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The unsteady hydromagnetic flow of a viscoelastic fluid from
a radiative vertical porous plate has been studied, taking the
effect of Hall currents and mass transfer into account. The
resulting problem has been solved analytically and the closed form
solutions are obtained for velocity, temperature, and concentration
distributions, as well as for the shearing stress and rates of heat and
mass transfer at the wall. The influence of various parameters like
the Hall parameter, magnetic parameter, viscoelastic parameter,
frequency parameter, etc. on the flow field is examined.

1. Introduction

Natural convection induced by the simultaneous action
of buoyancy forces resulting from thermal and mass
diffusion is of considerable interest in many industrial
applications such as geophysics, oceanography, drying
processes, and solidification of binary alloy. The effect of
the magnetic field on free convection flows is important
in liquid metals, electrolytes, and ionized gases. The
thermal physics of MHD problems with mass transfer is
of interest in power engineering and metallurgy. Many
cross galvano and thermo-magnetic effects occur in the
boundary zone between hydraulics and thermal physics,
and they are relevant in the study of semiconductor
materials. The mechanism of conduction in ionized gases
in the presence of a strong magnetic field is different
from that in a metallic substance. The electric current
in ionized gases is generally carried by electrons which
undergo successive collisions with other charged or
neutral particles. In the ionized gases, the current is not
proportional to the applied potential except when the
electric field is very weak. However, in the presence of
strong electric field, the electrical conductivity is affected
by the magnetic field. Consequently, the conductivity
parallel to the electric field is reduced. Hence, the current
is reduced in the direction normal to both electric and
magnetic fields. This phenomenon is known as the Hall
Effect. The effect of magnetic field (without the Hall
effect) on the unsteady free convection flow over an
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infinite vertical porous plate has been considered in [1,
2]. The effect of a Hall current on the unsteady MHD free
convection flow along a vertical porous plate has been
studied in [3—7]. The unsteady free convection flow over
an infinite vertical porous plate due to the combined
effects of thermal and mass diffusion along with Hall
currents has been considered in [8-10].

All the above investigations are restricted to MHD
flow and heat transfer problems. However, when free
convective flows occur at high temperatures, radiation
effects on the flow become significant. Many processes
in engineering areas occur at high temperatures, and
knowledge of radiative heat transfer becomes very
important for the design of the pertinent equipment.
Nuclear power plants, gas turbines, and the various
propulsion devices for aircraft, missiles, and space
vehicles are examples of such engineering areas. The
inclusion of radiation effects in the energy equation leads
to a highly non-linear partial differential equation. The
effects of radiation on the free convection flow of a gas
past a semiinfinite plate were studied in [11] by using the
Cogley—Vincentine—Giles equilibrium model, and those
on the MHD free convection flow past a semiinfinite
vertical plate were investigated in [12]. The radiation
effect on mixed convection along an isothermal vertical
plate was studied in [13] with the use of the Rosseland
approximation, while this problem was discussed in [14]
within the Cogley—Vincentine-Giles equilibrium model.
Recently, the heat and mass transfer effects on a moving
vertical plate in the presence of thermal radiation were
discussed in [15]. In [16], the heat and mass transfer
in a heat generating fluid past a vertical porous plate
with the Hall current and radiation absorption was
analyzed.

All the studies cited above are confined to the flow
of Newtonian fluids. However in reality, most of the
liquids used in industrial applications, particularly in
polymer processing applications, molten plastics, food
stuffs or slurries, display the non-Newtonian behaviour.
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In [17], the heat transfer in the forced convection
flow of a viscoelastic fluid within Walters’s model
was investigated. The MHD free convection flow of
a viscoelastic fluid past a vertical porous plate was
studied in [18], and the radiation effect on the free
convection heat transfer flow of a non-Newtonian fluid
was considered in [19].

In all these studies, the combined effects of mass
and radiative heat transfer of a viscoelastic fluid in
addition to Hall currents have not been considered
simultaneously. We now propose to study the effect of
radiation heat absorption and mass transfer on the flow
of a viscoelastic fluid past an infinite vertical porous
plate taking the Hall effect into account.

2. Mathematical Analysis

We consider the unsteady free convection flow of a
viscous, incompressible, electrically conducting fluid on
an infinite vertical permeable plate located at the plane
y* = 0. The z*-axis is chosen along the plate in the
upward direction, and the y*-axis is taken perpendicular
to the plate. Hall currents give rise to the Lorentz force
in the z*-direction, which induces a cross flow in that
direction. Consequently, the flow field becomes three-
dimensional. The z*-axis is assumed to be normal to the
z* —y* plane. The fluid is assumed to be gray, emitting,
and absorbing heat, but not scattering and subjected to
a transversely applied uniform magnetic field of strength
By. Since the plate is infinite in extent, all the physical
quantities are functions of y* and t* only. At time ¢t* >
0, the plate is kept at the oscillating temperature and
concentration. The equations governing the flow of a
fluid together with Maxwell’s electromagnetic equations
are expressed as

Continuity equation

V.-V =0, (1)

Momentum equation

v oo o1 .
50+ (V-V)V = —;VP +vV2V + Vpi+
1 - =

+gﬁ(T_Too)+gﬂc(C_Coo)+;(JX B), (2)
Energy equation
oT — K 1

V)T = —V?T - —Vq,
pre +(V-V) pcpv oo, Vg, (3)
1002

Species concentration equation

oC
ot*

+(V-V)C = DV?C, (4)

Generalized Ohm’s law

= g

J=0(E+V x B) -

Maxwell’s equations

VxH=J, VxE=0, V-B=0. (6)

*

Here, V (u*, v*, w*) is the velocity vector, u*, v*, and
w* are the velocity components along x*, y*, and
z* directions, B’(O,BO7 0) is the magnetic induction,
E(Em*,Ey*,Ez*) is the electric field vector, Eg., Eyx,
and F,, are the components of the electric field along z*,
y*, and z* directions, H is the magnetic field strength
vector, J (Jwss Jys, Jzi) is the current density vector,
Jzws Jys, and J,, are the components of the current
density along x*, y*, and z* directions, P is the pressure
of fluid, P, is the electron density, p;; is the stress tensor,
qr is the radiative heat flux, e is the electron charge, n.
is the electron number density, T, is the temperature
of the fluid far away from the plate, C' is the species
concentration far away from the plate, K is thermal
conductivity, ¢, is specific heat at constant pressure, p
is the density, o is the electrical conductivity, 3 is the
volumetric coefficient of thermal expansion, (. is the
volumetric coefficient of expansion with concentration
C, g is the gravitational acceleration, D is the chemical
molecular diffusivity, and v is the kinematic viscosity.

In addition, the analysis is based on the following
assumptions:

1. The equation of continuity (1) on integration gives
v* = const = —vg, wvg > O, (7)
where vy is the constant normal velocity of suction at
the plate.

2. The divergence equation of magnetic field VB =0
gives

By, = const = Bj.

By assuming a very small magnetic Reynolds number
(Rep = pmo VL < 1), the induced magnetic field is
neglected in comparison to the applied magnetic field
so that By. = B,. = 0, hence B = (0, By, 0). Here,
L is the characteristic length and pu.,,, is the magnetic
permeability.
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3. Since no polarization voltage is imposed on the
flow field, the electric field vector E = 0. This then
corresponds to the case where no energy is added or
extracted from the fluid by the electric field.

4. The equation of conservation of charge V - J=0
gives, Jy. = constant. Since the plate is not conducting,
Jy« = 0 at the plate and, hence, zero everywhere.

5. Considering the magnetic field strength to be
very large the generalized Ohm’s law including the Hall
current and in the absence of the electric field takes the

following relation:
V P,
) ®

ene

U(Vx§+

where w, is the Larmor frequency and 7, is the
electron collision time. For weakly ionized gases, the
thermoelectric pressure and the ion slip are considered
negligible. Equation (8) reduces to

UBO * *
J;c* = 1+m2 (mu - w )a (9)
g BO % %
T = T2 (u* + mw™), (10)
where m = w7, is the Hall parameter. Thus, the

governing equations of the flow in the usual Boussinesq
approximation now become:
Momentum equation

ou* ou* 0?u*
— - _
ot oy dy*
PBu* o B2 (u* + mw*)

—kx
O dyr2 ot+ p(1+m?2)

ow* ow* 0%*w*
_ o, 27
Ot* Yo 8:1/* ay*2
g Pw* o B2 (mu* — w*)7 (12)
oy*2 ot* p(1+m?)
Energy equation
oT oT K 0T 1 9q,
—v— = — — - — —, (13)
ot* Oy* pe, Oy*? pc, Oy*
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Species concentration equation

0?C

oc _ 0C
ot 0 gy

By using [15,21], the local radiant for the case of an
optically thin gray gas is expressed as

9qr
dy*

= —daro*(TL — Th). (15)
It is assumed that the temperature differences within
the flow are significantly small such that T¢ may be
expressed as a linear function of the temperature. This
is accomplished by expanding 7 in a Taylor series about
T, and neglecting higher order terms. Thus, we have
T* ~AT3T - 3T%. (16)
By using (15) and (16), the energy equation (13) reduces
to

0T _ k. PT
pCp ay*Q

oT
a0 gy

16ap0* T3 (Ts — T
+ RO oo( )

pPCp

(17)

Here, ap is radiation absorption coefficient and ¢* is the
Stefan—Boltzmann constant.

In Eq. (13), viscous dissipation and Ohmic
dissipation are neglected, and, in Eq. (14), the term
due to a chemical reaction is assumed to be absent. The
initial and boundary conditions read

}for all y*,

' >0:ur =0, w =0, T="Te+ (Tw—Too)e™ ",

C = Co + (Cyp — Coo)e™™ "

sut(00,17) = w*(00,t) = T(00,t") = C(o0,t") =0,
(18

t* <0:u*(y*,t*) =w* (y*, t*) =0
T(y*at*) =0, C(y*vt*) =0

)

where w* is the frequency of oscillations, subscripts w
and oo denote the physical quantities at the plate and in
the free stream, respectively. We use the dimensionless
parameters

voy* vit dvw*
= s t = —_, = 3 >
v 4v Vg
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u* w* T-T, c-C

= =2 0= 0 C = > - Grf + GeC 20

v ’UO’ v 'UO7 Tw Too’ wacoo’ 1+m2<mw+u>+ r + Rl ( )
498v(Ty — Tso) 498.v(Cypy — Co)
= v o Ges v ’ ow Ly ow  Pw o Pw
ot on On? on2ot
40B2v e
M = 5 Pr= Tpa
PY M
+ ——— (mu — w), (21)
273 2 14+ m?

Seo ¥ R764aRcr verTs, kikovo (19)

D’ kv? U 2
Here, Gr is the Grashof number; Gc¢ is the mass 06 4 00 4 0%0 R(9 99
Grashof number; M is the magnetic parameter; Pris 9t gy  Pr on2  Pr (22)
the Prandtl number; Sc is the Schmidt number; R
is the radiation parameter; and k is the viscoelastic
parameter. Equations (11)-(14) are now transformed to 5~ aC 4 92C

: S e dimensi ) S = 4= - 22 23
their corresponding dimensionless form as ot o Sc a2 (23)
ou ou 0%u u
ot 4 6777 = 487772 - o2 ot - The modified boundary conditions become

t<0:u(n,t) =w(nt)=0(nt)=C(n,t) =0, forallmn,

t>0:u(0,t) =w(0,t) =0, 6(0,t)=e"¥, C(0,t) =e"¥, (24)

u(o0,t) = w(oo,t) =0 (co,t) = C(oc0,t) — 0.

Equations (20) and (21) can be combined into a single
equation by introducing the complex velocity

Y = u+iw, where i =+—1. (25)

We get

% kY 10y 0%

on?  40n20t 4 0t  On

M0 —im)yp G GeC (26)
4(14+m2) 4 4

Again, by using Eq. (25), the boundary conditions in Eq.
(24) are transformed to

t<0:1(n,t)=0(n,t) =C(n,t) =0, forallmn,
t>0:4(0,t) =0, 0(0,t)=C(0,t) =¥,
Y(00,t) = 0 (00, t) = C(o0,t) — 0.
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Substituting 0 (n,t) = e** f(n) in Eq. (22), we get

1

7' (n) + Prf (n) — (R4 i0PY) F(n) = 0 (25)

which has to be solved under the boundary conditions

f(0) =1, f(oo) = 0. (29)

Hence,
h
_n

i
2 -
f(’l']) 2 Pr4++/Pr2+R+iQPr N

h
emtf 2

i
/Pr2+ Rii
- Q(n,t) _ Pr++4/Pr?2+R+iQPr .

Separating the real and imaginary parts, the real part is
given by

0,(n,t) = {cos (Qt — g Dy sin %) } ¢~ 8 [Pr+Dy cos %},
(30)
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where

Dy = [(Pr? + R)? + Q2Pr?)1/4

QP
o = tan71 (2I‘> . (31)
Pr'r+ R
Now, putting C(n,t) = e**g(n) in Eq. (23), we get
" ’ 1QSc
9 (n) +Scg (n) = ——g(n) =0, (32)

which has to be solved under the boundary condition

9(0) =1, g(c0) =0 (33)
Hence,
h i
2 -
g(n) _ 67% Sc?44/Sc2+iQSc N

h

i
= C(n,t) = U3 Sc?+4/Sc2+i0Sc
, .

Separating the real and imaginary parts, the real part is
given by

Cr(n,t) = {cos <Qt - gDQ sin/g) }6—3[5C+D2COS§],
(34)
where

Dy = [Sc? + Q4V/48c! /2 3 = tan™! (;20) . (35)

In order to solve Eq. (26), we substitute ¢ = e**F(n),
and the corresponding boundary conditions now become

F(0) =0, F(c0)=0. (36)

Separating the real and imaginary parts, we get

u = [Bys cos(Qt — Bgn) — Bygsin(Qt — Bgn)]e 57—
—[GrByicos(Qt — Bon) — GrBiasin(Qt — Ban)le™ P171—

—[GeByscos(Qt — Byn) — GeBysin(Qt — Byn)le™ Be1,
(37)

w = [Bygcos(Qt — Bgn) + Bissin(Qt — Bﬁn)]e_BS”—
—[GrBig cos(Qt — Byn) + GrByy sin(Qt — Byn)]e™ Br1—
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—[GeBig cos(Qt — Byn) + GeBygsin(Qt — B477)]e_B3".
(38)

If 7 and 75 are the axial and transverse components of
the skin friction, respectively, then

0
T+ 1T =l (8171;) .
n=0

In the dimensionless form, 7, becomes

Ou
=\ 5 = B5Bi6 + BsBis—
an =0

—GI‘(BlBlg + B2B11) — GC(B3B14 + B4Blg). (39)
Similarly, the shear stress at the wall along the z-axis is
given by

0
Ty = (w) = —B5B15 + BgBig+
an =0

—|—GI‘(BlB]_1 — BgBlg> —|— GC(BgBlg — B4Bl4). (40)
For the temperature field, the heat transfer coefficient
in terms of the Nusselt number is given by

897“ (777 t)

Ny = — b2
u 817

n=0

1
= i{PrcosQH—Dl cos (QH— %)} (41)
Further, the coefficient of mass transfer for the
concentration field in terms of the Sherwood number is
given by

g - 9Cmy | _
m =
1 B

=3 SccosQt + Dy cos | Qt + EWAE (42)
where

1 « D, . «
B, = 3 [Pr+chos§} , By = - Smg;

1
B3 = 3 [SC+D2COS§] ,
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Fig. 1. Variation of velocity component u for Pr = 3.0, Ge¢ = 2.0,

Gr=5.0, Qt =7/2

D
B4:72sin§D3:
M kQ [ Mm 2
— |1+ ——— 22 _q
-2 (2 )]
AMm + kQM
[o- e
4(1 +m?)
(4N1m+kgzj\4)
’y_tanl 4(14+m?2) ’
L+ 1-%:12 k49 (11-%;:2 - Q)
Dy = kQ/A4,

1+ Ds (cos% — Dy Sin%)
2(1 +Di) ’

Bs =

1006

Dy+ D3 (Dycos T +sin?)

6= 2(1+ D3) ’
By = 4(B? — B3) + 2B, B2kQ + 4B, — Tome
Bg = (B? — B3)kQ) — 8B, By — 4By + Q) — %
By = 4(B% — B}) + 2kQB3By + 4B3 — Tome
Bio = —8B3B, + kQ(B: — B}) — 4B, + Q — %
B B$i732’ B 33%32’
B3 = 334_129_102, By = ngj-l(jgfo’

Bl5 = GrB11 + GCBlg, B16 = GrBlg + GCBl4.

3. Discussion and Conclusion

In order to illustrate the influence of various parameters
on the wvelocity, temperature, concentration fields,
shear stress, and rates of heat and mass transfer,
we have carried out the numerical calculations of
the solutions obtained in the preceding section. The
Prandtl number is taken to be equal to 3, which
physically corresponds to Freon. Freon represents
several different chlorofluorocarbons or CFCs which are
used in commerce and industry.

Figure 1 depicts the primary velocity profiles u
against 7 taking different values of Q (frequency),
R (radiation parameter), Sc (Schmidt number), M
(magnetic parameter), k (viscoelastic parameter), and
m (Hall parameter). It is seen from Fig. 1 that the effect
of increasing the magnetic parameter and frequency is
to enhance the primary velocity. Also the magnitude
of primary velocity is greater for helium (Sc = 0.30,
at 25 °C temperature and a pressure of 1 atm.) than
for ammonia (Sc = 0.78, at 25 °C temperature and a
pressure of 1 atm. This figure further indicates that the
primary velocity increases with the Hall parameter.

ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 10
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Fig. 2. Variation of velocity component w for Pr = 3.0, Gc = 2.0,
Gr=5.0, U =m/2

Moreover, the velocity of a Newtonian fluid (k = 0) is
more than the velocity of a non-Newtonian fluid (k # 0).
On increasing the radiation parameter (R), the values of
u differed only by small amounts, therefore the curves
could not be shown distinctly in Fig. 1.

The secondary velocity profiles w for the cooling of
the plate are plotted in Fig. 2. The analysis of the graph
reveals that, on increasing the values of the frequency
(Q) parameter, a sharp rise in the magnitude of velocity
profile is observed near the plate. But, at a certain
distance away from the plate, it falls rapidly and finally
decays to the free-stream value. A close examination of
the data presented in Fig. 2 shows that the radiation
parameter tends to reduce the fluid velocity in secondary
flows. The retardation in the secondary velocity field
due to the increase in the magnetic and Hall parameters
is also noticed form this figure. This observation can
be explained by the following fact. As M increases, the
Lorentz force, which opposes the flow, also increases and
leads to the enhanced deceleration of the flow. The
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Fig. 3. Variation of temperature 6,

velocity of helium is greater than the wvelocity of
ammonia in secondary flows. Further, it is apparent
that the w-component of velocity of a Newtonian fluid
is lower than that of a viscoelastic fluid. Finally, it turns
out that the maximum velocity occurs in the vicinity of
the plate, and, as 7 — oo, the velocity profiles terminate
to zero.

Figure 3 represents the temperature profiles 6,
against 7 for different values of Pr, 2, and R taking Qt =
7 /2. In the neighborhood of the surface, the temperature
profiles become maximum and then decrease and finally
take asymptotic values. The thermal boundary layer
thickness is greater for fluids with small Prandtl number.
The reason is that smaller values of Pr are equivalent to
increasing the thermal conductivity, and therefore heat
is able to diffuse away from the heated surface more
rapidly than for higher values of Pr. It is observed that
the temperature rises with increasing the frequency while
the reverse happen for increasing values of the radiation
parameter.

1007



R.C. CHAUDHARY, P. JAIN

0.26 +

024 ---0::-0.22

O T (o)

0.15 +

Cr

n___

Fig. 4. Variation of concentration Cr

Figure 4 displays the concentration profiles Cr vs
7n for various gases like hydrogen (Sc = 0.22), helium
(Sc = 0.30), water vapor (Sc = 0.60), oxygen (Sc =
0.66), and ammonia (Sc = 0.78) taking Qt = 7/2. It
is reported that the effect of increasing the Schimdt
number (Sc) is to decrease the concentration profiles.
This is consistent with the fact that the increase of Sc
means a decrease of molecular diffusivity (D), which
results in a decrease of the concentration boundary layer.
Hence, the concentration of species is higher for smaller
value of Sc and lower for larger value of Sc. Furthermore,
it is observed that the thickness of the concentration
boundary layer increases significantly near the boundary
with increase in the frequency, but the opposite trend is
noted far away from the plate (n> 4).

Figure 5 elucidates the effects of R, Sc, M, and
k on the shear stress along the xz-axis, 71, while the
shear stress along the z-axis, 7, is shown in Fig. 6. The
axial and transverse components of the skin friction are
plotted against the Hall parameter. It is observed that,
for Sc = 0.30, both 71 and 75 decrease with increase in

1008
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Fig. 5. Variation of shearing stress 71 for Pr = 3.0, Gr = 5.0, Gc =
2.0, Q= 1.0, Qt = 7/2

m. But, for Sc = 0.78, the shear stress along the z-
and z-axes increases with increase in m. Further, since
the velocity in primary flows increases with increase
in M, 71 also increases with M, because the friction
increases with the fluid velocity. Similarly, the velocity
in secondary flows decreases as M increases. Therefore,
7o also exhibits a similar behaviour as M increases.
Due to the increase in R, the velocity gradient in
primary flows increases, but the velocity gradient in
secondary flows decreases. Finally, it is seen that the
transverse component of skin friction 75 is lower for a
non-Newtonian fluid as compared to a Newtonian fluid.
But the opposite trend is noted for the axial component
of skin friction 7;. Figures 5 and 6 reveal that since
the Hall parameter (m) gives rise to the secondary flow
field, the transverse component of skin friction is greater
than the axial component of skin friction at and near the
wall.

The quantity of heat exchanged between the
body and the fluid is given by the temperature
gradient Nu (Nusselt number) which is given below in
Table 1.

ISSN 0503-1265. Ukr. J. Phys. 2007. V. 52, N 10
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Fig. 6. Variation of shearing stress 7 for Pr = 3.0, Gr = 5.0, Gc =
2.0, Q= 1.0, Ot = 7/2

It is inferred that the higher values of frequency
and radiation parameter increase the magnitude of
temperature gradient. The rate of mass transfer Sh
(Sherwood number) for different values of Sc and 2 is
shown below in Table 2.

From Table 2, it is revealed that the magnitude of
Sh increases with Sc and €2 since an increase in Sc causes

T able 1. Rate of heat transfer (Nu)

Nu

Q R \ Pr = 3.0

1.0 1.0 —-1.5984

2.0 1.0 —1.6455

3.0 1.0 -1.7122

1.0 2.0 —-1.67338

T a ble 2. Rate of mass transfer (Sh)
Sh

Q Sc = 0.22 Sc=030 | Sc—0.78
1.0 —0.21449 —0.25104 —0.4292
2.0 -0.2793 -0.3257 —-0.5292
3.0 -0.3275 -0.3819 —-0.61605
4.0 —0.3682 —0.4295 —-0.69189
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a reduction in concentration boundary layers. Therefore,
the rate of mass transfer increases with Sc.
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E®EKT XOJIJIA

IJId MATHITOI'TAPOAVMHAMIYHOTI'O
KOHBEKTUBHOI'O IOTOKY B’SI3KOIPYKHOT
PIIVHUN, 1o OBTIKA€E HECKIHYEHHY
BEPTUKAJIBHY IIJTACTUHY, 3 BPAXYBAHHAIM

MACOIIEPEHOCY TA BUITPOMIHIOBAHHSA

P.C. Yooxapi, II. orcetin

PeszomMme

HociipKyerbes HecTaI[iOHaApHUN rigpoMarsiTHu MOTIK

B’SI3KOIIPY?KHOI PiIMHU BiJ BUIIPOMIHIOIOYOI BEPTUKAJIBHOI ITOPHU-
CTOI IJIACTUHU 3 yPaxyBaHHSIM MaCOIIEPEHOCY Ta CTPyMy XOJuia.
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3amadty po3B’si3aHO aHAITHIHO. PO3B’s3KN y 3aMKHyTOMY BUJIsAAi  cy. JlocmizkeHo BILIMB pisHMX mapamerpis (mapamerpa Xouuia,
OJIEP?KaHO JJIsl PO3IOJIIIB IIBUIKOCTI, TEMIEPATYPU, KOHIIEHTPa~-  MarHiTHOrO IapamMeTrpa, KoedilieHTa B 3KOIPYKHOCTI, YaCTOTH 1
i, 3CyBHOrO HANPY?KEHHs Ta IIBUJKOCTEH TEIJIO- 1 MAcOEpeHO-  T.J.) Ha II0JIe MOTOKY.
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