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It is shown that the geometry of the homogeneous and isotropic
Universe tends to a spatially flat one in the limit which takes
into account all possible quantum corrections with respect to a
deviation of the scale factor from its classical value. The quantum
mechanism of fine tuning of the total energy density to the critical
value in the early Universe is discovered.

1.

Introduction

Measurements of the anisotropy of the cosmic microwave
background (CMB) make it possible to determine the
total energy density Ω and its components in our
Universe. The available astrophysical data indicate
clearly that the modern Universe is very close to
be spatially flat [1–5]. The results of the WMAP
experiment together with the evidence from the 2dFGRS
research and observations of type Ia supernovae reveal
a systematic small deviation of the total energy density
of the Universe in the direction where it exceeds a little
the critical value [5]. The most accurate data on the
spectra of CMB fluctuations [6] were obtained in the
WMAP experiment [7]. The position of the first acoustic
peak measured in this experiment, which provides the
evidence for the spatial geometry, gives the total energy
density equal to Ω = 1.02 ± 0.02.
Since a fitting of the values of the free parameters
is performed in a multiparametric space, the possible
range of these values is preassigned in the context of
certain assumptions. In this meaning, the interpretation
of the WMAP data on the existence and contributions
from separate components in the total energy density
Ω is model-dependent and may be inadequate to
real physical processes in the expanding Universe.
Moreover, secondary effects, such as the Sunyaev—
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Zeldovich effect [8], on the observed CMB anisotropy
for galaxy clusters at redshift z . 1 [9, 10] and
the foreground contamination of the CMB power
spectrum from the early epoch of reionization at
10 < z < 20 [11] might be underestimated. The search
for theoretical models which would provide a higher level
of flexibility with respect to observational cosmology in
comparison, e.g., with the standard ΛCDM approach is
required.
The model of inflation [12, 13] ensures a strict
equality Ω = 1 within the framework of classical
cosmology due to the hypothesis of the De Sitter
(exponential) expansion of the early Universe. The
standard ΛCDM model which includes the inflationary
scenario solves one fine tunning (flatness) problem, but
leads to a number of the new ones (the coincidence
between the contributions from dark matter and dark
energy to the total energy density, the smallness of the
vacuum energy term, and the requirement for a fine
tuning of it) [10].
In the present paper, the question about the spatial
geometry of the Universe is analyzed on the basis of
the quantum cosmological model proposed in [14–17].
It has been demonstrated that the homogeneous and
isotropic Universe is spatially flat in the limit which
takes into account the moments of infinitely large
orders of the probabilistic distribution of a scale factor
with respect to its mean value in the state with large
quantum numbers. The quantum mechanism of fine
tuning of the total energy density in the Universe to
the critical value at the early stage of its evolution is
discovered, and the reason of a possible small difference
between these densities during the subsequent expansion
is indicated.
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2.

Main Equations of the Quantum Model

As is well known (see, e.g., [18]), quantum theory
adequately describes properties of various physical
systems. Its universal validity demands that the
Universe as a whole must obey quantum laws as well.
Since quantum effects are not a priori restricted to
certain scales [19], one should not conclude in advance,
without research into the properties of the Universe
within the theory more general than classical cosmology,
that its space-time structure on large scales will be
classical automatically (see the motivation to develop
quantum cosmology in [20–22]).
The results of investigations presented in this article
are based on quantum cosmology, at the heart of which
the method of constraint system quantization lies. It was
proposed by Dirac [23] with the addition of the idea of
the introduction of an additional medium or a source
which determines the reference frame in the Einstein—
Hilbert Lagrangian [14, 17, 24–26].
As was demonstrated in [14–17], the homogeneous,
isotropic, and spatially flat Universe filled with a
primordial matter in the form of a uniform scalar field φ
is described in quantum theory by the time-dependent
Schrödinger-type equation
i ∂T Ψ = ĤΨ,
where
µ
¶
1
2
Ĥ =
∂a2 − 2 ∂φ2 − a2 + a4 V (φ)
2
a

(1)

(2)

is a Hamiltonian-like operator, and V (φ) is the potential
energy density of the field φ. Here and below, we
give all relations between dimensionless quantities. The
length p
is taken in units of the modified Planck length
lP =
2G~/(3πc3 ) = 0.744 × 10−33 cm, the density
is measured in units of ρP = 3c4 /(8πGlP2 ) = 1.627 ×
10117 GeV cm−3 , and so on.
The wavefunction Ψ depends on the cosmological
scale factor a, scalar field φ, and time coordinate
T related to the synchronous proper time t by the
differential equation dt = a dT . When deriving Eq.
(1) from the principle of least action, the “time” T is
introduced in the theory by means of the coordinate
condition and takes the role of an additional variable
which describes the medium that defines the reference
frame [14,17]. In the semiclassical approach, this variable
describes a source of the gravitational field in the form
of relativistic matter of an arbitrary nature. Equation
(1) has a particular solution with separable variables
i

Ψ = e 2 ET ψE ,
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(3)

where the function ψE is defined in the (a, φ)
minisuperspace and satisfies the time-independent
equation
µ
¶
2
− ∂a2 + 2 ∂φ2 + U − E ψE = 0,
(4)
a
while
U = a2 − a4 V (φ)

(5)

can be interpreted as an effective potential. We
note that, in the limiting case E → 0, Eq. (4)
formally turns into the Wheeler–DeWitt equation for the
minisuperspace model [27].
Since the Hamiltonian-like operator (2) contains
an isotropic oscillator operator with respect to the
variable a as a subsystem, it is convenient to choose
the integration with respect to this variable with a unit
weight function. Using Eq. (1) and taking into account
that operator (2) is Hermitian, we obtain the equation
which describes the evolution of the mean value of
some physical quantity represented by the operator Â
at “time” T ,
d
1
hÂi = h[Â, Ĥ]i + h∂T Âi,
dT
i

(6)

where [Â, Ĥ] = ÂĤ − ĤÂ, and the brackets denote
the averaging over the state Ψ normalized in one way
or another (see below). Introducing, as usual [28], the
operator dÂ/dT such that
h

dÂ
d
i=
hÂi,
dT
dT

(7)

we arrive at the Heisenberg-type operator equation
dÂ
1
= [Â, Ĥ] + ∂T Â.
dT
i

(8)

Setting Â = a, we find
a

da
= −π̂a
dt

(9)

from Eq. (8), where π̂a = −i ∂a is the momentum
operator canonically conjugate with a. The operator
equation (9) is equivalent to the definition of the
momentum πa = −a da/dt canonically conjugate with
the variable a in classical cosmology [13, 14, 17].
Setting Â = π̂a , we obtain the equation of the
evolution of the momentum operator π̂a at time t
a

dπ̂a
2
= 3 π̂φ2 + a − 2a3 V (φ),
dt
a

(10)
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where π̂φ = −i ∂φ is the momentum operator canonically
conjugate with φ. This equation is a quantum analog
of the canonical equation which determines the time
evolution of the momentum πa in classical cosmology.
The momentum of the scalar field, as is well known,
equals πφ = 21 a3 dφ/dt. The quantum analog of this
relation follows from (8) at Â = φ as well. It has a form
dφ
2
= 2 π̂φ .
(11)
dt
a
Using relations (9) — (11), one can obtain the quantum
analogs of all equations of general relativity for the
homogeneous and isotropic Universe filled with the
uniform scalar field and the relativistic matter.
a

3.

Choice of Physical States of the Universe
and Scalar Field Model

According to (4), the quantum state ψE depends on the
form and numerical value of the potential energy density
of the scalar field V (φ). In the range of values of the
field φ, where the density V (φ) is a positive definite
function, the effective potential U (5) as a function of
a at the fixed value of φ has the form of a barrier. In
this case, the Universe described by Eq. (4) can be both
in continuum states with E > 0 and quasistationary
ones which correspond to complex values E = En + i Γn ,
where En > 0, Γn > 0, and Γn ¿ En , n = 0, 1, 2, . . . is
the number of a state [14–17]. Quasistationary states
are most interesting from the physical viewpoint, since
the Universe in such states can be described by a set of
standard cosmological parameters accepted in classical
cosmology (see details in [17]). At the same time, the
predictions of the quantum model can be compared both
with the predictions of the standard classical cosmology
and the data from astronomical observations.
It can be demonstrated [17,29] that the wavefunction
of a quasistationary state considered as a function of
a at the fixed φ has a sharp peak and is concentrated
mainly in the region limited by the barrier U . Then,
following Fock [30], one can introduce an approximate
function ψeE which is equal to the exact wavefunction ψE
inside the barrier and vanishes outside it. Since the phase
of the exact wavefunction ψE outside the barrier with
respect to a oscillates with the frequency that tends to
infinity at a → ∞, and, at the same time, its amplitude
decreases as a−1 , one can set ψE ≈ ψeE in the integrals
with ψE with a good accuracy. Such an approximation
does not take into account the exponentially small

probability of the tunneling through the barrier U in
the region of large values of a, where a2 V > 1.
It is valid for the calculations of the mean observed
parameters of the Universe within its lifetime in a given
quasistationary state, when this state can be considered
as a stationary one. Here, we have a close analogy with
the approximate description of quasistationary states in
ordinary quantum mechanics (see, e.g., [31]).
In order to determine the character of motion with
respect to the variable φ, we will use the model of
a scalar field which slowly (in comparison with the
rapid, on average, motion with respect to the variable
a) rolls from some value φstart with the Planck energy
density V (φstart ) ∼ 1 to the equilibrium state φvac
with the energy density ρvac = V (φvac ) ¿ 1 1 . This
constant density determines the cosmological constant
Λ = 3 ρvac . At the next stage of the evolution, the
scalar field oscillates with a small amplitude near φvac
under the action of quantum fluctuations. The small
oscillations of the field φ near φvac can be quantized [33].
In such a model, the motion with respect to φ always
will be finite, and the corresponding functions ψE will
be square-integrable in the (a, φ) minisuperspace.
4.

Equations for Mean Values

Performing the averaging over the normalized state (3),
where ψE ≈ ψeE , we obtain
¿

1 2
π̂
a4 a

À

¿
=

2 2
π̂
a6 φ

À

¿
+ hV i +

E
a4

À

¿
−

1
a2

À
(12)

from Eq. (4). In order to reduce this relation to the
form which will make it possible to compare it with the
Einstein—Friedman equation for the (00 ) component of
classical cosmology, we assume that the wave packet
in the classical approximation represents the Universe
with the scale factor aclassic being equal to the mean
value hai in the state Ψ, and the change of a position of
the packet in the minisuperspace in time (the expansion
or contraction of the Universe in accordance with the
increase or decrease of the scale factor) obeys the laws
of classical cosmology in the limiting case of the zero-size
packet. In agreement with this assumption, the Hubble
constant will be determined by the relation
H=

1 dhai
.
hai dt

(13)

1 An

analogous model of scalar field was considered for the first time in connection with the inflationary scenario (see, e.g., [13, 32]
and references therein).
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At such a definition, the problems related to the fact
that the operators π̂a and a do not commute between
themselves do not appear.
Let us extract the contributions of the deviations of
a from the mean value hai in an explicit form. To this
end, we introduce the operators ξ and dξ 0 /dt such that
da
dhai dξ 0
=
+
.
dt
dt
dt

a = hai + ξ,

(14)

Then relation (12) may be reduced to the form
H2 = ρ −

k
,
hai2

where
*µ
¶−2 µ
¶2 +−1
ξ
dξ 0
ρ=
×
1+
1+
hai
dhai
(*µ
¶−6 +
ξ
2
×
1+
π̂φ2
+ hV i +
hai
hai6
*µ
)
¶−4 +
ξ
E
,
+
1+
hai
hai4
*µ
¶−2 µ
¶2 +−1
dξ 0
ξ
k=
1+
×
1+
hai
dhai
*µ
¶−2 +
ξ
.
×
1+
hai

(15)

1
,
hai2

(16)

(17)

where
hρi =

2
E
hπ 2 i + hV i +
.
hai6 φ
hai4

(18)

This equation may be considered as the Einstein—
Friedman equation in terms of mean values. The
quantity hρi gives the mean total energy density in the
Universe filled with the scalar field and the relativistic
matter.
In accordance with the correspondence principle
which establishes an agreement between the quantum
and classical descriptions of a physical system (see, e.g.,
[18]), the mean values in Eq. (17) should be calculated
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ψE (a, φ) = ϕn (a) fns (φ).

(19)

(The explicit forms of ϕn and fns are given in [16, 17]
for φvac = 0 and in [22, 34] in the general case.)
Here, the quantum number n describes the number
of the elementary quantum excitations of vibrations
of an oscillator which characterizes a variation of the
metric (their number is equal to N = 2n + 1), and s
characterizes the number of the elementary quantum
excitations of vibrations of the scalar field near the
equilibrium state φvac . The latter excitations can form an
invisible energetic component in the total energy density
in the Universe [33].
The mean density (18) in state (19) equals
hρi = γ

This equation is an exact expression. It takes into
account all quantum corrections with respect to the
deviation ξ. In the zero approximation, ξ = 0, and the
change of the mean hai in time t is determined by the
equation
H 2 = hρi −

in a state with large quantum numbers. Such a state
is described by the wavefunction ψE with separable
variables,

M
E
+ ρvac +
,
hai3
hai4

(20)

where γ = 193/12 is a numerical coefficient which
appears in the calculation of expectation values of the
operators of the kinetic and potential parts of the energy
density of the scalar field in expression (18), M = m (s+
1/2) can be interpreted as the amount of matter/energy
in the Universe represented in the form of a sum of the
elementary quantum excitations of vibrations of the field
φ with the masses m = ([∂φ2 V ]φvac )1/2 .
5.

Calculation of the Quantum Corrections

Let us calculate the quantum corrections to the classical
density (20), using the exact expression for ρ from (16).
We assume that dξ 0 /dt ¿ dhai/dt. This corresponds
to the case where the deviation ξ depends weakly on
the mean value hai (i.e., the corresponding statistical
distribution slowly changes in the form during the small
time intervals). Then k = 1, and, according to Eq. (15),
the quantity ρ can be considered as the energy density
which takes into account the quantum corrections. For
states (19), it can be reduced to the form
1
ρ=
Z2

½

where
*µ
Zl =

2
E
Z6
hπ 2 i + hV i + Z4
hai6 φ
hai4

ξ
1+
hai

¾
,

(21)

¶−l +
.

(22)
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The quantities Zl play the role of the “renormalization
constants”. They may be rewritten in the form of the
infinite alternating series
Zl = 1 +

∞
X

(−1)ν+1

ν=0

Ω=

ν+1

l(l + 1) · · · (l + ν) hξ
i
.
ν+1
(ν + 1)!
hai

(23)

Here, the mean hξ 2 i = ha2 i − hai2 is the dispersion, and
hξ µ i = h(a − hai)µ i at µ > 2 determines the moment of
order µ of the probabilistic distribution of a scale factor
with respect to its mean value hai. For the states with
n À 1, we find
hξ µ i
1
=
µ
hai
µ+1
hξ µ i = 0

for

for odd

even µ,
µ.

(24)

In this case, the constants Zl will be given by the
asymptotic series
Zl = 1 +

X l(l + 1) · · · (l + ν)
0
,
(ν + 2)!
ν

(25)

where the prime near the summation symbol means that
the summation is performed only over the even ν. For
the Universe in the states with n À 1 and s À 1, (21)
yields that
µ
¶
∆ρ
ρ= 1+
hρi,
(26)
hρi
where the quantum correction
·µ
¶
µ
¶ ¸
Z6
1
1
M
∆ρ =
− 1 16 +
−1
+
Z2
Z2
12 hai3
µ
+

¶
µ
¶
1
Z4
E
− 1 ρvac +
−1
Z2
Z2
hai4

(27)

takes into account the contributions of the dispersion
and all nonzero moments hξ µ i to the dynamics of the
Universe.
In the case where the contributions of the vacuum
and the relativistic matter may be neglected,
ρvac ∼ 0

and

E
∼ 0,
hai4

(28)

the relative correction to the density hρi is expressed
only in terms of the renormalization constants Zl :
·µ
¶
µ
¶ ¸
1
Z6
1
1
∆ρ
=
− 1 16 +
−1
.
(29)
hρi
γ
Z2
Z2
12
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In accordance with Eq. (15), the density parameter
Ω at k = 1 is determined by the expression
ρ
.
H2

(30)

Then, taking into account (26), we obtain
Ã
"
!#−1
1
1
Ω= 1−
hai2 hρi 1 + ∆ρ
hρi

(31)

from (15). There exists the constraint equation hai = M
between the geometry and matter in approximation (28).
This condition is a particular case of the more general
feedback coupling relation between the geometric and
energetic characteristics of the Universe
hai = M +

E
+ 4hai3 ρvac ,
4hai

(32)

where the second term on the right-hand side describes
the energy of a relativistic matter, while the third term
gives the contribution of the scalar field vacuum. It
follows from the condition on the eigenvalues E of Eq.
(4) for the states with n À 1 and s À 1,
√
E = 2N − (2N )2 ρvac − 2 2N M,
(33)
p
where N = 2n + 1, and the mean hai = N/2 [22]. This
equation must be taken into account in the calculations
of the expectation values of observed parameters.
In the table, we give the deviation of Ω from unity for
different approximations with respect to the constants
Zl , which take into account the terms up to the moment
of order µmax in the sum over ν in (25). For example,
µmax = 0 corresponds to the case Zl = 1 and is
described by the zero approximation (17), (20). The
value µmax = 2 corresponds to the case where one term
(dispersion) with ν = 1 is taken into consideration,
µmax = 4 accounts for two terms (dispersion and the
fourth moment) with ν = 1, 3, and so on. It is interesting
to note that, for ρvac = 0, taking the dispersion into
The deviation of Ω from unity depending on the number
of terms which are taken into account in the sum over
ν in Eq. (25); µmax is the largest order of the moments
hξµ i taken into account in correction (27)
µmax
Ωvac = 0
0
2
4
6
8
10
12
14

0.0663
0.0159
0.0057
0.0025
0.0013
0.0007
0.0004
0.0003

Ω−1
Ωvac = −0.0075
0.0348
0.0085
0.0030
0.0014
0.0007
0.0004
0.0003
0.0002
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account leads to the value Ω = 1.016 that is in good
agreement with the WMAP data. The astrophysical
data obtained previously, Ω = 1 ± 0.12 [1], Ω = 1.02 ±
0.06 [2], Ω = 1.04 ± 0.06 [3], Ω = 0.99 ± 0.12 [4], are
described by the zero approximation.
Let us consider the case where ρvac 6= 0, but the
contribution from the relativistic matter is neglected
as before. We determine a single free parameter of the
theory (the vacuum energy density of the scalar field)
from the χ2 statistics for the distance modulus of the
source as a function of the cosmological redshift z. We
take the type Ia supernovae as the sources with different
z [35]. Then the Universe will be characterized in the
quantum model by the following parameters:
a0 = 10.2 × 1061 ,

ρvac =

Λ
= −0.205 × 10−124
3

(34)

(details of the calculation see in [22])2 . The feedback
coupling relation (32) gives a possibility to estimate the
total amount of the matter M in the Universe. For
parameters (34), we obtain M0 = 9 × 1057 g. We note
that the idea of occupied levels with negative energy [36]
leads to a negative energy density as well [37]. Moreover,
the superstring models of quantum gravity which invoke
compactified higher spatial dimensions are incompatible
with the positive cosmological constant of the model
with a cold dark matter and prefer models with negative
or no cosmological constant [10].
In the table, the deviations of Ω from unity for
parameters (34) are shown for a comparison. A small
contribution from the negative cosmological constant
decreases the deviation of the density parameter from
unity in comparison with the case of no cosmological
constant. Already in the zero approximation, such a
quantum model reproduces the WMAP data.
6.

Concluding Remarks

Since the renormalization constants Zl are described by
the asymptotic series (25) which give a finite result in
every approximation, we obtain, generally, Ω = 1 + ε,
where ε ∼ +0, in the limit which takes into account the
moments of arbitrarily large but finite orders hξ µ i. In
other words, the quantum model predicts an arbitrarily
small but finite excess of the density Ω over unity in the
homogeneous and isotropic Universe. This agrees with

the basic premise [Eq. (4) describes the spatially closed
Universe]. As was noted in Introduction, the data of
the CMB anisotropy observations indicate most likely a
small enough but systematic excess of the current energy
density in the Universe over its critical density [5].
In the limit µ → ∞ (for an infinitely large number
of terms of the asymptotic series (25)), we obtain the
exact expression, Ω = 1. This means that, from the
standpoint of the quantum description, the Universe
will be spatially flat in the epoch, when arbitrarily
large, on average, deviations of the scale factor a from
the mean value hai are possible. The assumption that
the early Universe must obey the quantum laws to a
greater extent than the classical ones seems justified.
Then it is clear from general physical reflections that
such deviations are most probable in the early epoch,
when, nevertheless, the state of the Universe may be
characterized by the large quantum number n 3 .
This result agrees completely with the conclusions
of general relativity that the early Universe must be
spatially flat to a higher accuracy, than nowadays4 .
Thus, the quantum model points out the natural
mechanism of fine-tuning of the parameter Ω to unity at
early stages of the evolution of the Universe, as general
relativity demands, and the reason for a small possible
difference of the energy density from the critical value
in the process of subsequent expansion.
The proposed quantum mechanism that ensures the
spatial flatness of a cosmological system has a selfcontained value, even without its conjunction with a
possible implementation (or no implementation) in our
Universe.
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РОЛЬ КВАНТОВИХ КОСМОЛОГIЧНИХ ПОПРАВОК
У ПРОСТОРОВIЙ ГЕОМЕТРIЇ ВСЕСВIТУ
В.В. Кузьмичов, В.Є. Кузьмичов
Резюме
Показано, що геометрiя однорiдного та iзотропного всесвiту
прямує до просторово плоскої у границi, що враховує всi можливi квантовi поправки за вiдхиленням масштабного фактора
вiд його класичного значення. Виявлено квантовий механiзм
тонкої настройки повної густини енергiї на критичне значення
у ранньому Всесвiтi.
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