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New examples of the systems of super-self-duality equations for
supersymmetric Yang—Mills theory are proposed. These systems
are written both in terms of component fields and in terms of
superfields.

Famous self-duality equations that relate magnetic
and electric charges provide very important solutions
of the Yang-Mills equations such as instantons and
monopoles [1-3]. Ward has developed a twistorial
method for generating all N = 0 self-dual solutions of
the Yang—Mills equations [4]. A twistor correspondence
for the super-self-duality equations for supersymmetric
Yang—Mills theories was shown to be encoded in
analytic harmonic superfields satisfying the appropriate
generalized Cauchy—Riemann conditions [5].

The N=0 Yang—Mills self-duality equations attract
much attention due to a remarkable conjecture [6, 7]
that all integrable systems in lower dimensions are
obtainable by the dimensional reduction from 4D self-
dual Yang—Mills theory. Unification of self-duality
and supersymmetry [8-12] can generate new integrable
systems by the dimensional reduction. A natural task
is to find all possible systems of super-self-duality
equations. In this paper, we obtain some new examples of
super-self-dual systems with help of the supersymmetric
transformation of N = 0 self-duality equations. These
systems manifest the complete supersymmetry and are
formulated both in terms of component fields and
superfields.

In the pure Yang—Mills theory, the self-duality
equations read

Zan = ﬁmn = Emnlekl 5 (1)

N =

618

where

Nmn = dlag(ilv 17 1a 1)7 €0123 = —1.

In spinor indices (o, 5 =1,2)

, 1 1
Faaﬂﬁ = UmadanﬁBan = ifaﬁfdﬂ + §€d6‘faﬁ,

where fos ., fs 4 are the (1,0) and (0,1) components of the
Yang—Mills strength tensor

fop=e"E

Nl fap =" Foypa-

The o-matrices are (see notations in [13])
o™ =(-1,0),

where 1 is a unit 2 X 2 matrix, and & are Pauli matrices.
The two—spinor indices are raised and lowered by means
of the two-dimensional Levi—Civita tensors

12 12

€7 =—grpa=¢€"=—¢j3 =+1.

The self-duality equations (1) in spinor indices are
written as follows:

Let us consider N=1 supersymmetric Yang—Mills
theory [14,15] with the Lagrangian

1 - 1
L= Tr{—ianF’"” NG D+ 5D2}, (3)
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where D,,, = Oy + ig[Vin, - |. Together with Bianchi
identities, the equations of motion of the theory (3) take
the form

€MD fap +49{0a, A3} =0,

D=0,
D), =0,
D, 5N =0. (4)

Equations (4) are invariant under the following N=1
supersymmetric transformations [13, 16]

5§Voai = 721’(5&5\& + g{iAa)a

6eD = —£D o AY 4 E4DY )\,

1
Oeda = 5€7(fap + 2icapD),

_ 1_, ‘
Seda = igﬁ(fa.g —2ie D), (5)
where &,,&; are the parameters of N = 1
supersymmetric  transformations (constant Weyl
spinors).

In N =1 superspace
(mm 5 Oas 9_0'4)

a spinor chiral superfield is defined by

__ii —2gV 29V
W, = 8gDD(e Dye*V),

where V is a vector superfield in the Wess—Zumino
gauge

. _ 1 __
V = —0%0“V,4 + 1000\ — 000\ + 50999D ,
and the covariant derivatives are

8‘ —10%0ua, -

o _. _
Do = 77— -oaaad“ Dy =—7=—
! 965

00~

In component fields,

Wo = —ida—560%(fap + 2igagD) + 07070500+

90D, N iﬁeédemaw(fa,@ + icasD)~ OBION,,
where
1 .
_ m o _ .9aB
O0=0,0 _—§aa@a .
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The equations of motion (4) in the superfield formulation
are written as

VW, =0, (6)
where the gauge-covariant spinor derivative

Va=Dy+ilAs, ], Ay = —ie 29V D,e?9V .

It follows from (5) that the bispinor f,5 is
transformed in the following way:

S fup = Zi{(gaDm;Xﬁ + 5D A+

+67(DsAs + Dysha) }- (7)

By definition, the system of super-self-duality
equations must include the self-duality equations (2) and
be invariant under the supersymmetric transformations
(5). The invariance under supersymmetric transforma-
tions means that the supersymmetric variation of the
super-self-duality equations gives the equations which
are satisfied on the equations of motion or on the super-
self-duality equations. This means that the equations

O¢fap =0 (8)

must lead to the super-self-duality equations.
Thus, relations (8) and (7) yield two equations

D, N =0, (9)

'DQBA,@ + 'DBBAQ =0. (10)
The equation of motion (9) can be included into the
system of super-self-duality equations together with
(2). Equation (10) must be made compatible with the
corresponding equation of motion

DY)\, =0 (11)

which can be rewritten in the form

D575 — Dygha = 0. (12)

So, the super-self-duality equations must satisfy both
the equations of motion and the equations which
are obtained as a result of the supersymmetric
transformation of the self-duality equations themselves.
In other words, the first step in finding out the super-self-
duality equations is to obtain conditions which satisfy
the following system:

Daﬁ'>‘5 + ’D55'>\a =0

D,sAs — Dysha =0.
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As the second step, we must investigate the invariance
under supersymmetric transformations.

The simplest condition that satisfies both equations
(13) is

Ao =0 (14)

which was introduced by I. Volovich. Then the variation
0¢do = 0 gives fo3 = 0, D = 0. So, one obtains the
following system of super-self-duality equations [11,12]:

faﬂ = Oa
D=0,
38—
D, s\ =0,
Ao =0, (15)
which is  closed under the supersymmetric

transformations (5) and satisfies the equations of motion
(4). In the superfield formalism, system (15) has the form
Wy =0. (16)

In this paper, we propose another condition which
satisfies system (13), namely

D, s s =0. (17)
The supersymmetric variation of (17) gives
1 .
5§(Dad/\ﬁ) = —557Dadfﬁ,y +18D0a D+
+29£a{5\dm )‘[3} + 2955{)\04; /\5} =0. (18)

Taking into account that f,3 =0, D =0, relation (18)
yields

s Mgt =0, {Xa, Ag}=0.

It can be proved that Egs. (19) lead to the system which
is closed under supersymmetric transformations [17].
So, we obtain the following system of super-self-duality
equations:

faﬂ = 07

D =0,

(19)

38—
D\ =0,
D, s =0,
{Xas A3} =0,

620

{Aas Ag} =0. (20)
By putting A, =0 (20) reduces to (15).

In terms of superfields, system (20) looks as
VaWs=0. (21)

The fact that the superfield equation (21) leads to super-
self-duality was first noticed in [18]. The Abelian analog
of (21) in [19] is called “relaxed super-self-duality”.

The next way to obtain the systems of super-self-
duality equations is the combination of conditions (14)
and (17), which results in
AT=0, D,zAy =0. (22)
Here, we have two possibilities depending on v = 1 or
v = 2. The two corresponding self-dual systems are

(v=1lory=2)

fap=0, D=0, D, N =0,

N =0, D\ =0,

D Asb =0, {A, A} =0. (23)
In part, if v = 2, system (23) can be written as
fas=0, D=0, D\ =0,

M =0, D h=0,

Do, A3} =0, {X2, X} =0. (24)

The superfield formulation of (23) is given by the
superfield system which is a combination of (16) and
(21):

W7 =0,

VoW, =0. (25)

It should be mentioned that the self-duality
equations in the Minkowski space (1) admit only
complex solutions. It also refers to the solutions of
the supersymmetrized systems (15), (20), (23). In the
process of supersymmetrization, the self-dual gauge
fields become complexified, because the gauge group is
replaced by its complexification [20-22]. The problem of
construction of self-dual gauge theories with real gauge
fields can be tackled, as it is shown in [23-26].

Let us show that there is one more way to satisfy Egs.
(13), namely by adding the constraint for the spinor field

A= kA,
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where k is a real number, to Eq. (10). It is easy to verify
that the system

DaBAﬁ + DBB')\Q =0

AL = kg (26)

satisfies system (13), i.e. (26) leads to the equation of
motion (12). By the further supersymmetric variation of
(26), we obtain the following system of super-self-duality
equations:

fa,@ =0
D=0
A8
D53 =0
'Daﬁ')\ﬁ + Dﬁﬁ)‘a =0
A=k
X Ayt =0

{)\a , )\ﬁ} =0. (27)

The superfield formulation of (27) looks as
Wi = kW,

VaWg +VgW, =0. (28)

In fact, system (28) generalizes (25). If k = 0, (28)
reduces to (25) for v = 2. If k = oo, (28) reduces to
(25) for y =1.

It is believed that the obtained variants of super-self-
duality equations can lead to new integrable systems by
the corresponding dimensional reduction.
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BAPIAHTU CYIIEPABTOAYAJIBHOCTI

A.M. Iasarox

PesomMme

3aIIponoOHOBAHO HOBI NPHUKJIAINA CUCTEM PIiBHSHB CyIIE€PABTOLyaIb-

HOCTI Jutsi cynepcumerpudnol teopil Aura—Mimnica. Cucremu 3a-
IIICAHO B TepMiHaX KOMIIOHEHTHHX IIOJIB i B TEpMiHaX CyIepIIOJiB.
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