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Thermally induced hydrodynamic fluctuations in a liquid
subjected to nonhomogeneous conditions (spatial confinement
within a plane-parallel layer) have been studied. In particular,
the self-diffusion coefficient of a liquid Lagrange particle has
been analyzed. The solution of the boundary-value problem for
the hydrodynamic equations, which describe the components of
the velocity field and include terms responsible for an external
fluctuation field, has been obtained in the form of a series
of harmonic functions. The spectral density of the correlation
function (CF) for velocity field fluctuations, which depends only
on a single coordinate normal to the bounding surfaces, has been
calculated making use of the fluctuation-dissipation theorem. The
spectral density obtained served as the basis for the analysis of
the relative difference between the transversal and longitudinal
components of the self-diffusion coefficient of a Lagrange particle
in the liquid.

Nowadays, the dynamics of nonhomogeneous
hydrodynamic systems constitutes one of the most
challenging objects for studying [1—9]. Among the
factors which are responsible for heterogeneity, the
geometric confinement of a system is the most
widespread one. The difference between the dynamical
properties of the spatially confined systems and those of
the bulk ones grows as the characteristic dimensions of
the system decrease. The relevant theoretical analysis,
if any, is rough in many cases and requires further
amendments [7—12].

The self-diffusion coefficient is one of the major
dynamical characteristics of the system. The geometric
confinement of the system results in the relaxation of
long-wave collective hydrodynamic modes which govern
the behavior of the bulk self-diffusion coefficient. The
corresponding reduction of the self-diffusion coefficient
in finite-size systems has been studied in works [7, 8],
where the system heterogeneity was simulated by a
plane-parallel layer of liquid with thickness d. Making
use of the theory of coupled modes and basing on
intuitive ideas, the relative reduction of the component
of the liquid self-diffusion coefficient, which is parallel
to the interfaces, has been roughly estimated. The main
contribution, obtained in the approximation d → ∞,
behaves as (σ/d) log (σ/d), where σ is the characteristic
molecular size.

In this work, we propose a consecutive theoretical
calculation of the self-diffusion coefficient for a Lagrange
particle suspended in a plane-parallel liquid layer.
This solution is known to be the exact long-time
asymptote of the molecular self-diffusion coefficient
[13]. The spectral density of the CF for velocity
field fluctuations, in terms of which the self-diffusion
coefficient is determined, has been obtained from the
Euler hydrodynamic equations supplemented with the
corresponding boundary conditions for the velocity
field components, and using the fluctuation-dissipation
theorem. The transition from the Euler CF to the
Lagrange one has been carried out on the basis of
the approach proposed by M.P. Malomuzh [14, 15].
The result has been expressed as the relative difference
between the self-diffusion coefficient components parallel
and normal to the bounding surfaces. The form of
the components, as well as their relative contributions
within the liquid layer and near the bounding surfaces,
has been analyzed.

Spectral Density of the CF for the Thermally
Induced Fluctuations of the Velocity Field

Consider a liquid layer between two parallel surfaces
separated by distance d. The z -axis of the rectangular
Cartesian coordinate system is directed perpendicularly
to the bounding surfaces, and the z -coordinate is
reckoned from one of the surfaces. The x - and y-axes
can be directed arbitrarily, since the liquid properties
are homogeneous in these directions. If the liquid is
considered incompressible, the equations of motion for
the velocity fluctuation field look like

∂

∂t
vα = − 1

ρ0
∇αp + ν∆vα + σα, (1)

div ~v = 0

where ρ0 is the equilibrium density, ν the coefficient of
kinematic viscosity, p the pressure, and σ the source of
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spontaneous fluctuations. The velocity components are
equal to zero on the bounding surfaces:

~v (t, x, y, z = 0) = 0,

~v (t, x, y, z = d) = 0. (2)

Consider now the Fourier transformations of Eqs. (1)
and boundary conditions (2) with respect to time and
the transverse component of the spatial radius-vector:

Φ
(
t, ~r‖, z

)
=

∫
dω

∫
d ~k‖e

−i(ωt− ~k‖ ~r‖)Φωk (z). (3)

Only the nondivergent part of the velocity is important
for the diffusion coefficient. Therefore, preserving the
previous notations for the Fourier-transforms of the
nondivergent parts of hydrodynamic fields and carrying
out simple transformations, we obtain
(
−iω − ν

(
k2
‖ −

∂2

∂z2

))
vα = σα. (4)

The solution is sought by expanding the velocity
field and the source components in a series of harmonic
functions. Taking Eq. (2) into account, those expansions
look as

vα (z) =
∑
m

Aαm sinµmz,

σα (z) =
∑
m

A0
αm sin µmz, (5)

where the eigenvalues µm = πm/d. Making use of
expansions (5) and applying the fluctuation-dissipation
theorem, one can easily find the spectral density
components for the amplitudes of the thermally induced
fluctuations of the hydrodynamic field of velocities:

〈A∗αmAα′m〉ω = Re
ΘΓαα′δmm′[

−iω + ν
(
k2
‖ + µ2

m

)] , (6)

where

Θ =
kBT

2π2
, (7)

and Γαα′ is the tensor constructed of the δ-functions
and the direction cosines in the k -space, cos γα =
kα/k, which makes allowance for the non-homogeneity
of liquid properties towards the longitudinal and
transverse directions for the given confining geometry.
The components of the tensor Γαα′ are

Γαα′ = δαα′ − kαkα′

k2
, (8)

where

kx = k‖, ky = 0 , kz = k⊥, k2 = k2
‖ + k2

⊥. (9)

The corresponding spectrum of the CF between
thermal fluctuations of the Euler hydrodynamic field of
velocities is
〈
v∗α

(
~r‖, z, t

)
vα′

(
~r ′‖, z

′, t′
)〉

E,ω
=

=
1

(2π)2

∫
d~k‖e

i~k‖(~r‖−~r ′‖)×

×
∑
m

∑

m′
〈A∗αmAα′m′〉ω sin µmz sin µm′z′. (10)

In order to obtain the self-diffusion coefficient for a
Lagrange particle, it is necessary to change over from
the Euler to Lagrange CF. (The latter is of separate
interest, because it is the hydrodynamic approximation
for the CF between molecular variables.) To tackle the
problem, we used the approach proposed in work [14]. It
is based on a non-local connection between the Euler and
Lagrange hydrodynamic variables; if the displacement
of the Lagrange particle is neglected, as it was done in
work [13], the method is reduced to the averaging of
the CF between the Euler variables over the Lagrange
particle’s volume. As a result of the averaging procedure
(6) and taking the δmm′-function into account, we obtain
that

〈
v∗α

(
~r‖, z, t

)
vα′

(
~r ′‖, z

′, t′
)〉

L,ω
=

R2
L

V 2
L

∑
m

∞∫

0

J2
1

(
k‖RL

)

k‖
×

×〈A
∗
αmAα′m′〉ω

µ2
m

(cos µmz − cos µm (z + RL))2 dk‖, (11)

where J1(y) is the Bessel function, and RL =
(

3
4π VL

)4/3.
Therefore, on the basis of Eq. (11) and knowing the
specific expression for the Euler spectral density, one
can find the spectrum of the Lagrange CF between the
velocity field fluctuations. The value of this spectrum at
ω = 0 is just the self-diffusion coefficient of the Lagrange
particle in the liquid

DL (z) =
1
3

〈
v∗α

(
~r‖, z, t

)
vα

(
~r‖, 0, t′

)〉
L, ω=0

, (12)

which is the ultimate goal of our research.
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1. Transverse and Longitudinal Components
of the Lagrange Self-diffusion Coefficient

The confinement of a medium changes its dynamic
properties. We are interested in the variation character
of the self-diffusion coefficient of a Lagrange particle
in the liquid. From the viewpoint of the selected
confinement geometry, it is expedient to study the
difference between the transverse and longitudinal
components of the self-diffusion coefficient. In view of
Eqs. (6) and (12), we take the explicit form of the Γzz

component of tensor (8) into account and obtain the
following expression for the transverse component:

D⊥
L (z) =

ΘR2
L

3V 2
L

∑
m

∞∫

0

(
1− µ2

m

(k2
‖ + µ2

m)

)
×

×µ−2
m J2

1 (k‖RL)
k‖(k2

‖ + µ2
m)

×

×
(

cos µm

(
z − RL

2

)
− cos µm

(
z +

RL

2

))2

dk‖. (13)

The longitudinal one is determined in terms of the Γxx

component of tensor (8) as follows:

D
‖
L(z) =

ΘR2
L

3V 2
L

∑
m

∞∫

0


1−

k2
‖(

k2
‖ + µ2

m

)

×

×µ−2
m J2

1

(
k‖RL

)

k‖
(
k2
‖ + µ2

m

) ×

×
(

cos µm

(
z − RL

2

)
− cos µm

(
z +

RL

2

))2

dk‖. (14)

The total self-diffusion coefficient of a Lagrange particle
in the liquid is

DL(z) = D
‖
L(z) + D⊥

L (z). (15)

Therefore, while considering the relative variation of
the self-diffusion coefficient in the longitudinal and
transverse directions, stimulated by the finite-size
effects, we obtain

D⊥
L (z)−D

‖
L(z)

DL(z)
= 1− 2

D
‖
L(z)

DL(z)
. (16)

Provided that DL(z), according to Eqs. (13) and (15), is
expressed in the form

DL(z) =
ΘR2

L

3V 2
L

∑
m

∞∫

0

J2
1

(
k‖RL

)
µ−2

m

k‖
(
k2
‖ + σµ2

m

)
σ=1

×

×
(

cosµm

(
z − RL

2

)
− cosµm

(
z +

RL

2

))2

dk‖, (17)

its longitudinal component D
‖
L(z) is

D
‖
L(z) = −

[
∂

∂σ
DL(z)

]

σ=1

. (18)

Thus, we get

D⊥
L (z)−D

‖
L(z)

DL(z)
= 1 + 2

[
∂ ln DL(z)

∂σ

]

σ=1

. (19)

Calculating the integral on the right-hand side of
Eq. (17), we obtain the following expression for the
Lagrange self-diffusion coefficient:

DL(z) =
9Θ

16π2νRL

∑
m

I1 (RLµm
√

σ)K1 (RLµm
√

σ)

(RLµm
√

σ)2
×

×µ−2
m

(
cos µm

(
z − RL

2

)
− cosµm

(
z +

RL

2

))2

, (20)

where K1(y) is the Macdonald function. Since RL ¿ d,
expression (20) can be simplified:

DL(z) ∼
∑
m

(
cos µm

(
z − RL

2

)− cos µm

(
z + RL

2

))2

µ2
m

×

×
(

1
2

ln
RLµm

√
σ

2
+

(
RLµm

√
σ
)−2 +

1
2

(
CL − 1

4

))
,

(21)

where CL is the Euler constant. The main contributions
to the relative difference between the components of the
self-diffusion coefficient, in accordance with Eqs. (19)
and (20), are

D⊥
L (z)−D

‖
L(z)

DL(z)
= 1− 2f−1(z)×

×
(

z

d
−

(z

d

)2

− 5RL

12d
+ o

(
RL

d

)2
)

, (22)

where

f(z) =
z

d

(
1 + o

(
RL

d

)2
)
−

(z

d

)2
(

1 + o

(
RL

d

)2
)

+
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+
RL

d

(
37
12
− 1

2
ln

8πd

RL

)
+ o

(
RL

d

)2

. (23)

is the dimensionless Lagrange self-diffusion coefficient in
the same approximation.

Equations (22) and (23) demonstrate that the
difference between the longitudinal and transverse
components is very large with respect to the value of
the total self-diffusion coefficient in the middle of the
liquid layer and near its bounding surfaces.

Near the bounding surfaces (at z = 0 and z = d),
this difference is determined, according to Eq. (22), by
the expression

D⊥
L (z)−D

‖
L(z)

DL(z)
≈ 1− 2

(
−5RL

12d
+ o

(
RL

d

)2
)
×

×
(

RL

d

(
37
12
− 1

2
ln

8πd

RL

)
+ o

(
RL

d

)2
)−1

. (24)

Here, it is positive and amounts to almost 80% of
the total self-diffusion coefficient amplitude. Therefore,
the contribution of the transverse component to the
Lagrange self-diffusion coefficient dominates, while only
a share of 20% belongs to the longitudinal one.

At the midpoint of the liquid layer (z = d/2), the
main contributions to the difference concerned are

D⊥
L (z)−D

‖
L(z)

DL(z)
≈ 1− 2

(
z

d
−

(z

d

)2

+ o

(
RL

d

))
×

×
(

z

d
−

(z

d

)2

+ o

(
RL

d

))−1

, (25)

Now, the difference becomes negative and amounts to
approximately 100% of the value of the total self-
diffusion coefficient. his means that the longitudinal
component dominates in the middle of the liquid layer,
while the transverse one can be neglected there.

The studies how the confinement effects influence
the behavior of the self-diffusion coefficient have already
been attempted in works [7, 8]. In these works, the
relative difference between the longitudinal component
of the Euler self-diffusion coefficient in the spatially
confined liquid and the self-diffusion coefficient Dbulk

in the bulk (the unconfined case) was evaluated in the
framework of the theory of coupled modes and using the
d →∞ approximation. In the course of calculations, the
parameter of the wave number k cutoff was introduced.
Its physical interpretation was intuitively identified with
the inverse molecular size σ−1. As a result, the main

contribution to the relative difference was written down
in the form

D
‖
E(d)−Dbulk

Dbulk
= −σ

d

(
A log

(
d

σ

)
+ B

)
+o

(
1
d

)2

,(26)

where A and B are constants.
Our result is more rigorous. According to it, the

relative difference between the longitudinal component
and the total Lagrange self-diffusion coefficient
demonstrates a logarithmic behavior in the case of
a spatially confined liquid. In accordance with the
relations given above,

D
‖
L(z)−DL(z)

DL(z)
= −D⊥

L (z)
DL(z)

= 2f−1(z)×

×
(

RL

d

(
7
2
− 1

2
ln

8πd

RL

)
+ o

(
RL

d

)2 (
1 +

z

d
−

(z

d

)2
))

.

(27)

In fact, the role of our cutoff parameter is played by
the quantity R−1

L . Expressions (22) and (27), which are
valid for small d ∼ 10RL, contain the dependence on the
z -coordinate (the z -axis is directed perpendicularly to
the bounding surfaces) and the information concerning
the competition between the longitudinal and transverse
components of the Lagrange self-diffusion coefficient at
an arbitrary distance from the surfaces. The longitudinal
component D

‖
L(z) includes, according to Eqs. (16), (22),

and (23), the main dependence of the Lagrange self-
diffusion coefficient on the z -coordinate. The component
D⊥

L (z), according to Eq. (27), is considerably smaller and
depends on z very weakly; its behavior is determined
by the contribution ∼ (RL/d) ln (RL/d). While moving
normally to the liquid layer, the self-diffusion coefficient
of the Lagrange particle in the liquid changes essentially,
and, at d → ∞, approaches the value of that in the
unconfined liquid.

The authoress is grateful to O.V. Zatovskyi for
his heading of the work and to M.P. Malomuzh for
constructive discussions.
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КОЕФIЦIЄНТ САМОДИФУЗIЇ ЛАГРАНЖЕВОЇ
ЧАСТИНКИ ОБМЕЖЕНОЇ РIДИНИ

О.I. Сахненко

Р е з ю м е

На основi аналiзу коефiцiєнта самодифузiї лагранжевої частин-
ки рiдини розглянуто тепловi гiдродинамiчнi флуктуацiї рiди-
ни в неоднорiдних умовах, змодельованих плоскопаралельним
шаром. Знайдено розв’язок крайової задачi за наявностi сто-
роннього флуктуацiйного поля для гiдродинамiчних рiвнянь
компонент поля швидкостi у виглядi розкладу за гармонiч-
ними функцiями. Спектральну густину кореляцiйної функцiї
флуктуацiй поля швидкостi, яка залежить лише вiд однiєї ко-
ординати, нормальної до обмежуючих поверхонь, отримано з
використанням флуктуацiйно-дисипативної теореми. На її ос-
новi проаналiзовано вiдносну рiзницю поперечної та поздовж-
ньої складових коефiцiєнта самодифузiї лагранжевої частинки
рiдини.
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