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The catalytic synthesis of carbon dioxide from oxygen and
carbon monoxide has been studied in the framework of the
lattice model, making allowance for inactive impurities on the
surface and correlations between coadsorbates. The system of
equations which describes the reaction dynamics on the surface
has been obtained, and its solution has been found in the meanfield approximation. The results obtained are compared with the
corresponding literature data.

This work aims at studying the catalytic reaction of
synthesis of carbonic acid gas (carbon oxide IV) from
oxygen and carbon monoxide (carbon oxide II), taking
interactions on a catalyst surface into account. Carbon
monoxide is a poison gas, and its neutralization by
catalytic oxidation is of great practical importance. This
process is important for the solution of the problem of
air purification from exhaust gases and other pollution,
as well as for the purification of technological gases (for
example, hydrogen) from carbon monoxide. On the other
hand, the reaction of carbon monoxide oxidation
2CO + O2  2CO2

(1)

is often used as a reference one for the solution of various
theoretical issues.
The kinetics of chemical oscillations in heterogeneous
catalysis, in particular, in the processes of CO oxidation
[1–5], has been actively studied in recent years. While
simulating the reaction of CO oxidation, a suggestion
is made about the dominant role of the Langmuir–
Hinshelwood mechanism which provides an opportunity
for the reaction to proceed provided that both reacting
substances first become chemisorbed onto the surface.
Nevertheless, there are several models for the scenario of
this reaction. Different models account different factors
that can influence the process of CO oxidation. In
particular, these include such processes as diffusion
[6–9] and heat transfer [7, 10], the type of the surface
[11, 12], interaction between neighbors [13–15], the role
of subsurface layers [16–21], the influence of the Eley–
Rideal mechanism [22], surface reconstruction [23], and
so on.
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Theoretical researches of the kinetics of oscillatory
chemical reactions of CO oxidation are based on the Ziff–
Gulari–Barshad model [24]. In this work, we examine
an opportunity of its generalization onto the case where
the availability of inactive impurities and interactions
on the catalyst surface are taken into account. Our
consideration is based on the following assumptions.
Suppose that the reaction proceeds only on the catalyst
surface, i.e. the interaction is possible only between
particles that are adsorbed on this surface. In so doing,
the adsorption of an oxygen molecule occurs through
the process of its fast decomposition into two atoms
near the catalyst surface; each of those two atoms
independently occupies a separate free active site; at the
same time, carbon dioxide molecules become adsorbed
onto the surface and reside there without decomposition
into atoms. The transformation of particles is possible
only in the adsorbed layer.
The equations of reactions that can proceed in the
course of carbon monoxide oxidation on the catalyst
surface look like
O2 + 2∗ → 2Oads ,

(2)

CO + ∗  COads ,

(3)

COads + Oads → CO2 + 2∗,

(4)

where the asterisk means a free active site on the
catalytic surface. As a catalyst, the simple (111) surface
of a Pt crystal with potassium impurities (potassium is
an alkali metal which is an effective promoter in a lot of
reactions that are important from the industrial point of
view, such as ammonium synthesis, CO hydrogenation,
and so on). Let the surface of the catalyst be simulated
as a square lattice composed of N active points, each
of which can be occupied by either a CO molecule or
an oxygen O atom. Let us introduce the notations for
the occupation numbers of the i -th site: n1i for adsorbed
CO molecules and n2i for adsorbed oxygen atoms, where
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nli = [0, 1]. The condition n1i + n2i ≤ 1 must be satisfied
at that. The characteristic feature of the reaction is that
the diffusion rates of CO and O differ very much from
each other, because CO molecules are very mobile on the
surface in comparison with the adsorbed oxygen atoms
which are practically immovable. Therefore, one should
distinguish between two different cases of high or low
reaction rates.
In the case where the rates of adsorption and
desorption of CO are higher than the rate of CO
oxidation on the surface, a slow variation of the
surface coverage by oxygen is described by some kinetic
equation. Considering this process, we also take into
account the interaction
X
X
H = −(µ1 + h1 )
n1i − (µ2 + h2 )
n2i +
i

+w1

X
hi,ji

n1i n1j + w2

following substitutions for the occupation numbers in
the Hamiltonian:
n1i = hn1 i + ∆n1i ,

(6)

n2i = hn2 i + ∆n2i .

(7)

Here, hnl i = hnli i are the average values of the numbers
nli which, owing to the equivalence of all sites in the
crystal lattice, do not depend on the site number.
The mean-field approximation consists in neglecting
the summands that are quadratic with respect to the
deviations 4nli . Therefore, such substitutions bring
about the relations
X
X
w1
n1i n1j ' −w1 N hn1 i2 + 2w1 hn1 i
n1i ,
(8)
i,j

i

X
hi,ji

n2i n2j + ε12

X

n1i n2j

(5)

w2
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X

n2i n2j ' −w2 N hn2 i2 + 2w2 hn2 i

i,j

hi,ji

between the nearest neighbors in the adsorbate, where µ1
and µ2 are the chemical potentials of adsorbed CO and
O, respectively; and w1 , w2 , and ε12 are the energies of
interaction between the nearest neighbors composing the
pairs CO—CO, O—O, and CO—O, respectively. To take
the influence of the alkali metal on the surface properties
into consideration, the fields h1 and h2 were introduced.
f1 hnalkali i = −h1
The local energy of CO varies by δε1 = h
owing to long-range electrostatic interactions between
CO and the atoms of alkali metal K (nalkali means the
surface covered with potassium). Similarly, the variation
f2 hnalkali i = −h2 .
of the local energy of oxygen is δε2 = h
Such a model was proposed in work [15]. It was
shown there that the kinetic phase diagrams (pCO , 1/T )
contain a bistable section in the cluster approximation.
It is known that various jumps from one stable branch
onto the other are possible in the bistable state of
the system. Provided that the system depends on a
parameter which slowly varies in time, the relaxation
oscillations emerge in it. In this work, we consider
such a model in the mean-field approximation and will
demonstrate that the interval of bistability also exists in
this simpler approximation.
Consider the Hamiltonian of the system in the
mean-field approximation. In this approximation, actual
interactions between particles are replaced by the
action of an averaged field on every particle, with
the strength of the field being independent of the
particle’s location and its nearest environment. To pass
to the mean-field approximation, we should make the

i

ε12

X

n2i ,

(9)

i

X

n1i n2j ' −ε12 hn1 ihn2 iN + ε12 hn2 i

i,j

X

n1i +

i

+ε12 hn1 i

X

n2i .

(10)

i

As a result, the Hamiltonian of the system in the meanfield approximation looks like
X
X
H = −e
µ1
n1i − µ
e2
n2i + AN,
(11)
i

i

where the following notations were introduced:
A = −w1 hn1 i2 − w2 hn2 i2 − ε12 hn1 ihn2 i,

(12)

µ
e1 = µ1 + h1 − 2w1 hn1 i − ε12 hn2 i,

(13)

µ
e2 = µ2 + h2 − 2w2 hn2 i − ε12 hn1 i.

(14)

Hence, this Hamiltonian depends on the occupation
numbers ni in the same way as does the Hamiltonian of
a system of noninteracting particles embedded into an
external force field. Therefore, the Hamiltonian of our
system is the sum of one-particle Hamiltonians, owing
to which the grand partition function becomes split into
the product of one-particle grand partition functions
ΞM =

N
Y

ξi ,

(15)

i=1
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where

the other hand, since the adsorbed oxygens are not in
equilibrium, the evolution of the oxygen coverage in time
is determined by the kinetic equation

µ
¶
l
X
A−µ
e1 n1i − µ
e2 n2i
ξi =
exp −
=
kT
n =0

dθO
= 2pO2 kO sO (1 − θCO − θO )2 − kθCO θO .
dt

i

A

= e− kT

³
´
µ
e1
µ
e2
1 + e kT + e kT .

(16)

The one-particle grand partition function does not
depend on the site number, because all the sites are
identical. Therefore, the grand partition function of the
whole system is equal to
³
´N
µ
e1
µ
e2
AN
Ξ = ξ1N = e− kT 1 + e kT + e kT
,
(17)
whence we obtain the following expression for the grand
thermodynamic potential:
Ω = −kT ln Ξ = −N w1 θ12 − N w2 θ22 − ε12 θ1 θ2 N −
·
−kT N ln 1 + exp

µ

µ
e1
kT

¶

µ
+ exp

µ
e2
kT

¶¸
.

(18)

Making use of this formula, we can calculate all the
thermodynamic functions of the system in the mean-field
approximation.
Taking advantage of the thermodynamic formula
µ
¶
1 ∂Ω
θi = −
,
(19)
N ∂µi T
we obtain the following system of equations for the
coverages θi :
³ ´
µ
e1
exp kT
³ ´
³ ´,
θ1 =
(20)
µ
e1
µ
e2
1 + exp kT
+ exp kT
³ ´
µ
e2
exp kT
³ ´.
³ ´
θ2 =
µ
e2
µ
e1
+ exp kT
1 + exp kT

(21)

Those equations for θi are self-consistent, because the
average value of the coverage is a parameter of the
distribution function, which is used to calculate the
average.
In work [15], two cases, which correspond to the
conditions of high and low reaction rates, were examined.
Let us consider them separately. In the case where the
reaction rate is low, the CO distribution is equilibrium,
provided that the rate of CO diffusion is high. On
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(22)

The first term describes the oxygen chemisorption onto
surface-lattice sites, while the second one is associated
with the reaction of CO oxidation; pO2 is the partial
pressure of oxygen, kO is the frequency of collisions of
oxygen molecules with the surface, and sO is the socalled sticking factor. The parameter k characterizes the
reaction rate: k = kCO2 exp(−βE0 ), where E0 is the
reaction activation energy. The adsorption of oxygen is
dissipative; the rate of desorption is therefore very low,
and it can be neglected. To analyze the stable states of
such a model system, it is necessary to solve the equation
dθO /dt = 0 together with Eqs. (20) and (21) and to find
the average coverages for CO and oxygen.
In the case where the reaction rate is higher than the
rates of CO adsorption and desorption, the magnitude of
the CO coverage is analyzed using the kinetic equation
which takes into account the processes of CO adsorption
and desorption, as well as the reaction of oxidation.
The evolution of the CO coverage is described by the
equation
dθCO
= pCO kCO sCO (1 − θCO − θO ) − dθCO −
dt
−kθCO θO ,

(23)

where d = d0 exp(−βEd ) is the rate of CO desorption.
Suppose that the local equilibrium distribution of CO
results from the high rate of its diffusion. Then, in order
to analyze the stable states, it is necessary to solve the
equations dθO /dt = 0 and dθCO /dt = 0 together with
Eqs. (20) and (21) with respect to the average coverages
for CO and oxygen. Moreover, in order to analyze the
dependences of the coverages of both reacting adsorbates
on pCO , one may assume that CO gas is ideal near
the surface and apply the following relation between
the partial pressure and the chemical potential: pCO =
(kT )5/2 (mCO /2π~2 )3/2 exp[(µ1 − ∆ε1 )/kT ], where mCO
is the mass of a CO molecule. An extra parameter ∆ε1
appeared because of the differences between the chemical
potentials and one-particle energies in the gaseous and
adsorbed states. The value of ∆ε1 can be found from
experimental data.
First, consider the case of low reaction rate. Our
purpose is to study the average coverages of CO and
ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 5
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Fig. 1. Average coverages with CO (a) and oxygen (b) at T = 466 K as the functions of µCO

O, as well as their dependences on µCO . Figure 1
illustrates both the dependences obtained in the case
where impurities are available on the surface (h1 /|w1 | =
−0.3 and h2 = 0) and the dependences corresponding
to the case of the Pt surface without alkali metal.
The following model parameters were chosen: E0 =
8.2 kcal/mol, ε12 = 1.72 kcal/mol, and w1 =
−1.32 kcal/mol , i.e. the assumption was made that
the interaction in CO—O pairs is repulsive and that
in CO—CO pairs is attractive by character. The values
of the other model parameters were as follows: kCO2 =
3 × 106 s−1 , kO = 7.8 × 105 s−1 Torr−1 , and sO = 0.06,
which corresponded to Pt(111) surface.
As is seen from Fig. 1, taking the impurities of an
alkali metal into account corresponds to the increase of
the local CO energy by δε1 = −h1 , which gives rise to
the delocalization of adsorbed CO and, as a result, to
the CO coverage reduction.
Despite the absence of the localized field (h2 = 0), the
CO coverage reduction is accompanied by a substantial
growth of the O coverage in comparison with the case
h1 = h2 = 0. Hence, on the one hand, the longrange fields caused by alkali metal atoms bring about
the CO delocalization with the corresponding reduction
of the CO coverage. On the other hand, this process
is accompanied by the adsorption of oxygen and the
corresponding increase of the oxygen coverage.
In the case of high reaction rates, the model
parameters were determined by fitting the theoretical
results obtained in the framework of the cluster
approximation [15] to experimental data. The following
values were used: ε12 = 1.9 kcal/mol, w1 = −1.27
ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 5

Fig. 2. Phase diagrams (pCO , 1/T ) for various values of sCO and
sO

kcal/mol, E0 = 7.9 kcal/mol, Ed = 36 kcal/mol, kCO =
7×106 s−1 Torr−1 , d0 = 2×1016 s−1 , and sCO = 0.9. The
quoted values evidence for the attraction in the CO–CO
pair. By analogy with the previous case (a low reaction
rate), the influence of the alkali metal was taken into
account by introducing the electrostatic fields h1 and
h2 . In addition, according to the known experimental
results, we can make allowance for the variation of the
sticking factors for CO and oxygen, which is caused by
the presence of alkali metal atoms. The corresponding
phase diagram is depicted in Fig. 2 in two cases: sCO =
0.9, sO = 0.06 and sCO = 0.8, sO = 0.07.
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Fig. 3. Average CO (a) and oxygen (b) coverages as the functions of pCO at T = 466 K and for various values of the parameters h1 ,
h2 , sCO , and sO

Fig. 4. Average CO (a) and oxygen (b) coverages as the functions of pCO at T = 466 K and for various values of the parameters sCO
and sO

It is evident from Fig. 2 that the character of
solutions changes at high reaction rates: a bistable region
appears. It means that the bifurcation of the solution
can be observed even in the mean-field approximation.
Notice that the bistable region is shifted towards higher
pCO pressures in the case sCO = 0.8 and sO =
0.07.
An important characteristic feature of the results
obtained is the fact that a simple account of the
electrostatic fields h1 and h2 does not practically change
the region of bistability, whereas the variation of the
sticking factors gives rise to its significant shift. It is
clearly seen from Fig. 3, where the dependences of the
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CO and O coverages on the pressure pCO are exhibited
for various sets of sticking factors.
It is also interesting to find, in the same
approximation, the lower bounds for the sticking factors
sCO and sO , at which the region of bistability still exists.
Figure 4 demonstrates that sCO = 0.09 and sO = 0.008
are those critical values, at which the bifurcation of the
solution is still observed. At lower values of sCO and sO ,
the region of bistability disappears.
Therefore, the variations of sCO and sO , which are
caused by the presence of alkali metal atoms, play
an important role in the case of high reaction rates.
Similarly to the previous case (the case with a slow
ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 5
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reaction), the shift of the diagram, which takes place if
the impurities of an alkali metal are taken into account,
is also accompanied by a reduction of the CO coverage
and an increase of the oxygen one, which is in agreement
with experimental results.
As seen, in spite of the fact that the model used
is simplified and does not consider some effects, and
the influence of alkali impurities is made allowance for
only through introducing the long-range electrostatic
fields hl and allowing the sticking factors sl to vary,
it describes the characteristic features of the reaction
of carbon monoxide oxidation on a surface rather well.
It is worth noting that the region of bistability, which
is observed in the cluster approximation, exists also
in the mean-field approximation in the case where the
reaction rate is considerably higher than that of the
CO adsorption-desorption process. If the reaction rate
is low, the bifurcation of solutions is not observed
in this approximation. In the case of a high reaction
rate, the diagram becomes shifted, first of all, owing
to the variation of the sticking factors caused by the
influence of the alkali metal. Concerning the variation
of the electrostatic fields hl , the results of calculations
of the bifurcation point turned out almost insensible.
Despite a strong CO–O repulsion, the CO delocalization
is accompanied by the increase of the oxygen coverage.
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ВПЛИВ АДСОРБОВАНИХ ДОМIШОК НА КАТАЛIТИЧНЕ
ОКИСЛЕННЯ СО: МОДЕЛЬ ҐРАТКОВОГО ГАЗУ
I.M. Мриглод, I.С. Бзовська
Резюме
В рамках ґраткової моделi дослiджено каталiтичну реакцiю
синтезу вуглекислого газу з кисню та чадного газу (оксиду
вуглецю II) iз врахуванням присутностi неактивних домiшок
i взаємодiй на поверхнi. Отримано систему рiвнянь, що описує динамiку реакцiй на поверхнi каталiзатора, та знайдено її
розв’язки у наближеннi середнього поля. Отриманi результати
проаналiзовано i порiвняно з результатами, вiдомими в лiтературi.
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