be defined from the
experiment, and n — the system density. Equality (6)
defines the inverse condensate density which is also the
experimentally measurable quantity.

In the Popov’s work [4], the hydrodynamic Green’s
functions are obtained in the gas approximation, when
the thermodynamical derivatives of the pressure can be
presented in the form

mc

Pu=nN=MNg, Puu= 0, Pung = 1, Pnong = —

o
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Fig. 1. Diagrams of the second-order corrections for the self-energy
parts Ly, Lpr, and Lqr. Diagrams a, b, and ¢ correspond to the
component ¥, of the self-energy matrix, diagrams d and e are

the contributions to the ¥, and X, respectively

In this paper, we didn’t make any assumptions
about the smallness of the Bose-system density. The
Green’s functions (4) and the damping of the spectrum
calculated below correspond to the system with strong
interparticle interaction.

As well known [7], the elementary excitation
spectrum can be obtained from the equation

det G (q) = det(G ' (q) — X(q)) =0, (8)

where X(g) — the self-energy matrix. Because we have
¥(q) = 0 in the lowest order of perturbation theory,
the elementary excitation spectrum is defined from the
condition that the matrix determinant GO_1 is equal to
zero. In the higher orders of perturbation theory, ¥(q)
is not equal to zero. This leads to the appearance of the
imaginary part A(g) which describes the damping of the
elementary excitation spectrum. The contribution to the
self-energy in the second order of perturbation theory is
given by the diagrams depicted in Fig. 1. The expression
for the imaginary part of the spectrum A(q) can be found
after the substitution of the matrix (4) in Eq. (8). After
the analytic continuation iw — E, Eq. (8) in the small-
momentum approximation (q — 0) can be written as

E? [1 + X (E) chpw] —
pngnop#
2
—2%E EW(E)EM—
n pno’no
_2q? [1 S (B)—— 5, (E) mﬂ 0. (9)
pnono e qu2

This equation cannot be solved exactly, therefore we
search for an approximate solution making assumption
that components of the self-energy matrix ¥;; are
small quantities for the small values of the energy and
momenta. This approximation will be justified later on.
Let us expand ¥;;(F) around the unperturbed solution
E = ¢(q) = c|q|. This allows us to find the imaginary
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part of the solution of Eq. (9), by using expressions (5)
and (6), in the following form:

(10)

This expression gives the damping of the Bose-system
elementary excitation spectrum via the components of
the self-energy matrix. Exact expressions for the self-
energy matrix components can be found by calculating
the corresponding diagrams depicted in Fig. 1.

The diagram a gives no contribution to the self-
energy as far as the intermediate propagator g,
which connects the external lines to the loop has zero
energy and momentum. There are other possibilities to
construct the diagrams topologically identical to a, but
all of them will give no contribution to the self-energy
because the elementary vertices equal zero in these
diagrams. All other diagrams give the finite contribution
to the corresponding self-energy components.

Analytic expressions for the components X,(q),
Yop(q), and X,r(q) can be obtained from the
corresponding diagrams in Fig. 1 using the Feynman
rules. For the small values of the energy and momenta
in Eq. (4), we can neglect the terms proportional to
1/Pnony- Calculating ¥;;, we will integrate over the
internal momenta and will take a sum over the internal
frequencies. As an example, let us calculate an expression
for the diagram b which gives a contribution to the
component X, of the self-energy matrix:

T
b . _ 2
ZLpr (qa Zw) - (277)3m2 / dq2 dq3 (q : q3) X

X Z n(: 42, 43) grr (A2, iw2)gpe (a3, iws),

w2,ws3
with
1
77(% q2, q3) = 5 (5((:1 + q2 — q3)§w+w2,+w3+
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Fig. 2. All possible ways to construct the elementary vertex part

+6(q — Q2 + q3)6w7w2,7w3 +5(q —q2 — qS)(Swfwg,wg) .

The factor 1 can be explained due to the fact that, for the
calculation of the contribution for a specific diagram, it is
necessary to take a sum over all directions of the internal
lines in this diagram. The factor 1/2 takes care of the
identical diagrams which appear, when the directions
of all four-momenta in the diagram are changed. All
possible variants of the directions of four-momenta ¢
and g3 in the diagram can be found if one consider the
elementary vertex part. From Fig. 2, one can see that
there exist only four vertex parts with different numbers
of incoming and outgoing lines. Each vertex part obeys
the energy and momentum conservation laws.

The vertex part ds which has all lines pointed at
(from) the vertex corresponds to the conservation law
in the form §(q + 92 + 43)0w+w,,—w; and, obviously,
equals zero. Therefore, the diagrams which contain the
vertex functions of this type also do not contribute to
the self-energy. So, the contribution of each diagram will
be the sum of the contributions of three topologically
equal diagrams which are constructed with the use of
the vertices from Fig. 2.

Let us calculate an expression for the component
Y, of the self-energy matrix. The contribution to this
component is given by two terms (let’s define them as
El:w and 3¢ ) which correspond to the diagrams b and
c in Fig. 1. Let us calculate exactly the expression for
Efw by performing the summation over the internal
Matsubara frequencies. Assuming that the internal
frequency e; = 2mws/3 is positive, the sum S over the
frequencies,

5= ;gmes),

can be found by integration over the contour depicted
in Fig. 3

(12)

= % / dz ns(2)f(2), (13)

where np(z) = (e — 1)7! — the Bose distribution

function.
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Fig. 3. Integration contour with the cuts on the complex plane

First of all, we will find an expression for the first
component of 7 for the diagram with vertex part d;:

1
b 2
Yo,(q) = W/ dgz dqs (q-q3)” x

x6(q — a2 — q3) 1" (iw, q2, qs)- (14)
Here,
2et dng\? 1
1 _m7c (dnog 7/
(iw,d2,93) 2 ( i) 2 ), dz ng(z)x
2
1
X “ (15)

22 — &2(qq) (iw — 2)2 —e2(q3)

In order to calculate integral (15), we assume that
Green’s functions are “full,” i.e., saying differently,
include high-order corrections to X(¢q) in the
denominator. The components of the self-energy matrix
¥ (q) have poles along the lines parallel to the real axes.
Therefore, we have to use a different integration contour
than that in the case of free propagators. In our case, the
Green’s functions have singularities on the lines shown
in Fig. 3.

As far as the frequencies w are even, the contour in
Fig. 3 includes all the poles situated on the imaginary
axes excluding two poles which coincide with cuts. The
contribution of these two poles should be added to
integral (15). But, during the integration over the small
semicircles around these poles, their contributions are
compensated [7]. The integrals over the big circles in the
limit when the borders of the contour go to infinity are
equal to zero. Therefore, we left with only four integrals
along the cuts:

I’=1+1+I+ 14
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+oo
1 ‘ '
Il = Tm dx gfﬂ(q27m + ZW)ggw(q37x) nB(x + ’L(U)7
— 00
1 +oo
I = o dx gfn(Q2,x+iw)g£¢(q3,z) np(z + iw),
— 00
+oo
1 .
I3 = i / dz gfn(qu)g;‘g,(qg,x —iw) np(x),
— 00
+oo
1 .
I, = ~5— dx gfﬂ(%,x)gﬁw(qg,x —iw) np(z),
— 00

(16)

where g% and g — advanced and retarded Green’s
functions. In view of the analytic properties of these
functions and the parity of the external frequency w,
we obtain the expressions

i 4(q, ) = 2i Im ¢"(q, 2),

g (a,z) —g

np(z + iw) = np(z), (17)
which allows us to write the sum of integrals (16) in the
form

+oo

1 .
b = - / dx [Im g{;@(q37$)g71§ﬂ(q27$+ZW) +

— 00

+Im g2 (a2, 2)95, (a3, = — iw)] np(x). (18)

In the last expression, we make an analytic continuation
of the external frequency iw — FE and consider the
retarded component (I°)%® of the integral. Its real
and imaginary parts are presented by the following
expressions:

+oo
1
Re(I*)® = = / dx [ImgZ (q — k,z)Re g (q.z + E) +
T
+Im g% (q,z) Re gf;”w(q -k,z— E)] np(x), (19)
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—+o0
/ dx Im gfﬂ(q,x)x

— 00

1
Im (I")f=—=
m (I°) -

xIm gf‘w(q—k,x—E) (ng(z) —np(x — E)). (20)
Expression (19) defines the correction to the real part
of the spectrum which will not be discussed here. Let us
consider the imaginary part of the integral (1°)f which is
given by Eq. (20) in more details. Using the well-known
expression for the bosonic Green’s functions [7, 8],

™

Im Dr(q, E) = _26((?1)

[6(E —e(a)) — (£ +e(a))] s
(21)

we found an expression for the imaginary parts of the
hydrodynamic Green’s functions g,, and grn:

I 7 (02, 2) = 52 (90 — e(a)) = 3 +e(a2))],
(22)

Im 9;;1(‘13735 - w) = 282:]3) X

< [o(a — B~ e(as)) — (e — B+ e(az))] (23)

Substituting (23) and (23) into Eq. (20) and then into
Eq. (14), we obtain the contribution to the component
(EZW)R of the self-energy from the diagram constructed
on the basis of the vertex part d:

1 dng \ 2

b R _ 0

Im (EW(E»Q)) = Tl (du) / dqs dqz X
2 €2

x(q-q3)”d(q—qz — %)gx

X[(0(E+e, —e,) —0(F+e, +¢,)) X

5 1 1 N
eBey 1 o Bl,+E) _q

+(0(FE—¢e,+e,)—0(E—¢, —¢,)) X

1)]
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CALCULATION OF THE IMAGINARY PART

The contribution of another two diagrams from the
vertices do and ds is identical to that of (24). Taking
this fact into account, we find a complete expression
for (wa)R. Separating the common multiplier and
multiplying the last equation by the dimensionless
combination €2 /c*q3, we find

4 _ =P 2
3ct1l-e )(dn0>x

Im (2° R__—
m( W@(E(q)’q)) 64 712’/7'2 dﬂ

/ dq dQ3 )

x [20(1 42—

€,E5M2M3 X

3)ees + (1 — 2 —3)e’ ],

with

0(1£2—-3)=0(qtqz—q3)d(este, —¢,),

n; = (e’ —1)7%

According to the argumentation presented after Eq.
(9), the right-hand side of equality (25) is the first term
of the expansion of (24) around the unperturbed solution
E = e¢(q) = c|q|. Such an expansion is justified, as we
can see from (25) that Im (X%,,(q))® — 0 if 9 — 0.
Substituting expression (25) into formula (10), we find
the contribution from the component Efw(q) of the self-
energy matrix to the imaginary part of the spectrum:

2 _ —Be
b o met (1 —e7PF) dno
Al,(q) = —3W dqz dgzx
x(q 2q 3) £€,€,NaN3 X
q Q3

x [26(1+2—3)e”% +5(1 — 2 — 3)e ] . (26)

In the same way, all the contributions of another
diagrams depicted in Fig. 1 can be calculated. The result
of calculations of the diagram ¢ which corresponds to
the component Z;w(q) of the self-energy matrix can be
presented in the following form:

mc2(1—e=P¢) [ dng\”
_mell e ) (Ao daqs d
12872n3 ( du ) / Az s

(a-a3)(q-qz)
q?|qz||qgs]

AL (a) =

£€,E5Nan3z X
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x [20(1+2—3)e” +§(1 — 2 — 3)e]. (27)
In this expression, we already took the contributions
of the all types of the diagrams constructed using the
vertices di, do, and d3 into account. The contributions
from the diagrams ds and d3 are exactly the same by the
modulus but have different signs. Therefore, they cancel
each other.

The contributions to the component ¥, from the
all topologically equivalent diagrams constructed with
the use of the vertices in Fig. 2 are also identical. The
contribution from this self-energy part to the imaginary
part of the spectrum has the following form:

mc2(1— e Pe) [ dng\”
Arr(q) = _3W (CZM) / dqp dqgs

% (g2 - Q3)

ee,e,mang [26(1+2—3) +6(1 -2 —
a3

S)Eﬁﬂ .
(28)

The calculation of the contribution from the
components Y,r(q) = —Xr,(q) (see the diagram d in
Fig. 1) requires a more detailed explanation. From Eq.
(10), one can see that the contribution to the imaginary
part of the spectrum given by the real part of X, (q)
looks as

Re Yo7 (iw, q) = W/dqz dgs (q - q2) (g2 - q3) x

x6(q — gz —g3) Re I(iw, q2,q3). (29)
Therefore, it is necessary to calculate the real part of the
integral

. 4 dn
I(iw,q2,q3) = o n2 O/dz np(z

z 1
X . 30
22 — €2 (iw — 2)? — €2 (30)

Integrating over the contour given in Fig. 3, we find

m2ct dng
n2 du

. 1
I(W%Q%QB) = %/ dx

C

np ()%

713



A. CHUMACHENKO

T+ 1w 1 1
+(x+iw)2 —e, [(m+i5)2 —e2 (z—i6)2 —53} }
(31)

In the last expression, the retarded and advanced
functions are written in their explicit forms. Using Egs.
(17) and (21), the multipliers in the square brackets can
be presented as

1 1
(x+i6)2—c2 (z—i0)%—&2

= (@ —e) — b+ )]

(32

After the analytic continuation iw — FE, changing
the variables v + w = 2’ in the second term, and
introducing the redefinition 2’ = x, we get the real part
of expression (31) as

mm?c* dng 1

Re I(E,q2,q3) = x dx ¥

4 n? dy e,e,

X[0(x—F—¢,)—d6(x—FE+e¢e,)] x

X [0(x—e,)—d(x+¢,)]{ns(x) —ng(x — E)}. (33)

Using Egs. (29) and (10), we find the corresponding
contribution to the imaginary part of the spectrum from
the diagrams constructed with the help of the vertex
parts di:

mc2(1— e P¢) [ dng\”
Apr(q) =2————" | — dqs d
® (q) 1287203 ( d,U/ ) / q2 aqs X

(9 a3) (92 qs)

€E,E,NaN3 X
lal|qz|a3 2

x [20(1 +2 — 3)e™%s +§(1 — 2 — 3)e]. (34)
As far as the contributions from the vertex parts do and
dz have different signs, the last expression corresponds
to the contribution from the component 3. (g) to the
imaginary part of the spectrum.
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According to Eq. (10), the imaginary part of the
elementary excitation spectrum is defined as the sum
of the contributions of all components of the self-energy
matrix which are given by expressions (26) — (28) and
(34). The signs of the components Y., and ¥,, =
wa—l—wa in this sum are determined from the condition
of positiveness of the expression for the damping of the
elementary excitation spectrum

Ime2(1 — e P2) (dng\’
Aq) = T T (du) / dqz dqs ee, e, %

xnang [26(1 + 2 — 3)e’s +§(1 — 2 — 3)e’] . (35)
The last expression is obtained from the condition

that factors of the form ‘(;lf"‘z"v)‘ under the integrals in
il

expressions (26) — (28) and (34) are proportional to cos 6,
where 6 — the angle between the vectors q; and qj; for
the small momenta, this angle is also small, so we can
put cosd ~ 1.

Expression (35) in the gas approximation (see
expression (7)) coincides with the result obtained by
Popov and corresponds to the Belyaev’s result [3] at zero
temperature (8 — 00),

5

Alg) = 23

= 640mnm’ (36)

3. Conclusions

The perturbation theory constructed on the basis of
the Popov’s hydrodynamic action allows us to avoid
the problem of infrared divergences. The singularities
of the transverse g.. and intermediate (longitudinal-
transverse) g4, Green’s functions in the higher orders
of perturbation theory are compensated by the vertex
parts ~ ¢?> which are given by the cubic term in
the expression for the quantum-mechanical action. This
behavior of the correlation functions can be understood
from the physical point of view, by using the picture of
the symmetry breaking discussed by Patashinsky and
Pokrovsky [9] for a magnetic system with analogous
symmetry.

The representation of free propagators in terms
of the inverse condensate compressibility dng/dp, the
hydrodynamic speed of sound ¢, and the density n
allows us to find the Green’s functions for the system
with strong interparticle interaction. Based on this
approach in the second order of perturbation theory,
the imaginary part A of the elementary excitation
spectrum was calculated at nonzero temperatures. As
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far as the obtained expression was calculated for the
system with strong interaction between the particles, it
can be applied to systems like *He. In the low-density
approximation, the obtained result coincides with the
Popov’s expression [4]. For small q, the expression for
the damping of the spectrum

3m3T%*mq [ dno 2
Al = =53 (d,u)

is linear in ¢. The linear dependence becomes improper
in the kinetic region ¢l < 1, ET < 1, where | — mean free
path, and 7 — time of relaxation. The correct answer
for this region can be obtained after the summation of
the diagrams which can be reduced to the solution of
equations of the kinetic type.

All the results are obtained for small values of the
momentum and the energy, which corresponds to the
phonon part of the spectrum. The calculation of the
Green’s functions for the higher momenta for the maxon-
roton part of the spectrum is rather difficult in this
approach, because the effective action is written in the
terms of “hydrodynamic” (wave) variables, and it will be
the aim of the following research.
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JIO PO3PAXYHKY YABHOI YACTUHU
CIIEKTPA EJIEMEHTAPHUX 3BY/I>KEHb
CUJIbHOB3AEMO/IIFOYOI BO3E-CUCTEMU

A. Yymauenro

PezwowMme

Ha ocHOBi MiKpOCKOMiYHOrO miZxoay 3 BUKOPHUCTAHHSIM METOJLY
rigpopunamiyaux 3MinHux [lomoBa po3paxoBaHO ysiBHY YaCTUHY

CIIEKTPa eJIEMEHTAPHUX 30y/2KEHb CUJIbHO3B sI3aHOI 603e-cucreMu
3 KOH/IEHCAII€IO TIPH MAJIUX TeMIIepaTypax.
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