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It is shown that the new type of modulation instability of waves
on a surface of the ideal fluid, which has been predicted recently
by the author on the basis of a system of two equations of motion
for the amplitude of an enveloping first harmonic and the non-
oscillating component of a wave (the zero harmonic) within the
method of multiple scales and the Euler equations of motion, can
be reproduced with the help of the Zakharov equations for the
Fourier amplitudes of the first and zero harmonics in the frame of
the Hamiltonian formalism.

1. Introduction

Stokes [1] weakly nonlinear periodic solutions to the
nonlinear equations describing the wave motion in
conservative media are unstable to small harmonic
long-wave perturbations. This instability was originally
discovered for the waves on the surface of an ideal fluid
in works [2-7]. Now it is known as the Benjamin-Feir
modulation instability (BF MI). It was also found in
many other nonlinear media and is a general physical
phenomenon. As a result of works [3,4], it became clear
that the analogy between the behaviour of waves of
small amplitudes in various media can be explained by
a likeness of expansions of the Hamiltonian for waves
of the different nature in a power series in a small
nonlinearity and the further reformulation of the Euler
equations of motion for various waves in the formally
identical Hamilton equations. The Hamiltonian theory
of waves on the surface of a fluid and in plasma
became only the first examples the general program
[3, 4] on the expansion of a Hamiltonian formalism
of the nonlinear mechanics of particles onto the wave
motion in a continuous medium: the searching for
the pairs of canonical variables, the construction of a
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Hamiltonian of waves in the physical and Fourier spaces,
the determination of the first nonlinear terms of its
expansion in a series, and the following derivation of
the simplified equations of motion for amplitudes of the
lowest harmonics as the Hamilton equations obtained
from the Hamiltonian expanded in a series with the
truncated upper harmonics (Zakharov equations). In
particular, the MI can be investigated with the use of the
equations obtained in [3,4] and the coefficients calculated
in the case of a fluid of infinite depth. Moreover, a
more general type of MI was found on the basis of the
interaction of N waves [8], e.g., type IT MI [9] with five
interacting waves.

The theory [3,4] was also applied to the case of a
fluid of finite depth [10]. Here, except for the strong
complication of calculations due to the dependence of
coefficients of the Hamiltonian on depth h, there is
also the basic difference consisting in the appearance of
a non-oscillating component (the zero harmonic which
varies, by the terminology of the method of multiple
scales, in slower time) among Fourier harmonics. Such
component is equal to zero in the case of infinite depth
in the considered order of precision. Upper harmonics
are removed from the Hamiltonian and equations of
motion by means of the reduction of the Hamiltonian.
But to make the same with the zero harmonics is possible
only at additional assumptions about the character of
its time dependence. The elimination of the equation
for the zero harmonic can lead to a decrease of the
order of the dispersion equation and, thus, to losses
of a part of its solutions. The necessity of an accurate
treatment of the equation for the zero harmonic was also
discussed outside of the Hamiltonian approach [11-14].
In [10], the reduction of a Hamiltonian was not executed
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and the equation for a zero harmonic was maintained,
which would allow one to consider a wide spectrum of
problems. However, the analytic evaluations involved
only the zone of wave vectors of perturbations s¢ small
in comparison with wave vectors of the first harmonic
ko. We may assume that, on the influence on the first
harmonic of a perturbation with the wave vector s ~ ko,
the 0-harmonic with a wave vector of 0 will respond as
a result of the nonlinear resonant interaction [8,15] if it
is possible in the system and the law of conservation of
energy is realized.

Recently in works [16, 17] concerning the same
problem as in [10] but on the basis of the system obtained
[18,19] from the Euler equations of motion and at the
refusal from additional artificial assumptions about a
character of the dependence of the zero harmonic on
time, it is discovered that, at s ~ kg, there is really a
band of MI. There arises a question whether this can be
obtained in the Hamiltonian approach [10]. Work [10]
is written is very shortly. We have checked up and
reproduce all the results of work [10] in more direct
way. At the same time, some little inaccuracies have
been specified. Their elimination allows us to describe
the type of MI indicated in [17] within the Hamiltonian
method as well.

2. The Hamiltonian, Its Formal Expansion in
an Integro-Power Series and Equations of
Motion in the Fourier Representation

In the Hamilton formalism for potential nonlinear
waves, the equation of motion for the “complex normal

coordinate” a(k,t) can be written in the form of the

Hamilton equation

da(k 1) ;. oH O
ot sa(k ,t)

and a complex conjugate equation. Here, % is a
horizontal wave vector, and H the Hamiltonian of waves
as a functional of a(?) and E(?).

For waves on a surface of an ideal fluid, the profile
of a wave (an 1ncrease and a decrease of the surface)
n(T,t) is related to a( k: ,t) by the formula

o / 2g

\/g| k| tanh(] k|h

where ¢ is the gravitational acceleration, h the depth of a
fluid, and @ = (x,y) a vector of horizontal coordinates.

—k ,t))e"’?? %

d

w
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In the variables a(k),a(k), the Hamiltonian is
expanded in a series in degrees of a(k) and @(k) [10]:

e [
///Vk k1, k2) (a(k)a(ky) a(ks)+

— 00 —O0—0Q

—I-a(k) a(kl)ﬁ(k‘g) )(S(ki — k1 —

a(k) dk+

ko) dk dley dko+

+;ZZZU(1¢, ki, k2) (a(k)a(ki)a(ks)+

+a(k)a(ky)a(ks) ) 6(k + ky + ko) dk dky dko+

NN
8\8
8\8
8\8

/W k, kl,kz,]{73)a(k>a(k1)a(k2)a(k3)x

X(;(k + ]ﬂl — ]ﬂg — ]ﬂd) dk dkl dkg dkd (2)

In the cases of infinite depth and finite arbitrary one,
the expansion coefficients V(k, k1, k2), U(k, k1, k2),
W (k, k1, k2, k3) were determined in [3, 4] and [10],
respectively. We mention a number of works, for
example [20-29], devoted to both these coefficients and
the development of the approach. We will present the
relevant expressions following to the notations in [22]
for the further calculations and the establishment of a
correspondence with the nonlinear coefficients obtained

in [17] by the method of multiple scales:
V(k, k1, ko) = =Vo(=k, k1, k2)—
—Vo(—k, ko, k1) + Vo(k1, ko, — k),

U<ka k17 k2) = Vo(k7 kl; k2)+

+‘/0(k3 k27 kl) + %(klakQ,k)a

Vo(k, ki, ko) = —N0N1M2E(()?1)>

1

(3)
EO,l - A7

((? : ?1) + QOql) )
W(ka k17 k2; k3) =
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= Wo(—k, — k1, ko, k3) + Wo(ks, ks, —k, —k1)—
—Wo(=k, ko, — k1, k3) — Wo(— k1, ke, =k, k3)—
—Wo(—k, ks, —k1, ko) — Wo(—k1, ks, —k, ko),

Wo(k, k1, ko, k3) = —2NoN1 Mo M3ESY 5 5,

1

— —
sEme Ak Fa+ 2 E P

4
E(g,1),2,3 =

—q0¢q1(go+2 + G142 + go+3 + q142)),

q(k) = | % | tanh(| % | ).

Varying Hamiltonian (2), we obtain the equation of
motion for a(k, t) as the Hamilton equation unified in
the approximation € for the standard Hamiltonian (2)
as

0 .
% a(k, t) + i|w(k) a(k)+

+ / V(k, k— & €)a(€) alk — ) de+

— 00

oo

+2 /V(k:+£, k, €)a(€) alk + €) dé+

— 00

o0

+ / U(—k — & k, &)a(€)a(—k — €) de+

— 00

(o olNNe o)

+//w<g+g—k,k,5,ox

xa(§) a(¢)a(§ + ¢ — k) dédc] = 0. (4)
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3. Equation of Motion for the System of
Fourier Amplitudes of the First and Zero
Harmonics

Let the wave field represent a pulse of oscillating waves
with the central wave vector kg. Then the Fourier
amplitude of the first harmonic and its conjugate
quantity are concentrated near the wave vector ko,

ayp = al(k, t) 5(1{3 — ko) (5)
Nonlinear terms of the equations of motion generate the
non-oscillating component of a field (the zero harmonic)
and the second and higher harmonics. Their account

will be conducted by the expansion in the formal small
parameter €:

a=ca; + (b + ay). (6)

The zero harmonic and its conjugate are concentrated
near the wave vector k = 0,

b — bk, t)5(k), b— bk, t)di(k), (7)
and the second harmonic

a2 = 21 + a22 (8)
consists of both a component of the wave field

a2 = a1 (k, t) 6(k — 2 ko) (9)
concentrated near the wave vector 2kg and that
age = aga(k, t) 6(k + 2 ko),

(10)

concentrated near —2k.

With the purpose to construct the approximate
equations of motion for the Fourier amplitudes of the
lowest harmonics a; and b, we substitute (6) in (4) and
we collect terms with the same degrees of €.

3.1. The first order in €

In the first order in €, we obtain the equations of motion
for the first harmonic in the linear approximation as

9 a1 (k) + iw(k) ar (k) = 0.

e (11)
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3.2. The second order in €

In the order of €2, the equations of motion for the zero
and second harmonics look as

O o) + iw(k) as(k) + 2 b(k) + i wo(k) b(k)+

ot ot

b / ar(6)V(k, k — €, €) ay(k — €) de+

vy /al(f)V(lﬁ—f, by &) an(k + &) dé+

b / WO Uk —k—¢ Om(—k—€de=0.  (12)

In the first nonlinear term in (12), we consider that
it includes the first harmonics aq(§) and ai(k — &)
concentrated on the wave vector ko (5). Therefore,
& = kg and k — £ = ky. Hence, the integration
variable £ is concentrated in a neighbourhood of kg,
and the wave vector k, for which this nonlinear term
is different from zero, is 2 kg. Thus, the first nonlinear
term should be grouped together with the linear term
% a21 (k) + iw(k) a2 (k), which is also concentrated on
the wave vector 2 ky. Thus, we obtain the evolutionary
equation for the first component asg1(k, t) of the Fourier
amplitude of the second harmonic

g agl(k) —+ zw(k) agl(k)+

2]’(50 . 8t
LV (2 ko, ko, ko) / ar(€) ar(k — €) dg = 0. (13)

Similarly, we obtain the evolutionary equation for
asa(k, t) and b(k, t) :

—Qko : (k) -+ zw(k) (122(143)"‘

— a
ot 22

oo

iU (~2 ko, ko, ko) / a1 (€)@ (—k — €) d = 0.

— 00

(14)

0 )
0: 5 b(k) +iw(k)b(k)+

+2iV(k0, ko, k) /61(5) a1(l€+f) d¢ = 0. (15)
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Equations (13), (14) allow one to express the second
harmonic through the first one in order to remove the
second harmonic from all formulas in the approximation
e3. For asi(k,t), in view of the time dependence

ag (k, t) ~ e 2wkt Fq. (13) yields

V(2ko, ko, ko)

a1 (h) = = oo ) = 2w(ko)

/ a1(€) ax (k — €) d€. (16)

Taking the time dependence agy(k, t) ~ e2?w(ko)t

into account, it follows from Eq. (14) that

ags (k) = _w[(f(;igofgwlz%) /51(5) @ (—k — €) dt.

- )

We will not integrate Eq. (15) to avoid the additional
assumptions about a character of the dependence b(k) on
time. Below, we will use (15) as the equation of motion
for the O-harmonic b(k) and include it in the system
with the equation for the first harmonic a;(k) which
will be deduced in what follows. Let’s remark that, in
(15), V(ko, k, ko) is changed by V (ko, ko, k) taking into
account a symmetry to permutations of the second and
third arguments V(k, k1, k2) in (3).

3.3. The third order in

Here, we obtain the equation of motion for the first
harmonic a;(k) in the & approximation. Nonlinear
terms look as

oo

3 [ @ vk k- ate - 9 der

+214 7@1(5) Vk+E& k, &as(k+&)dé+

+i 7 @1 (©)V(k, b~ & ) aalk — ) dt + (18)
+i /OO GO U, —k— & €)a(—k — ) de+

+21 7&2(5) Vik+& k, &ar(k+&)dé+
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+i 7@2(6)(](’6, —k =& §a(—k—&)dE + (19)
+i 7 ar(§) V(k, k=&, &) b(k — &) ds+

+i 717(5) V(k, k=& &) ai(k — &) ds+

+21 7a1(§) V(k+¢& k, &bk + &) dé+

+21 7b(g)v(k +& k, & ar(k+ &) dé+

+i 7@1(5) Uk, =k =&, &) b(~k — &) dé+

+i 76(5) Uk, =k = & & a(—k —§) dé+
+iZZW(k, —k+E4C & Q) %

xa1 () ar(§)ar(—k + £ + () d§ dC. (20)

We divide them into 5 groups.

1) In first three terms (18) which contain the
second harmonic as we consider that it consists of
the component of a wave field as; (9) concentrated
in a neighbourhood of the wave vector 2k; and the
component of a wave field asy (10), concentrated in the
region of —2kg, the amplitude of the first harmonic and
its conjugate being concentrated on the wave vector kg
(5). Arguing as in the derivation of (13), we can conclude
that the kernels can be taken out of the integrals:

V@ ko, 2k ko) [ ax(€)an(k - ¢)d+
+27;V(2k'0, ko, k‘o) /61(5) agl(k+§) df—F
+ZV(3]€0, ko, Qko) /al(f) agl(kfg) df‘i’

— 00
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(o9}

+1 V(—kjo, —2k‘0, ]410) /al(f) agg(k‘—f) d§+

— 00

+2iV(—=2ko, —3 ko, ko) /al (&) azz(k + &) dé+

oo

+1 Vv(—k‘o7 k‘o, -2 ]410) /al(f) agg(k‘—f) df

— 00

(21)

Moreover, these terms are concentrated at k equal to
3ko, ko, 3ko, —ko, —3ko, and —kg, respectively. Further,
we retain only the second term (21) as essential, because
it is concentrated on the wave vector kg of the first
harmonic, for which we will construct an evolutionary
equation of motion.

2) Analogously, in the following three terms (19)
which contain the conjugate of the second harmonic @,
we take into account that it consists of the component
of a wave field @o; concentrated in the region of the
wave vector 2kg (aa1 = ao21(k, t) d(k — 2kg)) and the
component ass concentrated in a vicinity of —2kg (Goe =
Q22 (k, t) 6(k+2ko)). This allows us again to take out the
kernels of the integrals:

oo

iU (=3 ko, 2o, ko) / a1 (€)@ (—k — €) de+

—00

+2i V(ko, —ko, 2 ko) /621(—k—5) a1 (=€) dé+

oo

+iU(—=3 ko, ko, 2ko) /61(5)521(_1€ — &) dé+

— 00

+iU(ko, —2ko, ko) /al(é‘)azz(—k — &) ds+

+2i V (ko, 3ko, —2ko) /622(—k—§) a1 (=€) d&+
+1 U(ko, ko, —2 ko) /51(5) 522(—k - f) d€. (22)

These terms are concentrated at k equal to —3ky, —ko,
—3ko, ko, 3ko, and kg, respectively. In (22), the fourth
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and sixth terms are essential as they are concentrated
on the wave vector kg of the first harmonic.

3) In the following three terms containing the zero
harmonic b, we consider that it is concentrated in a
neighbourhood of the wave vector k¥ = 0 (7), the
amplitude of the first harmonic and its conjugate being
concentrated on the wave vector kg (5). This allows us
to partially fix the arguments of kernels:

i / a1(6) V(ko, ko — €, ko) b(k — €) dE+

o0

i / a1(€) V(ko, Ko, ko — €)b(k — €) dé-+
Y / @1 (€) V (ko + €, ko, — ko) bk + €) de. (23)

Here, the first and second terms are concentrated at k =
ko, whereas the third one is concentrated at k = —kg.
So we keep only the first and second terms.

4) Analogously, in the following three nonlinear
terms which contain the conjugate of the zero harmonic
b, we consider that it is concentrated on the wave vector
k =0 (5). This allows us to partially fix the arguments
of kernels:

oo

9 / B(E — k) V(ko, ko, € — ko) aa (€) dé+
i /E(—k — &) Ulho, —ko — &, ko)a (€) de+
+i /5(_k — &) U(ko, ko, —ko — &) @1 (&) d€.

— 00

(24)

Now the first term is concentrated at k = kg, and second
and third ones are concentrated at k = —kq. Further,
only the first term is kept as the main one.

5) As for the last nonlinear term (20), we consider
that the amplitude of the first harmonic and its
conjugate are concentrated on the wave vector ko (5).
This allows us again to take out the kernels of the
integrals:

iW (ko, ko, ko, ko) 7 7@1(5)@1(C)><

—00 —O0©
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xay(—k + &+ ¢)d€dC. (25)

We now construct the equation of motion for the first
harmonic from the linear terms in the ¢ approximation
(11) and from the above-mentioned basic nonlinear
terms in the €® approximation from (21)—(24):

oo

21V (2ko, ko, ko) / a1(€) ana (K + €) de, (26)
2iU(=2ko, ko, ko) /al(g)ap(—k—ﬁ)d&, (27)

o0

2i / V(ko, ko, ko — €)b(k — €)a (€) de,

oo

2i / V(ko, ko, € — ko) B(E — k) ax (€)de,

— 00

and terms (25). In these equations, we took the
symmetry of the coefficients V' (k1, ko, k3), U(k1, ko2, k3)
relative to permutations of the arguments into account
[10], [22].

Then we introduce the expressions for the
components of the second harmonic as; and ags [(16),
(17)] given in terms of the first harmonic obtained in
the ¢2 approximation into (26), (27):

20 V?(2ko, ko, ko)
w(2ko) — 2w(ko)

o0
X/
—00

27’.U2(_2k03 kOv ko)
w(2 k‘o) + 2w(k:0)

a1(§) ai1(Q) a1 (—C+ &+ k) dC dé,

\8

3

< ZO ZO a1(6)ar(¢) ar (—C + & + k) dCde.

In such a way, we obtain the equations of motion for
the first harmonic:

0 .
g ay (k) +iw(k) ai(k)—

V2(2ko, ko, k
—22’( (2 ko, ko, ko)

U2(—2ko, ko, ko) )
W(Zkio) — 2(.«}(]60)

w(2 ]410) + 2 w(ko)
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X/ /al a1(C) ay(—C + € + k) dede +
+2i/ V(ko, ko, ko — &) b(k — &)ay (&) dé+

oo

+2i / V(ko, kos € — ko) B(E — k) ar(€)de+

+i W (ko, ko, ko, ko)X

x/ /al(C)al(ﬁ)al(—kJr&JrC)dde=0

or

0

% (k) + iw(k) a(k)+
/fko— b(k — €)al(€) dé+

i / F(E — ko) B(E — k) a(€)de+

m// ¢+ €~ k)ded¢ =0, (28)
where we denote
F(k) = 2V (ko, ko, k), (29)
A= W(k07 kOa kOv ko) -

2V2(2ko, ko, ko) 2U?(=2ko, ko, ko) (30)

C w(2ko) — 2w(ky)  w(2ko) 4 2w(ko)

and a; is designated as a. In the same notations, we
rewrite the equations for the O-harmonic (15) as

5, ‘
Py b(k) +iw(k)b(k)+

o0

i f (k) / a(€) alk + £) dé = 0.

Equations (28) and (31) coincide with Egs. (19) and
(20) in [10], though they are obtained by the somewhat
different method, as compared with that in [10], of
step-by-step account of approximations. But there is
one difference. Expression (29) for f(k) differs by the
sequence of arguments from formula (18), f(k) =
2V (k, ko, ko), in [10]. This difference cannot be removed
by using properties of the symmetry of coefficients [22].
This can be seen from formula (3) for the coefficient

V(k7 k17 k2)

(31)
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4. Modulation Instability

We present the solution of the system of equations of
motion (28), (31) which contains the correction on the
nonlinearity as

a(k) = Ag et @RI TNA) () k),

b(k) = Ao AGS (k).

Substituting it in (28) and (31), we get

A =2 A =0,

ISP il VRN B U]

20 2 T o) (32)

For waves on the surface of a fluid at small s, w(s) ~ 3
and, as seen from (40), f(5) ~ /3. The expression for

)\(22) diverges, therefore we choose the first variant.
We introduce a perturbation

a(k) = efit(w(ko)Jr)\lAg)[AO §5(k — ko)+

+ea(k) e 5 (k — ko — 2)+

tea(k) et §(k — ko + )], (33)
b(i) — Ao AZ6(k)+
+eB(k) e "5 (k — ) + e B(k) et P 5 (k + ), (34)

where a(k) and B(k) are real quantities.

Let’s explore a possibility of existence of the
imaginary part of the frequency {2 for some wave vectors
of a perturbation wave s depending on the normalized
depth of a fluid kgh, which will testify to the instability
of a nonperturbed wave at such wave vectors of the
perturbation. After the substitution of (33) and (34)
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in the linearized equations of motion (28), (31), we
obtain a system of homogeneous equations for a(kg+ ),

a(ko — ), B(5), and B(—>):

(2 + wlko — 2) —w(ko) + ANAF) (ko — 3)+

MG ako + 32) + Ao (f(=52) B(=2) + f(3) B(3)) =0,
(Q = w(ko + 3) + w(ko) — A Af) a(ko + »)—

— Mia(ko = 32) — Ao (f(=32) B(=2) + f(3) B()) =0,
Bl=2) (Q+w(=2)) +

+Aof(=5) (alko = 32) + alko + x)) =0,

Be) (@ = w()) -

—Ag f(5¢) (a(kg — ) + a(ko+ x)) =0.
Excepting () and ((—3¢), we obtain
(2 + w(ko — 5) — w(ko) — M) A7) (ko — )~

—A(Q) A2 ok + ) =0,
(Q — w(ko + ») +w(ko) + A(Q) AF) (ko + 3)+

HAQ) A2 kg — ) =0,

where

AQ) = -2+ 2O(Q), (35)
Oy _ (=) (=)

AT wir) +Q  wx) —Q (36)

The superscript in A9 (Q) underlines that it is the
contribution to the nonlinear interaction from the O-
harmonic. Equating the determinant to zero gives the
required equation for the perturbation frequency €2

(Q—06)% =A% —2)\(2)A2A, (37)
where

A= % (w(ko 4 22) + w(ko — 2)) — w(ko),

1080

0= % (w(ko + ») —w(ko — 5)) .

In the extended form, relation (37) looks like

(Q+ w(ko — 2) —w(ko)) (@ —w(ko + ») +w(ko)) =

= 2A(Q)AZA (38)
and coincides with that in [10].

The first term in (35) is calculated from (30). For
waves on the surface of a fluid of finite depth, we get

k3 90* —100%+9
A= 3902 p , o = tanhkgh.

(39)

Let’s calculate the second term in (35). To derive
f(32) = 2V (ko, ko, ») according to (29), we simplify the
coefficient V(k, ki1, ko) (3). We have

kP [ oo e [w()
o = 352 (2 [ -ty [<E

Since our purpose is to investigate all four roots of Eq.
(37), we do not approximate € in the denominator in
(36), as it was made in [10]. According to (36), we get

(40)

A(O)(Q) = kg
16720
> wo 2 2 212

(41)

4.1. x K ko. Comparison with the known results

In this case, we can approximate {2 in the denominator
in (36). The asymptotes of four roots Q(3¢) of Eq. (38)
at small » and A read

1630.)(]{:0) 3
6 ok

Qo =cgxF

wo 1—o02
93’4 = :l:\/ gh%, Cqg = % 1+ pu k()h 5 (42)

where ¢, is the group velocity of linear waves. They are
shown (after the normalization Q = £, 3 = ) by

dotted curves Ia, 2a, 3a, 4a on the plotsoof the real part
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Fig. 1. Real part of the normed frequency 0 versus the normed
wave vector B for four roots of Eq. (37) for various depths
(respectively, from the top down): koh= 10; 2, 1.363, and 1.
koAop= 0.2. The numbering of roots corresponds to that of their
asymptotes at small ¢ (42). The asymptotes are drawn by dotted

lines with a letter a near the number of a curve

ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 11

1 Im £A2
] 3
O.Ii
- \/ 2
~0.1-
] 1
0.5 1 15
ImQ
] 3
O.li A
] 1
o 1 5 R
| 2 U 2
~0.1-
] 1
0.5 1 15
ImQ
0 li
] }\ R
> )
_0_1{ \\J
05 1 15
ImQ
] 3
O.li
] /% R
" (2
~0.1-
\/
05 1 15

Fig. 2. The same as in Fig. 1 for the imaginary part of s)
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asymptote = sc, in (37) (see also [25], [29]). We get

A©)

| kg _904—100-2+9+
Q=co 16720 202

1 wo 2 2 212
— | 2— 4+ (1 — 1-— .
+gh—c!2]( ko (1-c )Cg> +(1-0%)

Since A < 0 for a convex function w(k) according
to the Jensen inequality, Eq. (37) can have complex
roots, if A(Q2) < 0. Coefficient (43) [obtained at f(s) =
2V (ko, ko, )] changes a sign at koh = 1.363 that
coincides with the depth at which the Benjamin—Feir
MI disappears. Some mismatch of (43) with formula (29)
in [10] is related to the above-mentioned difference in the
sequence of arguments in (29).

We now compare (38) with the corresponding
equation

(43)

(Q+ w(ko — 2) — w(ko))(Q — w(ko + 5) +w(ko)) =

— (@43, (44)

obtained in [17] by the method of multiple scales from
the Euler equations of motion. Here,

q(Q) = 7+ ¢V, (45)
where
. wok? 90% — 1002 + 9 9 2
= — 2 -1 4
1= 1652 ( o2 +2(0 ) (46)
k2 2
(@) = 27

802 w?(s) — Q2

wo 9 02 wo 9
22 4+ (1—-ot)= ) (22 41—
x<k0+( a)%)<k0+( a)cg),

and ¢(©(Q) is the contribution of the 0-harmonic to
the nonlinear interaction. In the special case considered
above, » < kg, concerning two roots which correspond
to the asymptote Q2 = sy, we have

2
7V (Q)

| Q=cgy

(.L)Ok% 1 wo 2

2070 229 4 (1 -

802 gh —c2 \ ko + (1=
(47)

Taking into account the formula A% = #%A% for the

physical amplitude Ay and the wave amplitude in the
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Fourier space Ay, as well as relations (38) and (44), we
should compare the coefficient A(Q2) of the given paper
with the coefficient ¢(£2) in [17] multiplied by

g ]f()
5% g (48)
It is seen that expression (45) for ¢(2) as the sum of
(46) and (47) with regard for (48) is identically equal to
expression (43) for A(?), which indicates the coincidence
of results of the given work and [17] in the case of
4 << ko.

4.2. % ~ ko. New instability

At arbitrary sz, the numerical calculation of solutions of
Eq. (37) is necessary. The equation of the fourth order
obtained in [10] was not solved numerically and was
reduced to a quadratic equation for a small deviation
Q from the resonance surface, w(ky + ») — w(ko) =
w(ko) — w(ko — »), for the analysis of the instability
increment. The results of numerical tabulation of the
dependence of the real and imaginary parts of ) = w%
on ¢ = Z for four solutions of Eq. (37) for severa
values of kgh for kgAy = 0.2 are shown in Figs. 1 and 2.
Indexing the roots corresponds to their asymptotes at
small 5 (4.). In Fig. 2, except for the known band of
instability at s < ko (the Benjamin-Feir instability),
we observe one more section of instability at s ~ k.
The third band is the right edge of the known “eight” of
Phillips [8]. Unlike the BF instability which disappears
at koh = 1.363, the additional band of instability exists
at this and smaller depths. The essential role in the
formation of this instability is played also by the first
harmonic a; and the 0-harmonic b. Therefore the long-
term evolution of the considered instability can lead
to the formation of structures intermediate between
solitons of the envelope of fast oscillations described
by a nonlinear Schrédinger equation and solitary waves
without a filling characteristic of shallow water. This
type of MI was specified in [17] on the basis of a system of
evolutionary equations for the zero and basic harmonics
which was obtained by the method of multiple scales
from the Euler equations of motion. The reproduction
of this result by the Hamiltonian method indicates the
validity of both approaches.
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PIBHAHHS 3AXAPOBA 3 HYJILOBOIO TAPMOHIKOIO
I MOAYJIAIINHA HECTIMKICTDH

FO.B. Cedaeuvrudi
Pezmowme

IToka3aHo, 1110 HOBHUI TUIT MOIYJIAIHOT HECTIKOCTI XBUJIb HA, I10-
BEpXHI ieasbHOI pijuHu, nepenbavdeHUil HENIOJAABHO 3 CHUCTEMU
IBOX PIBHSIHB PYXY, JJIsl aMILIITY1i OOBiTHOT OCHOBHOI FapMOHIKH 1
HEOCIMJLTIOIOY0] KOMIIOHEHTH XBUJIl (HyJIbOBOI FADMOHIKH) B paM-
Kax MeTojly 6ararboX MacIITabiB i efljIepOBUX PIBHSAHBb PYXY MOXK-
HO TAKOXK ONMCATH, BUXOASAYIN 3 CHCTEMH OBOX PIBHAHL 3axapoBa
tst byp’e-aMitiTy /1 1epIrol i HyJIbOBOI FapMOHIK, Ha OCHOBI raMijib-
TOHIBCHKOTrO popMaIi3My.

1083



