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The variational formulation of the problem concerning three-
dimensional linear electro-acoustic vibrations that are electrically
induced in a piezoelectric crystal resonator belonging to
an arbitrary crystallographic class and cut is presented.
The discrepancies between the experimentally measured and
theoretical values of the eigenfrequencies for an extensional
vibration mode of 128◦-rotated Y -cut LiNbO3 rectangular plates
have been shown to fall within a few percent. For that vibration
mode, the dependences of the eigenfrequencies on the plate’s linear
dimensions (the frequency plans) have been calculated for several
lower overtones.

1. Introduction

Confined piezoelectric bodies (plates, disks, rings, and so
on) are widely used as piezoceramic elements in modern
solid state devices such as ultrasonic transducers,
acoustic resonators, sensors, piezoelectric transformers,
piezomotors, piezogyroscopes, etc. In a lot of cases, the
physical and technical characteristics of such devices
are determined by the features of spatial (in particular,
superficial) distributions of the elastic and piezoelectric
field components which occur in piezoceramic elements
functioning at operating frequencies. Therefore, the
parameters of vibrations of piezoelements with regular
geometric shapes have been widely studied in recent
years both experimentally and using theoretical methods
[1–4].

Typical single-crystal materials for piezoelements
are quartz and lithium niobate. Note that, despite
a plenty of works in this domain, the detailed
characteristics of three-dimensional electroelastic
vibrations of rectangular-shaped piezocrystals have
not been established yet. This situation is associated,
in particular, with the fact that the boundary

problems dealing with vibrations of three-dimensional
piezoelectric resonators have no exact analytical
solutions, even for bodies with simple geometrical
shapes [5].

This work aimed at analyzing the extensional
vibrations making use of the Rayleigh–Ritz variational
method [6]. We report the results of numerical
calculations obtained for the eigenfrequency spectra
of extensional vibrations in rectangular LiNbO3 plates
with various dimensions and compare them with
experimentally measured eigenfrequency values.

2. Theoretical Consideration

The geometry of the problem is shown in Fig. 1. Metal
electrodes 2 and 3 are deposited onto a rectangular
piezoelectric crystal 1 with linear dimensions LX , LY ,
and LZ along the coordinate axes X, Y , and Z,
respectively. Suppose that, if electroelastic vibrations
with frequency f are excited in this plate, the potential
of electrode 3 is zero (i.e. the electrode is grounded) and
that of electrode 2 is supplied by an external generator
and equals VG exp(j2πft).

Three-dimensional electroelastic vibrations of
confined piezoelectric bodies are described by the spatial
dependences of the piezoelectric potential Φ and the
components UX , UY , and UZ of the vector of elastic
displacements ~U . By the mode of vibrations of an
object under investigation is traditionally meant [4]
the distributions of the components of the elastic and
electric fields on the object’s surface and in the direction
normal to it.

In the case of a linear piezoelectric insulator, the
differential formulation of a boundary problem
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Fig. 1. Geometry of the problem

concerning three-dimensional electroelastic vibrations of
a plate like shown in Fig. 1 includes the following
equations [8]:
the equation of motion for particles of the piezoelectric
medium

ρ
∂2Ui

∂t2
=

∂Tij

∂xj
; (1)

the Maxwell equation

∂Dm

∂xm
= 0; (2)

mechanical boundary conditions on the whole surface

NjTij = 0; (3)

electrical boundary conditions on that part of the surface
that is free from electrodes

NmDm = 0; (4)

on the surface y = LY ,

Φ = VG; (5)

on the surface y = 0,

Φ = 0; (6)

material relations for the components of the electric
induction vector ~D,

Dm = emklUk,l − ε0ε
S
mnΦn + ε0ε

S
m2VG/LY ; (7)

and for the components of the mechanical stress tensor
T̂ ,

Tij = cE
ijklUk,l + enijΦ,n − e2ijVG/LY . (8)

Here, the fact that the electric field is potential in the
quasielectrostatic approximation, i.e. ~E = −~∇Φ, was
taken into account. Equation (3) was written down in
the assumption that the electrodes are infinitesimally
thin and do not exert mass loading onto those sections

of the surface, where they are located. In the system
of equations (1)–(8), the following notations are used:
ρ is the mechanical density; cE

ijkl are the components
of the tensor of elastic constants which are determined
provided that the electric field strength is constant;
ekij are the components of the tensor of piezoelectric
constants; εS

ij are the components of the tensor of
dielectric constants which are determined provided that
the deformation is constant; and Nj are the components
of the vector that is normal to the surface. All the indices
run from 1 to 3, the comma means the differentiation
with respect to that coordinate, whose index follows
the comma, and the summation over identical indices
is implied.

In our case, we examine stationary harmonic
vibrations with the circular frequency ω = 2πf , so
that all physical quantities that are dependent on
time contain the multiplier exp(jωt); therefore, we may
write down that ∂Ui/∂t = jωUi. While analyzing
characteristic vibrations, one has to put VG = 0 in
Eqs. (7) and (8) and make the right-hand sides of
Eqs. (5) and (6) equal to V2 and V3, respectively,
considering those two as the quantities to be determined.

It is known [9] that the following simple types
of vibrations can be excited in a confined solid: (i)
extensional, (ii) bending, and (iii) torsion vibrations. For
each type of vibrations, the basic mode (the tone) and
the overtones are distinguished. Each of those simple
types of vibrations is described by a specific equation of
motion [10]. The equation of motion (1) describes just
extensional vibrations.

Since the formulated boundary-value problem (1)–
(8) has no exact analytical solution, we carried
out numerical calculations in the framework of the
Rayleigh–Ritz variational method [6]. The variational
formulation of the boundary-value problem (1)–(8)
following the Ostrogradsky–Gauss principle consists
in finding the functional of electroelastic interactions
F (UX , UY , UZ ,Φ, V2, V3), the stationary value of which
is attained for such functions UX(x, y, z), UY (x, y, z),
UZ(x, y, z), and Φ(x, y, z) that must satisfy the system
of equations (1)–(8) [5]. Eer Nisse and Holland were
the first who proposed a functional of the form
F (UX , UY , UZ ,Φ, V (q)), where V (q) is the unknown
potential of the q-th electrode, for the analysis of
free vibrations in a three-dimensional piezoceramic
resonator with an arbitrary configuration of electrodes
on its surface [8, 11]. Nevertheless, the application of
this functional is correct only if free vibrations are
considered. Therefore, we have modified this functional
for the case of forced vibrations that are electrically
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excited in a confined piezoelectric crystalline body
with an arbitrary crystallographic orientation. If the
geometry of the problem is identical to that illustrated
in Fig. 1, the functional looks like

F (Ui; Φ) =
1
2

∫∫∫

ΩR

niαnjβnkγnlδc
E
αβγδUi,jUk,ldΩ−

−1
2
ω2

∫∫∫

ΩR

ρUiUidΩ+

+
∫∫∫

ΩR

nmαnkβnlγeαβγΦ,mUk,ldΩ−

−1
2

∫∫∫

ΩR

nmαnnβεS
αβΦ,mΦ,ndΩ−

− VG

LY

∫∫∫

ΩR

nm2nkβnlγe2βγUk,ldΩ+

+
VG

2LY

∫∫∫

ΩR

(n2αnnβεS
αβΦ,n + nmαn2βεS

αβΦ,m)dΩ−

− V 2
G

2LY

∫∫∫

ΩR

n2αn2βεS
αβdΩ+

+
2∑

p=1

∫ ∫

S(p)

Nm(p)nmαnkβnlγeαβγUk,l[Φ − VG(p)]dS−

−
2∑

p=1

∫ ∫

S(p)

Nm(p)nmαnmβεS
αβΦ,n[Φ− VG(p)]dS, (9)

where Nm(p) are the components of the vectors which
are normal to either exciting electrode 2 (p = 1) or 3
(p = 2). In functional (9), nij designates the components
of the transition matrix from the crystallographic
coordinate system {XC , YC , ZC} to a new coordinate
system {X, Y, Z}; this matrix makes allowance for the
variation of the components of the tensors of material
constants, which takes place at that:

[n] =




n11 n12 n13

n21 n22 n23

n31 n32 n33


 =

=




cos α2 cosα3 − cos α2 sinα3 sinα2

sin α1 sin α2 cosα3 + cos α1 sin α3 − sin α1 sin α2 sinα3 + cos α1 cos α3 − sin α1 cos α2

− cosα1 sin α2 cosα3 + sin α1 sinα3 cosα1 sin α2 sin α3 + sin α1 cosα3 cosα1 cos α2


 . (10)

Here, α1, α2, and α3 are the rotation angles around the
coordinate axes XC , YC , and ZC , respectively. While
analyzing the characteristic vibrations, one should put
VG(1) = V2 and VG(2) = V3 = 0 in functional (9). The
integrals over the volume of the plate ΩR and over its
surfaces S(p) are reduced to the repeated ones:

∫∫∫

ΩR

dΩ =

LX∫

0

dx

LY∫

0

dy

LZ∫

0

dz,

∫ ∫

S(p)

dS =

LX∫

0

dx

LZ∫

0

dz.

In order to minimize functional (9), the unknown
functional dependences UX(x, y, z), UY (x, y, z),
UZ(x, y, z), and Φ(x, y, z) are tried in the form of
expansions into the functional series of the trial functions

BF1(α, x, y, z), where α = 1 . . . QU , BF2(α, x, y, z),
where α = QU + 1 . . . 2QU , BF3(α, x, y, z), where
α = 2QU + 1 . . . 3QU , and BF4(β, x, y, z), where
β = 1 . . . QΦ, respectively, and where the integers QU

and QΦ determine the number of trial functions:

UX,Y,Z(x, y, z) =
QU∑
α=1

B(α) ·BFn(α, x, y, z); (11)

Φ(x, y, z) =
QΦ∑

β=1

C(β) ·BF4(x, y, z). (12)

In mathematical physics, when solving – by
variational methods – the problem of characteristic
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vibrations for parallelepiped-shaped physical objects,
the following three-dimensional trigonometric basic
functions are widely used [6]:

BFn(α, x, y, z) = gn1[πMn(α)x/LX ]×

×gn2[πNn(α)y/LY ] · gn3[πPn(α)z/LZ ] , (13)

where, each of the functions gn1, gn2, and gn3 is
either sine or cosine; and Mn(α), Nn(α), and Pn(α)
are positive integers which will be referred to as
“coordinate characteristic numbers” (CCNs) below.
The scheme how the basic sines and cosines are
distributed among the trial functions BFn(α, x, y, z) is
quoted in Table 1. This basis differs from the basis
that was proposed earlier by Holland [12] for the
analysis of characteristic vibrations of a piezoceramic
parallelepiped with short-circuited electrodes; the
difference consists in that we use two components
sin [πM4(β)x/LX ] cos [πN4(β)y/LY ] cos [πP4(β)z/LZ ]
and cos[πM4(β)x/LX ] sin[πN4(β)y/LY ] cos[πP4(β)z/
/LZ ] instead of a single component cos[πM4(β)x/LX ]×
× cos[πN4(β)y/LY ] sin[πP4(β)z/LZ ] to approximate Φ.
Such an approach allows us to take into account, as
the first approximation, the effect of the piezoelectric
field penetration beyond the boundaries of the plate
at those sections of its surface which are free from
electrodes.

In the course of finding the solution for the
characteristic vibration problem, the standard procedure
of the determination of the unknown factors B(α),
C(β) and the potential V2 is used [8]. But, before
its application to carrying out specific numerical
calculations, it is necessary to preset CCNs (27 sets of
parameters for our basis). In this case, every excited
mode of vibrations is characterized by the parities
(evenness or oddness) of those CCNs [11]. An even
(odd) set of CCNs describes an asymmetric (symmetric)
distribution of the corresponding physical function
(UX(x, y, z), UY (x, y, z), UZ(x, y, z), or Φ(x, y, z))
over the given coordinate. Since the conditions
of electric excitation of three-dimensional modes of
extensional vibrations had not been studied before,

we made the theoretical analysis of this issue
in the framework of the Rayleigh–Ritz variational
approach.

The parities of CCNs, which should be used for the
description of electrically excited vibration modes, are
determined from the following relations:
for BF1, BF2, and BF3,
∫∫∫

ΩR

nmαnkβnlγeαβγUk,ldΩ 6= 0, (14)

where α = 1, 2, 3 for YZ, XZ, and XY faces, respectively;
for BF4,
∫∫∫

ΩR

(nkαnnβεS
αβΦ,n + nmαnkβεS

αβΦ,m)dΩ 6= 0, (15)

where k = 1, 2, 3 for YZ, XZ, and XY faces, respectively.
Note that these relations are applicable to any
piezocrystal belonging to an arbitrary crystallographic
class and having an arbitrary crystallographic
cut.

The analysis of these relations shows that, in
the case of a symmetric arrangement of exciting
electrodes on the opposite XZ faces of 128◦-rotated
Y -cut LiNbO3 plates (see Fig. 1), only one mode
(conditionally designated as 5676) can be excited; its
CCN parities are quoted in Table 2. The problem
how many different modes of extensional vibrations
can be excited in a rectangular piezoelectric plate
belonging to a definite crystallographic class – in
particular, in a LiNbO3 plate – requires a separate
consideration which goes beyond the scope of this
work.

3. Experimental Results, Numerical
Calculations, and Discussion

Experimental researches and numerical calculations
were executed for 128◦-rotated Y -cut lithium niobate
(LiNbO3) rectangular plates. Such plates are widely
used in acoustoelectronics owing to a large value of the
electromechanical coupling constant [13]. The linear

T a b l e 1. Scheme of distribution of basic sines and cosines (gn1, gn2, gn3) among the functions BFn(α, x, y, z)

BFT(α) BF2(α) BF3(α) BF4(α)

α = 1, ..., 8 α = 9, ..., 33 α = 1, ..., 8 α = 9, ..., 33 α = 1, ..., 8 α = 9, ..., 33 α = 1, ..., 8 α = 9, ..., 16 α = 17, ..., 33

gnl cos cos sin cos sin cos sin cos sin
gn2 sin cos cos cos sin cos cos sin sin
gn3 sin cos sin cos cos cos cos cos sin
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T a b l e 2. Parities of coordinate characteristic numbers Mn, Nn, and Pn for the vibration mode 5676

For BFT(α) For BF2(α) For BF3(α) For BF4(α)

α = 1, ..., 8 α = 9, ..., 33 α = 1, ..., 8 α = 9, ..., 33 α = 1, ..., 8 α = 9, ..., 33 α = 1, ..., 8 α = 9, ..., 16 α = 17, ..., 33

Mn odd odd odd even odd even odd even odd
Nn odd even odd odd odd even odd even even
Pn odd even odd even odd odd even even odd

T a b l e 3. Experimentally measured (fa,nE) and
calculated in the framework of the Rayleigh–Ritz method
(fa,nT ) vibration eigenfrequencies for various specimens

Overtone number, n

n = 1 n = 2 n = 3 n = 4

Specimen LNO-4a
fanE , kHz 160.25 462.01 738.95 782.36
fa,nT , kHz 152.43 451.78 698.65 773.88

∆fn, % 4.8 2.2 5.4 1.0
Specimen LNO-4b

fa,nE , kHz 213.64 610.07 751.20 813.39
fa,nT , kHz 207.98 596.37 765.75 787.59

∆fn, % 2.6 2.2 1.9 3.1

dimensions LXLY LZ of the specimens under
investigation were 20.12 × 0.786 × 3.74 (specimen
LNO-4a) and 14.71 × 0.785 × 3.75 mm3 (specimen
LNO-4b), with the variability along each dimension
(∆LX , ∆LY , ∆LZ) not exceeding 0.05 mm. In Table 3,
the measured (fa,nE) and calculated (fa,nT ) values
of the lowest eigenfrequencies fa,n (n = 1, 2, 3, 4) for
specimens LNO-4a and LNO-4b are compared. The
frequencies fa,nE were determined as antiresonance
ones [14] by measuring the frequency dependences of
the absolute value of the total specimen conductance
following a standard technique [15]. The frequencies
fa,nT were calculated as antiresonance eigenfrequencies,
i.e. the situation, where both electrodes were open [16],
was simulated. In so doing, the potential of the lower
electrode was considered to be zero, V3 = 0 (see Fig. 1).
The calculations were carried out for various numbers
QU and QΦ of basic functions in expansions (11) and
(12), respectively.

The values of material constants for LiNbO3 were
taken from work [17] and recalculated for a 128◦-
rotated Y -cut making use of the rotation matrix [n]
components (relation (10)), where the specific values
α1 = 128◦ and α2 = α3 = 0◦ were taken into account.
The quantities ∆fn, which characterize a discrepancy
between the measured and the calculated values of
characteristic frequencies, were estimated as ∆fn =
[(fa,nE − fa,nT )/fa,nE ]× 100%.

The data quoted in Table 3 demonstrate that
∆fn does not exceed a few percent for the lowest
overtones. We emphasize that the main factors, which

cause the discrepancy between the experimentally
measured and the theoretically calculated values of
eigenfrequencies, are (i) the accuracy of determination
of the material constants that were involved into
calculations (for mode 5676, these are cE

11, cE
12, cE

13,
cE
14, cE

22, cE
23, cE

24, cE
33, cE

34, cE
44, cE

55, cE
56, cE

66, e15,
e16, e21, e22, e23, e24, e31, e32, e33, e34, εS

11, εS
22,

εS
23, and εS

33), (ii) the variability of linear dimensions
of the plate, and (iii) non-parallelism of its opposite
faces. The latter two factors arise owing to specimen
polishing, and they may be taken as a reason
which explains the nonmonotonous dependence of ∆fn

on n.
We also note that the frequencies fa,nT become

somewhat lower as the numbers QU and QΦ increase,
which is characteristic of the variational method of
calculations [6].

At last, it should be noted that the minimal values
for ∆fn were obtained just for mode 5676 which has been
distinguished above among other modes from theoretical
considerations.

In Fig. 2, the dependences of eigenfrequencies fn

for the tone (n = 1) and three lowest overtones (n =
2, 3, 4) on the dimension LX of a 128◦-rotated Y -cut
LiNbO3 rectangular plate with the other dimensions
LY = 0.785 mm and LZ = 3.75 mm are depicted.
The points correspond to the results of measurements.
From this frequency plan, it is evident that the
ratios between various eigenfrequencies depend in a
complicated manner on the ratios between the linear
dimensions of the plate. These dependences make it also
possible to trace the asymptotics of the eigenfrequency
spectrum in the cases LX → 0 (Fig. 2,a) and LX →
∞ (Fig. 2,b). For thin plates (LX ¿ LY , LZ), low-
frequency vibrations become two-dimensional, i.e., the
eigenfrequency values do not depend on LX and depend
only on the ratio between the linear dimensions LY and
LZ . In the case of a long bar (LX À LY , LZ), the
spectrum also changes, because its every frequency fn

tends to the corresponding limit.
In Fig. 3, the dependences of eigenfrequencies fn for

the tone (n = 1) and three lowest overtones (n = 2, 3, 4)
on the transversal dimension L of the plate are exhibited
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Fig. 2. Dependences of eigenfrequencies fn (n = 1− 4) for a 128◦-rotated Y -cut LiNbO3 rectangular plate on its dimension LX

Fig. 3. Dependences of eigenfrequencies fn (n = 1− 4) for a 128◦-
rotated Y -cut LiNbO3 square plate on its transverse dimension L

(LX = LZ = L) in the case LY = 0.785 mm

for a 128◦-rotated Y -cut LiNbO3 square (LX = LZ =
L) plate with LY = 0.785 mm = const. These

dependences are qualitatively similar to those presented
in Fig. 2.

The results of numerical calculations also testify
that the ratio fn/f1 between the eigenfrequencies does
not change for a three-dimensional piezoelectric crystal
plate, if the ratios between its linear dimensions remain
constant, i.e. LX : LY : LZ = const. The results of these
calculations are quoted in Table 4.

4. Conclusions

In general, the theoretical and experimental results that
were obtained in this work bring about the following
conclusions.

1. The Rayleigh–Ritz variational method was
demonstrated to be valid for the analysis of excited
vibration modes of the extensional type and for
the calculations of eigenfrequency spectra of three-
dimensional rectangular lithium niobate piezoelectric
crystal resonators.

2. Only one mode of extensional vibrations can be
excited in a 128◦-rotated Y -cut LiNbO3 rectangular

T a b l e 4. Dependences of the ratio fa,nT /fa,1T between the frequencies of a rectangular plate on its linear
dimensions LX , LY , and LZ , provided LX : LY : LZ = const (LiNbO3, a 128◦-rotated Y -cut)

LX = 14.71 mm, LY = 0.785 mm, LZ = 3.75 mm
n LX : LY : LZ 0.99LX : 0.99LY : 0.99LZ 0.9LX : 0.9LY : 0.9LZ

fa,nT , kHz fa,nT /fa,lT fa,nT , kHz fa,nT /fa,lT fa,nT , kHz fa,nt/fa,lT

1 207.98 1.00 210.08 1.00 231.09 1.09
2 596.37 2.82 602.40 2.82 662.64 2.82
3 765.75 3.49 773.48 3.49 850.83 3.49
4 787.59 3.63 795.55 3.63 875.10 3.63
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plate-resonator with a symmetric arrangement of
electrodes on the opposite XZ -faces of the plate.

3. In a rectangular LiNbO3 plate-resonator, the
frequencies of characteristic extensional vibrations are
the complicated functions of its linear dimensions (LX ,
LY , and LZ). However, provided the condition LX :
LY : LZ = const is fulfilled, the ratios between
eigenfrequencies also remain constant.
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ВИВЧЕННЯ ЕЛЕКТРО-АКУСТИЧНИХ КОЛИВАНЬ
ПЛАСТИН-РЕЗОНАТОРIВ LiNbO3

О.I. Половина, В.В. Курилюк, О.O. Коротченков

Р е з ю м е

Наведено варiацiйне формулювання задачi про лiнiйнi елек-
трично збуджуванi тривимiрнi електроакустичнi коливання
п’єзокристалiчного резонатора довiльного кристалографiчного
класу та зрiзу. Для однiєї з мод коливань типу розтягу-стиску
прямокутної пластини LiNbO3 128◦-Y -повернутого зрiзу пока-
зано, що рiзниця мiж експериментально вимiряними та чисель-
но розрахованими значеннями власних частот не перевищує
кiлькох вiдсоткiв. Для кiлькох нижчих обертонiв цiєї моди роз-
раховано плани частот, тобто їх залежностi вiд спiввiдношення
лiнiйних розмiрiв пластини.
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