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We have developed the theory of diffraction of the singular light
beam with axial optical vortex on a half-plane screen which cuts
off the vortex zero-amplitude center (“severe screening”). It is
shown that such diffraction features differ strongly from the wellknown diffraction of a light beam with smooth wave front. It is
found that the singular properties of the beam are restored at
some distance behind the screen due to the influence of longwave transversal perturbations. This is happened through the
complicated space dynamics due to the generation of secondary
short-living “diffractive” vortices. The diffraction is considered
for one and many charged singular beams. We have established
the duration, possibility, and quality of the regeneration of the
helicoidal structure of the wave front basing on the developed
mathematical model and the analysis of the distributions of
amplitude, phase, and orbital angular momentum (OAM).

1.

Introduction

The unique properties [1] of optical vortices (OVs)
are actively investigated in modern optics [2—5]. They
are determined by the zero value of the complex
amplitude on the OV beam axis, and hence the phase
is undefined. As a result, the wave front acquires
the shape of a helicoid, causing the precession of the
Poynting vector. A phase change after the circumvention
of the zero-amplitude axis equals 2mπ, where the
number m defines its topological charge. Surprising
fundamental properties of a vortex provide its ability
to catch particles due to the different pressures of
light at the center and at the edge of an optical
trap and to rotate them [6]. This phenomenon opens
prospects for the development of optical tweezers,
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multichannel manipulators of microparticles, optical
processors, devices of sorting according to the sizes
of similar objects, whose sizes are less than the used
radiation wavelength.
The extensive application of optical vortices causes
the actuality of researches of mechanisms of their
formation and delimitation of practical use [7, 8]. We
will concentrate in this paper on a computer modelling
of most interesting cases of the restoring of a singular
beam. We qualify the investigated case as “severe
screening” because more than half the beam cross-section
is blocked, i.e. the zero-amplitude “heart” of the optical
vortex is cut. This screening kills the vortex because the
points with fully destructive interference are absent just
after the screen. Therefore, the regeneration of such a
severely screened vortex beam is not obvious from the
very beginning and can occur through the generation of
secondary vortices only. The answer to this question is
the main task of our theory.
On the whole, for |m| greater than 1, the beam is
not steady and breaks up into m one-charge vortices.
Moreover, for beams with m = −3 and m = −5, one
observes the regeneration of the helicoidal structure of
their wave fronts at some distance from the obstacle as
the appearance of, respectively, three and five vortices.
This surprising property of a singular beam is
revealed at studying the evolution of the vortex beam
diffraction by means of the analysis of the distributions
of the amplitude, phase, and OAM. The OAM is
caused by different azimuth components of the Umov—
Poynting vector for different angles and contains the
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memory about the initial helical wave front. We have
investigated the dynamics of vortex beam diffraction
and the possibility and quality of its regeneration. Such
analysis is actual both for the fundamentals of singular
optics and for the application of singular beams to the
information transmission and processing.
2.

Mathematical Model

Our main task is to study the spatial dynamics
of a severely screened vortex beam and to describe
the mechanisms of topological reactions causing the
regeneration. By reducing the three-dimensional space
problem to a two-dimensional “dynamical” problem on
the plane XY, we have developed the mathematical
description and qualitative analysis of the evolution of
a diffractive beam along the Z-axis which plays the role
of time τ in such an approach.
Let us consider a linearly polarized light beam
propagating along the Z-axis. The vector potential of
this light field equals Â = nU(x,y,z), where n is the
unit vector for a given polarization. Then the magnetic
induction B = rotA, and electric field intensity equals
E=−

1 ∂A
.
c ∂t
2

A general solution of the wave equation c12 ∂∂tU2 =
∆U for the z-propagation of the beam in the paraxial
approximation is the function
U (x, y, z) = U0 (x, y, z) cos[ωt − kz ∓ Φ(x, y, z)] =
= [u + iv] exp[i(wt − kz)],
U0 =

p

u2 + v 2 ,

u = U0 cos Φ,

Φ = Arc tan

³v´
u

,

v = U0 sin Φ.

In the paraxial approximation, the complex
amplitude A = u + iv satisfies the Leontovich parabolic
equation
∂A
1
=
∆A,
∂z
2ik

(1)

where ∆ is the Laplace operator in the XY plane.
Equation (1) under the formal replacement of z by
the conditional time τ transforms to the Schrödinger
equation which describes the dynamics of a light beam
on the XY plane. It represents the expansion of the
beam as a diffusion process of some initial distribution
of the light field at the moment τ = τ0 ≡ 0. Since the
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1
in Eq. (1) is imaginary, the
“coefficient of diffusion” 2ik
diffusion of the amplitude is accompanied by a change of
the phase. The beam expansion has the wave character
for the “components” u and v of the field which satisfy
the system of equations
µ
¶
µ
¶
∂u
1 ∂2v
∂2v
∂v
1 ∂2u ∂2u
=
+
,
=
−
+
. (2)
∂τ
4 ∂x2
∂y 2
∂τ
4 ∂x2
∂y 2

We use the dimensionless variables τ ⇒ z/LR ,
x, y ⇒ x/r0 , y/r0 , where r0 is the beam waist radius
and LR /2 is the Rayleigh length. System (2) for the
disturbance as plane waves
u = u0 exp[i(ω̂τ − kr)], v = v0 exp[i(ω̂τ − kr)]

(3)

leads to the dispersion relation in the simplest onedimensional case
1 2
ω̂ = k⊥
.
(4)
4
This corresponds to the wavelength-dependent phase
velocity
v̂ph =

ω̂
k⊥
=
.
k⊥
4

(5)

The parameter k⊥ defines the period of oscillations of
the u and v functions in the plane. Expressions (3) and
(4) yield the relation u0 = iv0 . Therefore, the waves of
the v-components are delayed by the π/2 phase relative
to the u-components, i.e. they are shifted by a quarter
of the wavelength.
The amplitude A of an undisturbed singular beam
with axial optical vortex can be written in a self-similar
way in the cylindrical coordinates as
µ
¶m
A0
ρ
√
A(ρ, ϕ, τ ) = √
×
1 + τ2
1 + τ2
¶
µ
ρ2
exp(iΦ(ρ, ϕ, τ )),
× exp
1 + τ2
ρ2 τ
+ mϕ.
1 + τ2
p
Here, the dimensionless variable ρ = x2 + y 2 /r0 , and
m is the topological charge of a vortex.
On the one hand, relations (4) and (5) have
completely transparent physical sense and, on the other
hand, can be the basis in the analysis of various
mechanisms of formation of vortices in a disturbed beam.
The screen forms the distribution of perturbed streams
on the XY plane with the expressed heterogeneity of
a characteristic wave vector k (the propagation speed
Φ(ρ, ϕ, τ ) = (|m + 1|)arctanτ −
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of field perturbations). The development of such a
heterogeneity in time τ results in a radical reconstruction
of the wave front of the beam, which corresponds to the
appearance of the destructive interference.
At first, we determine the physical sense of the
parameters ω̂ and k.
Any beam can be expanded into plane waves,
exp(iωτ −ikp z −ik⊥ r), which expand at different angles
to the axis Z: |k| = |kp + k⊥ | = const = 2π/λ. In the
phase of this plane wave, we neglect its fast oscillating
component (iωt − ikz) and operate with the “slow”
component Φ. Then
Φ = [(k − kp )z − k⊥ r] ≈
as

2
k⊥
z − k⊥ r
2k

(6)
3.

k⊥
k

= 1.
Due to the use of the dimensionless variable in (6) as
in (2), we get the known equality
Φ = ω̂τ − kr,

k2
ω̂ = ,
4

k = k⊥ r0 .

(7)

The distance between the equal-phase lines is (in the
real sizes) λ⊥ = 2π/k⊥ . They move with speed (5) on
the XY plane in the course of time τ . The change of Φ
along the Z-axis is much weaker.
Thus, on the base of Eqs. (2), we investigate the
temporal evolution of the “projection” of the light field
varying in space on the XY plane. For the general signal
of plane waves, the dynamics of the slow phase Φ is
described by Eqs. (4), (5), and (7).
We emphasize a very important role of the “slow”
phase Φ(x, y, z(τ )) in studying the evolution of a beam
during its propagation. The form of the wave surface of
the beam is defined by the equation
−kz + Φ(x, y, z(τ )) = const.

(8)

We are interested in the form of the wave front in
the high-intensity field of the beam where the value of z
changes within the scope of several wavelengths. In this
case, it is possible to neglect a change of the slow phase in
relation (8), and then it is equal to Φ(x, y, z0 (τ0 )), where
z0 is the distance from the obstacle. Then the equation
of a wave surface in the area of interest z ≈ z0 is
z = Φ(x, y, τ0 )/k,

(9)

where τ0 is the “evolution time” of the beam on a
distance z.
Let’s consider topological reactions between separate
sheets of the wave surface of the regeneration of optical
vortices.
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Surface (9) in the perturbed beam has complex form.
The appearance of destructive interference at the point
M (x0 , y0 , z0 ) has the prehistory in the transformation
of the wave front of the light field in a vicinity of a
straight line (x = x0 , y = y0 ). This transformation leads
to a growing difference of k⊥ between two neighbour
perturbations. As a result, a phase ledge appears on
the wavefront. When the height of this ledge reaches
the critical λ/2 value, the signals come to the point
M (x0 , y0 , z0 ) “from the right” and “from the left” with
the π difference of the phases. At this moment, both the
destructive interference and the vortical structure of the
light field appear.
Nucleation of Short-living “Diffractive”
Vortices in the Transparent Part of a
Screened Vortex Beam

The developed approach describes naturally the
widening and the self-similar propagation of an
undisturbed singular beam through the excitation of
transverse waves. Their wavelengths are of the order
of the waist radius r0 for small τ , and the amplitudes
are defined by the second derivatives of the initial
distribution of components and are proportional to 1/r02 .
The same model is effective for the investigation of
the diffraction dynamics of screened singular beams.
Short-wavelength waves appear near the screen edge
at small τ and propagate with high phase velocity
perpendicularly to it in both directions. The a-type
waves are symmetric relative to the Y -axis with a
relatively smooth phase distribution. In contrary, b-type
waves are antisymmetric and possess the π-jump on
the line x = 0. It is known [13] that two conditions
have to be fulfilled simultaneously at the points of
vortex nucleation: (i) equality of competing amplitudes
|Aa | = |Ab | and (ii) π-shift of their phases. These
conditions can be realized in the zones of relatively
smooth phase variations of a-waves (Fig. 1,a) and drastic
phase variations of b-waves (Fig. 1,b). As a result, the
final phase map of the diffracted beam Φ(x, y, 0.5) (Fig.
1,c) contains a nearly vertical fold in the central part. It
is accompanied by lines 1 of the equality of the partial
amplitudes Aa and Ab . And only one point exists on
each line, where the single-charged secondary vortices
are born. They possess opposite charges according to the
law of topological charge conservation [15, 16].
The dipole of vortices (Fig. 1,c) is located in
the transparent part of the beam cross-section behind
the main intensity “mountain” and is oriented along
equiphase lines. As we see, the residual helical waveISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 2
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front structure didn’t play a significant role in these
events. Due to this fact, it is no surprise that the phase
spiral is not restored still. It is the base to mark these
firstly appeared secondary vortices in the transparent
part as “diffractive” vortices. The left vortex in the dipole
is located on the left slope of the Ab (x ≈ 0, y, τ ), where
the energy flow is something higher on the left side. Due
to this, the general energy circulation is clockwise and
opposite to the phase growth direction. The opposite
situation is realized for the right vortex. Therefore, the
vector of orientation of dipoles of diffracted vortices
doesn’t depend on the sign of the topological charge of
the initial vortex.
All diffractive vortices annihilate rapidly at
τ ≥ 1 due to the “cleaning” of the diffracted beam from
short-wavelength transverse waves and don’t play any
significant role in the “self-restoration” of a screened
singular beam. The next act of the real self-treatment
of a severely screened vortex beam is started in the
diffracted beam shadow part after the “long” time, and
the remained vorticity plays a decisive role in this
process.
4.

Stable “Regenerated Vortices” and
Dynamics of Vortex Beam “Self-Treatment”

The first dipole of secondary vortices in the beam
shadow part nucleates at τ = 0.9 just in the intensity
ravine. Therefore, it is oriented across equiphase lines
in contrary to the dipoles of diffractive vortices
(Fig. 2,a). When “time” grows, the vortex with the
“native” sign survives during the space dynamics of
a diffracted beam, but the vortex with opposite sign
moves to the periphery and disappears to τ = 3
(Fig.2,b). This is the reason to call stable vortices
in the shadow part with initial sign as regenerated
vortices. It is important that, to this moment, the
phase spiral with the initial direction of rotation
is restored. This gives a good reason to conclude
that namely the restoration of a helix wave-front
structure leads to the nucleation of regenerated
vortices.
The vortex beam amplitude structure at τ = 3 after
the regeneration is presented in Fig. 3. The hole of
the regenerated vortex is clearly seen. It is remarkable
that the strong amplitude tail is extended in parallel
to the screen edge. The comparison of this asymmetric
structure with axial symmetric crater-like structure of
the incident beam at τ = 3 shows how strongly they
differ. It is evident that the “self-restored” beam loses the
self-similarity during the propagation inherent to axial
ISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 2

Fig. 1. Phase maps of a screened vortex beam (m = −1, ys = 0.1,
τ = 0.5): a — Φa (x, y, 0.5) b — Φ−B(x, y, 0.5), c — Φ−C(x, y, 0.5);
l — lines where | Aa (x, y, 0.5) |=| Ab (x, y, 0.5) |. Filled circles form
the dipole of born diffractive vortices

vortex beams. But nevertheless, it is again a singular
beam.
To better understand the inner mechanism of the
regeneration of a diffracted vortex beam, we have to take
into account the action of the residual helical structure
and OAM on the diffracted beam dynamics. To do this,
we have found them for a “long” time, (τ = 3), of the
evolution (Fig. 4). The equiphase and equiamplitude
lines are presented together with the space distribution
of the OAM density Mz (x, y). The shadow domain is the
location of OAM with the initial sign of the vortex, and
the clean domain possesses the opposite sign of Mz (x, y).
We see again the limited annihilation of diffractive
vortices and the regeneration of the vortex near the
beam axis. Most interesting is the redistribution of the
amplitude and, especially, OAM, which is defined by
the azimuth component of the Poynting vector. It is
seen that the amplitude maximum don’t coincide with
the phase maximum. The Poynting vector is inclined
to the right. Therefore, it is natural that the amplitude
maximum was rotated clockwise from the initial position
on the y-axis above the screen edge nearly by π/2. It is
remarkable that this rotation takes place in the opposite
direction to the counterclockwise rotation of the phase
helicoid.
Much more complicated and interesting is the OAM
density distribution in the central part of a diffracted
vortex beam. The domain with the initial sign of Mz
contains the island of Mz with opposite sign. It is clear
that the center of each appeared vortex has to be located
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Fig. 2. Phase maps of a screened vortex beam (m = −1, ys = 0.1): a — τ = 1.25. Regenerated vortices with the initial (filled circle)
and opposite (filled square) signs are seen, b — τ = 3 (one regenerated vortex with the initial sign remains)

Fig.3. Amplitude distribution | A(x, y, 3) | (black arrow shows the
location of a born regenerated vortex)

on the zero-line Mz = 0, because Mz = 0 at the vortex
center due to its zero-amplitude value [17]. Indeed, the
regenerated vortex is located on the border line between
domains with positive and negative values of Mz , where
Mz =0. The difference of energy flows from the left
and right parts of the screened beam together with the
existence of a vertical line with the π difference near it
(Fig. 1,c) define the nucleation dipoles of regenerated
vortices in the beam shadow part out of the zone of
maximal amplitudes of the diffracted beam and their
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Fig. 4. Phase map (equiphase spiral lines), amplitude distribution
(closed lines), and orbital angular momentum density distributions
(shadow and white domains) for a self-restored vortex beam at
τ = 3 are presented: the shadow circle is the position of a the
beam axis, filled circle is the position of regenerated vortex, thin
arrow is the radius-vector from the beam axis to the location of the
amplitude maximum, thick arrow is the direction of the Poynting
vector at the point of the amplitude maximum

orientation across equiphase lines. The developed model
allows us to evaluate the duration of the vortex beam
self-restoration by using the system of equations
p
½
yV R ≈ 1 + τR2
(∗)
.
τR ≈ yV R /νph
(∗∗)
ISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 2
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Fig. 5. Phase map (equiphase lines) and orbital angular momentum density distributions (shadow and white domains) of a diffracted
three-order vortex at τ = 0.5 (a). Phase map at τ = 7 (b) and the amplitude distribution | A(x, y, 7) | at m = 3 (c)

The first equation describes the expansion of
an undisturbed beam and the second one does the
displacement of a vortex structure along the Y -axis. This
gives two times: τ1 ≈ 0.5 for the beginning and τ2 ≈ 2
as the fulfilment of the screened beam self-treatment.
The obtained values coincide well enough with those
obtained by the direct modelling. In the general case,
the regeneration time for a singular beam (the distance
z behind a screen) is defined by the residual helicity at
τ = 0 (z = 0). It can be evaluated as the ratio of the total
OAM (calculated to the “mass center”) to the integral
intensity, if we will consider the light intensity as the
surface “mass density”. This parameter is connected with
the difference of the clock- and counterclockwise energy
flows on the screen edge on the right and on the left from
the Y -axis, which plays a decisive role in the singular
beam self-treatment.
So, the screened vortex beam diffraction dynamics
clearly differs at “short” and “long” distances. The
usual diffraction plays a dominant role, and the phase
helicoid is still not restored at short distances. In
contrary, all diffractive vortices annihilate, the phase
spiral is restored, and the vortex with initial sign is
regenerated due to the influence of long-wave transversal
perturbations at long distances.
5.

Self-Restoration of a Higher-Order Vortex
Beam

To check the validity of these conclusions for higherorder vortices, the self-restoration of a severely screened
beam with axial higher-order vortex was considered.
It is well known that higher-order vortices possess the
ISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 2

absolute instability to each kind of distortions [13]. It
was shown above that, even for a stable single-sign
vortex, the self-restored screened vortex beam is strongly
distorted. Therefore, it is clear from the very beginning
that a higher-order vortex splits immediately after the
screening and will be never restored during the selftreatment. However, which is the space dynamics of
its evolution during the diffraction after the screen,
and are some singular properties self-restored? To
answer these questions, the above-described procedure
of computer simulation of the diffraction was used for
incident beams with third-order and fifth-order axial
vortices.
The evolution of both the phase and OAM
distributions for m = −3 from the short time τ = 0.5 up
to the long time τ = 7 was found (see Fig. 7). We see
again the nucleation of two dipoles of diffractive vortices
at the short time in the transparent part of the beam
(Fig. 7,a).
The first dipole of regenerated vortices appears
simultaneously. The band-like Mz (x, y) distribution
and the absence of the restoration of a phase spiral
reflect the main influence of light diffraction at short
times on a higher-order vortex as before on a singlecharged vortex. Then, all diffractive vortices annihilate
to the long time τ = 7. Three initial-sign subspirals
are restored simultaneously. Three initial-sign vortices
are concentrated in the central part of the diffracted
beam, and the regenerated vortices with opposite sign
disappear on the beam periphery (Fig. 7,b). The Mz (x, y)
distribution with initial sign occupies the whole right
part of the central area of a beam cross-section and a
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Fig. 6. Amplitude distribution of a diffracted fifth-order axial vortex at τ = 0.5 (a) and τ = 5 (b) for m = 5

part of the left half-plane with islands of opposite-sign
values of Mz (x, y). The seemed “rotation” of the area
with positive value of Mz (x, y) is rather deceptive. We
have considered the local intensity as an equivalent
of the matter density and have calculated a peculiar
beam “mass center”. We found that it moves nearly
along x in the direction of the averaged Poynting
vector with nearly constant “speed”. The distribution
of the total intensity for τ = 7 (Fig. 7,c) shows again
how strongly it differs from the initial axial symmetric
distribution and the location of regenerated vortices
nearly along the screen edge. To be sure, we have
calculated the diffraction process for m = −5. The
rotation of the intensity distribution is present again
(Fig. 8,a,b). It was accompanied with the spread of the
OAM distribution with initial sign and three connected
domains of OAM with opposite sign. Four regenerated
single-charge vortices with initial sign are concentrated
in the central part. It is seen that the dynamics
and the scenario of the self-restoration of a severely
screened singular beam is common for axial vortices
with arbitrary values of topological charge and is the
base to summarize all the obtained results and to make
some general conclusions about the main diffraction
features of the regeneration of the severely screened
vortex beam. They are given below where we will return
to a real 3D description of diffraction processes. Only one
question remains open: is there a “threshold” value of the
screening of a singular beam when singular properties
stop to self-treat? The answer to this question is the
subject of future investigations.
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6.

Conclusion: Space Dynamics of the
Regeneration of a Screened Vortex Beam

— Diffraction of a severely screened vortex beam
differs essentially from that of a light wave with
smooth wave front due to the remaining singular
properties;
— The vortex beam regeneration process is clearly
divided into two groups of events realized at “short”
(z ≤ 0.5LR ) and “long” (z ≥ 1 − 1.5LR ) distances behind
the obstacle;
— At the beginning, the “diffractive” vortices
nucleate in the “transparent” part of the vortex beam at
“short” distances due to the interference of the outgoing
in-phase and out-of-phase transverse wave systems.
They annihilate completely to (z ≥ 1 − 1.5LR ). The
singular properties of the incident beam are still not
restored at this stage of the diffracted beam space
dynamics.
— The remaining parts of the wave-front helicoid
and the orbital angular momentum initiate the process
of “self-treatment” of a screened vortex beam at “long”
distances behind the screen via the next chain of
connected events:
(i) the closed helical wave front is restored, and a new
system of the dipoles of secondary vortices nucleates in
the beam shadow part. Then the vortices with initial
sign concentrate in the central part of the beam crosssection, and the vortices with opposite sign move to the
beam periphery and disappear;
ISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 2
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(ii) the amplitude distribution “rotates” by π/2 in
the direction opposite to the wave-front helicoid sign
according to the Poynting vector orientation;
(iii) the remaining screened beam orbital angular
momentum spreads on the beam cross-section and
contains domains with initial and opposite signs. The
zero-value border Mz (x, y) = 0 is the place of location
of all secondary vortices.
The self-restored beam loses the axial symmetry
and the self-similar propagation, but it possesses main
singular properties.
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ДИФРАКЦIЯ СИНГУЛЯРНОГО
ПУЧКА НА НЕПРОЗОРОМУ ЕКРАНI
ТА РЕГЕНЕРАЦIЯ ОПТИЧНОГО ВИХОРУ
В.М. Горшков, Г.М. Хорошун, М.С. Соскiн
Резюме
Розвинено теорiю дифракцiї сингулярного свiтлового пучка на
непрозорому екранi з прямолiнiйним краєм, що перекриває серцевину оптичного вихору. Показано, що дифракцiя сингулярного пучка значно вiдрiзняється вiд дифракцiї свiтлових пучкiв
з початково гладким хвильовим фронтом. Описано унiкальну
властивiсть сингулярного пучка — вiдновлення гелiкоїдальної
структури хвильового фронту на певнiй вiдстанi позаду екрана завдяки впливу довгохвильових поперечних збурень. Цей
ефект спостерiгається разом зi складною просторовою динамiкою утворення та анiгiляцiї вторинних короткоживучих “дифракцiйних” вихорiв. Розглянуто дифракцiю одно- та багатозарядового сингулярних пучкiв. Визначено час та параметри
регенерованої структури на основi розвинутої математичної
моделi та шляхом аналiзу розподiлiв амплiтуди, фази та орбiтального кутового момента пучка.
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