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We develop an approximate secondary quantization method for
describing the many-particle systems in the presence of bound
states of particles at low energies [1] (the kinetic energy of
particles is small in comparison to the binding energy of compound
particles). In this approximation, the compound particles are
considered on an equal basis with elementary particles that
means that the creation and annihilation operators of compound
particles can be introduced. The Hamiltonians, which specify
the interactions between compound and elementary particles and
between compound particles themselves, are found in terms of the
interaction amplitudes for elementary particles.

1. Introduction

The goal of this paper was to develop a microscopic
approach for describing the physical processes in many-
particle systems in the presence of bound states of
particles. To achieve this goal, we developed a secondary
quantization method for systems containing the bound
states of particles.

The basic results obtained in this paper are the
following;:
1. The Fock space is introduced in the secondary
quantization formalism. In this space, the creation and
annihilation operators of elementary particles X, ¥ and
their bound states 7%, # are introduced on an equal
basis.
2. The operators of the basic physical quantities acting
in this space including the Hamiltonians of interactions
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of elementary particles and their bound states are
constructed.

3. It is shown that, in the approximation
of a “small radius of interaction”, the above-
mentioned Hamiltonians transform into the well-known
Hamiltonians for the Coulomb and dipole interactions
between particles of various kinds.

4. The theory of the van der Waals forces that act
between atoms is considered as the approbation of
the developed formalism. The description of such
effects within the wusual formalism requires more
considerable efforts associated with the introduction
of interactions for the neutral currents of bound states
with electromagnetic fields.

Especially, we would like to note a role of the
obtained Hamiltonians which describe the interaction
between quasineutral particles (the bound states
of charged fermions) and an electromagnetic field,
elementary particles and bound states, and bound states
with one another. On the basis of these Hamiltonians,
one can study such phenomena as the Bose-Einstein
condensation in a gas of excited atoms, the interaction
of condensates with an electromagnetic field in Bose
and Fermi systems. These Hamiltonians can be also
a foundation for developing the kinetic theory for the
systems with bound states of particles.

Finally, we would like to stress that the developed
method can be easily generalized to the case of
bound states containing more than two particles. The

ISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 1



DYNAMICS OF BOUND STATES

generalization of the offered method for describing the
systems with bound states of bosons and also bosons
with fermions taking into account spins of particles can
be also performed without principal difficulties.

2. Fock Space H for Systems with Bound
States of Particles

Consider a system consisting of two kinds of fermions
with masses m; and my. As was mentioned in the
introduction, it is more visual in this case to show
the recipe for the construction of the operators of
physical quantities in the presence of bound states of
particles within the secondary quantization method. For
simplicity we do not take into account a spin variable,
because its accounting is evident.

Let 1)1 (x), 12(x) be the annihilation operators of two
kinds of fermions at a point x,

¥1(x)]0) = 2 (x)0) = 0,
where |0) is the vacuum state vector. Then the state
vectors

%1, »Ym) =

y Xny Y1y -

= ¢f (x1) O ()Y (y1) - O (ym)[0), (1)

(n,m = 0,1,2,...) form a basis in the space of states
H. In these states, the particles are at certain points
X1y.eo 3 Xn3Y1,---,Ym € R of the coordinate space.
The state vectors (1) satisfy the orthogonality and
normalization relations and form the complete set of
state vectors.

We assume that a particle of the first kind and
a particle of the second kind can form a bound state
specified by the wave function

miX1 + MmaXa

Yalx] —x2)0(x—X), X= (2)

mi + mo

where x is the space coordinate and « are the quantum
numbers of a bound state (atom) (we suppose that the
particles of the same kind do not form the bound states).
The corresponding state vector has the form

|, x) = /dx1 /degpa(xl — Xg)X

x6(x = X)ibi (x1)¢5 (x2)]0).
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For this reason, the operators
ot (x) = /dxl/dXQLpa(xl — X3)X

x6(x = X9 (x1)¢5 (x2) (3)

are called as the creation operators of bound states
(atoms), so that

P (0)[0) = |, %), Pa(x)]0) =0.

If the atom has a certain momentum, then its state
vector is given by

lo, p) = %/dm/dxwa(m — X)X
xePXaf (31 )1 (x2)]0),

where V is the system volume. The corresponding
creation operator ¢} (p) of an atom in a state with
momentum p is defined by

la, p) = &4 (p)]0),

1 .
A+ _ A4 —ipx
Or(x) = — oy (pe .
(x) oy Ep (p)
Taking into account that

/ dy195(y1 = ¥2)ps(y1 — ¥2) = dap; (4)

it is easy to get the commutation relations

[Ba(x), &5 (x')] = daard(x — %) + Xaar (%, %),

[Pa(x), P (x')] =0, (5)

where

Caw(xx) = [y [ ay'ci Yoty

x {W(X + D2y (3 + S 2y)x

M M
xbly =y = S (x = X))+
i (¢ = Ty e (x — 1Y)
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Moreover,
Xaa’ (%,x')]0) = 0.

The vectors

|X17-~-7}’1,-~~7Z1,~~>

e e Ve
m l

n m l

L0 G [ 1w o) [ e

=1

k=1 Jj=1

;(25)]0) (6)

have obvious physical meaning under the following
conditions:
- y]| Z a,

Ixi —x;| 2 a, |y |z — 2| 2 a,

xi—yilZa, [xi—zj|Za, |yi—z]Za (7)
(x,¥,2 € Ry, a > 1, 1o is the radius of the bound state;
see the definition of a below). In this case, the elementary
particles and their bound states are at certain space
points.

Notice that the state vectors (6) do not form a
basis in the Hilbert space H if conditions (7) are valid.
However, their linear span, which is a totality of the

following vectors

Z /dxl /d}’1 /dZ1 X17

n,m,l
yl,...,Z17...)|X1,...,yl,...,Zl,...>, (8)
S~ Y~ Y~ Y~

m l n m l

forms a subspace H, of the space H. Let us show
that the state vectors (6) (with conditions (7)) form an
orthonormalized basis in the subspace H,. To this end,
we need to take into account that, while calculating the
vacuum averages of the kind

0y (x1) - . . ha(X2) - . . P (%) X

9 (x3) () [0, 9)

we can use the Wick theorem with the contractions

X (x') ...

vi(x) b7 (') = (Olhs () (x)]0) = iard(x — '),
@(X)@%f (x’) =0 (10)
74

if we consider the operators wl, 1/12, and ¢ to be referred
to the time moment +0 and the operators ¢V, 77/;2,
z/)f to the time moment —0. In addition, we should
remember that the creation and annihilation operators
Pas ¢, depend on Ui, 0 (see (3)). We also assume
that the wave function of atom (2) differs from zero for
|x1 — x2| < 19. Taking into account (3) and noting that,
for |x} — x| > a,

/ /
X/ — mi1Xy + MaXy

my + mg
and
80? Q% /dzl/dzg/dzl/dz2<pa Z1 — Z2) X
%6(2 — B)pu (2} — 2')0(2 — Z')

1/2( )1%)( )@(Zz)zﬁf(zl)

b
/d21 /dzypa z1 —22)0(z — Z) %

X (21 — 22)0(2' —Z) = b0 0(z — Z')

(double contractions correspond to the operators ¢q,
oF), we get

<0‘ 1&1()(1) .. .1&2(}’1) .. .(,27&1 (Zl) .
—_———— —— —

n m l
G (y)) - (x)) ... [0) =
14 m’ n’
= 6nn’6mm’6ll/ Z P{I;’Py’ 5(X1 — X’l) oo X
N—

X0y —y1) .. 0(z1 — 21)0ayar - - -
%/_/

m l

(11)

This relation shows that vectors (8) form the
orthonormalized basis in the subspace H, if we consider
the creation and annihilation operators ¢ (z) and ¢, (z)
as Bose operators which commute with v;(x), ¥ (x).
The quantity P, in (11) is equal to +1 if the number
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of permutations of the arguments x} ...x/, is even and

it is equal to —1 if the number of these permutations is
odd. The quantity P, is defined similarly.

With the use of (11), it is easy to find the projection
operator Pp, onto the subspace Hy:

1
PHLL = *'7 /d X1 . /dy1 /dZ1

k+m+l<n

X‘Xl...yl...Zl...><X1...y1...Z1...|.
N =~ —

S~—~— ~—~—
k m l k m l

This operator is such that the operators A acting in
the subspace H, € H correspond to the operators of
physical quantities A acting in H (hereinafter, the sums
of 1,2,...n-particle subspaces over the bound states are
considered; n = a/rg > 1), and

A =Py, APy, . (12)
Let us introduce now an auxiliary space H with
Fermi creation and annihilation operators X7 (x), X4 (%),
X1(x), X2(x) and Bose creation and annihilation
operators 7 (x), 7 (x) and let us take the vectors

) =

|X]_,...

I A PEIRE 4 RIS

o (21) ...10)

as a basis of this space, where |0) is the vacuum vector
in H. Then the linear span of the vectors

= X1 (x1) X3 (y1) - -

IX1,... ,¥1,..- ,21,...) € Hy, X,y,2€ R, (13)
determines the subspace H, of the space H.

Now we can easily establish the isomorphic
correspondence between H, and H,,
|X17... Y1, 7Z1,...> —
<~ |X1,...,y],...,Zl,...)7 (14)
which preserves the scalar product
<X/7 ’7y/7 azlv |X7 Y, y % >:
= (X/7 ’y/ﬂ 7Z/7 ‘X7 7y7’ 7Z )7
x,y,z€ R,, x.,y',Z € R,. (15)
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We can also establish the isomorphism between the
operators A <= A acting in the spaces H, and H,

according to the formula:
.oy, Ay, T

|A\X, Yoy Za),

X,y,2 € Rq, x| y',z € R,. (16)

This isomorphic correspondence is remained after the
multiplication of an operator by a number, after the
addition of operators, and after the multiplication of
operators:

M < )\, A+ B <— A+ B,

AB < AB. (17)
Formulas (12),(16) lead to

Xy ¥ ARy B ) =

=& ..y, A%, ..y, 2,

X,y,2 € R, x'.y', 7z € R,. (18)

This relation determines the operators of various
physical quantities A acting in H, and, hence, transfers
the quantum theory, in which the compound particles
(bound states) and elementary particles exist on an equal
basis from the space of states H into the space of states
H,. We would like to recall here that ¢} entering (6) is
determined by (3).

Relation (18) determines the operator A uniquely
in Ha7 but it does not determine it uniquely in H. Tt
is evident that the operator A acting in H (continued
from H, to the whole space H ) is determined up to the
term A’ , the matrix elements of which are zero in the
space H, (A = A’ 4+ A"). If we introduce the projection
operator Pz onto the subspace H, and require that
the operator A have no nonzero matrix elements in

the orthogonal subspace, then the operator A will be
determined uniquely in H, and A = PH A" Pz . When

constructing the operator A acting in H, we w111 omit
the projection operator ’P~ . The reason for this is
the assumption that the matrix elements of operators
(in the position space), corresponding to a quite large
external parameter R ~ |x; — x|, give a dominant
contribution to quantum-mechanical processes. Further,
we consider that R > ro (usually in the case of collisions
between particles, R~ ~ v/mé&, where & is the particle
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kinetic energy). The above inequality makes it possible
to choose the parameter a (see (7)) as follows !:

R>a> . (19)

The operators’ matrix elements shouldn’t depend on the
parameter a chosen in such a way. We will conceptually
lower the bound state’s radius, rg — 0. Then the whole
scheme will not depend on the parameter a, as we have
already remarked, up to the values of a = ry. Therefore,
owing to the inequality R > a, the subspace H, can be
identified with the space H (a — 0,a > 7o), i.e. Py, —
1 while ¢ — 0. At the same time, we haven’t violated
the quantum-mechanical description of the bound states
due to the inequality a > rg.

The matrix elements of operators should not depend
on the parameter a chosen in this way. Let us mentally
decrease the radius of a bound state, rg — 0. Then
the whole scheme, as we have already noted, will not
depend on a up to the values ¢ = rg and, hence,
the subspace H, can be identified with H due to the
inequality R >> a. In other words one can considers that
Py, —1 for a — 0. At the same time, we do not break
the quantum-mechanical description of bound states by
virtue of the inequality a > ry. From the physical point
of view, the inequality ro < R gives a stability domain
for bound states considered as elementary particles.
The calculation of the following approximation is to be
associated with regard for a difference of the subspace
H, from the space H.

Finally, we note that, for an arbitrary vector | ) €
H,, the following evident relations are true:

(20)

|x — x| <a,

where (A and f are any of the annihilation operators
Xl?iQ?andﬁ'

3. Operators of Physical Quantities in Space H

Here, we consider a method for obtaining the operators

A. Let operator A represent the normal-ordered product

IFor the Coulomb interaction, the inequality R >> rg is equivalent to £ < e, because ro =

76

of the operators ¢;(v), 1 (u), (i = 1,2):

A(a,v) = 9f (W) .. by (u2)Pn (vi) . ha(va) ... (21)
The operators of such a type are the particle density
operator p;(x),

pi(x) = P ()i (x)

the momentum density operator #;(x),

the Hamiltonian of a system, etc.
The matrix element on the right-hand side of (18)
may be written as the following vacuum average:

Othy (x1) . .. tha(X2) . .. Pa(x) ... A(u, v)x

%G () . o) . P (h) ... [0). (22)
Let us note that, while calculating this average by using
the Wick theorem, the quantity which is averaged over
the vacuum state has the meaning of a mixed T-product
if one considers the operators 1&1, R 1&2, .., ... tobe
referred to the time moment +0, operators 1/3?' yees ,1&3‘ ,
...,¢t... to —0, and the normal-ordered operator
A(u,v) to the time moment 0. Thus, there is no need to
place the contractions inside the expression for fl(u, V).
Let

Ab(ylv"‘vy%"‘,yv"';

!/

Yiseo s Yoo ¥ u,v) = Ap(y;y'su, v) (23)
be the analytic expression that corresponds to the
diagram “b”, for which the operators with arguments u
are related to the operators with arguments yq,... ,¥ys,

.,¥,.... The latter arguments are spaced apart
by the distances greater than a and coincide with
some of arguments xi,...,Xs2,...,X,...,. The similar

statement should be also made concerning the arguments

Yis--->¥9, - ¥ s.... Therefore, the operator A(u,v)
acting in H is given, in according to (7), by

A(ua V) = Z / R1R2RAZ)(Y§ yl; u, V)R/IRQR/7 (24)
b

n2h?

4
_ _me
me2 » €0 = 2n2p20 Y L
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where

By =[[x"(y)dyr, Ro=][%"(v2)dy2,
R=][a*xdy, R, =]][xe)dyi,

Ry =[] x(v5)dys, R =]]a(y")dy’

and the summation is taken over all diagrams of the
described type. }

If A(v) =1 (see proof of (11)), then A(v) = 1 on the
subspace H,. Let now A(u,v) = ¢;(v). Then the only

diagrams of the described type for the vacuum average
0] ...¢1(v)...|0) will be the diagrams

Abl = '&(V) s '&i’_ (yl)v

Ap, = 1ha(y2) - ~-¢bl(V) : --fI(yl)-

The expressions
Ap, (y15v) = 0(v = y1),
Ap, (yo;5',v) = /dX1/desoa(X1 —X3)

x6(X —y")8(v — x1)8(x2 — ¥2) = ¢a(V,¥y2,¥")

correspond to these diagrams. Here, ¢ (v,y2,y’) is
defined in accordance with (2). Therefore, according to
(24), we have

() = / dy' Ay, (v, V)00 (Y0 +

4 / dy2 / dy' As, (y2: ¥, V)3 (y2)il(y")
or

(V) = 1) + Ou(v), (26)
where

Ou(v) = [ dyolv )i ),

a1, %2) = Pa()ila(X), x=x —x2,

X = X1t maxs (27)

mi + mo
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Similarly, we obtain

Dy(v) = Xa(v) + Oa(v),

where

Os(v) = - / dy Rt (¥)B(,v).

(28)

Deriving (27) and (28), we essentially used inequalities
(7).

Now let us consider A(u,v) = ¢; (u)¢1(v). In this
case, the following five diagrams

A1=¢...U1V1...¢+,
a a b b
Agzw...z/}...ulvl...@+7
a b b ¢ ca

A3:¢...U1V1...1ZJ+...'LZJ+,
ab b ¢ c a

A4:¢...U1V1...<ﬁ+,

ab b ¢ ca
A5:1/)...<27...U1V1...<)29+...1Z)+
a bd d c ca b

correspond to this operator (indices 1 and 2 for 1[) and
¢t can be easy restored if we take into account (3) and
the definition of contractions). The analytic expressions
corresponding to these diagrams have the form

D>>2

2= [ [ dmaplon, 2)5(m1 — 03 (w033 (a2) =
— [ dzaptvr )i ()i (o)

Ay — /dz1 /dz2¢+(z1,z2)5(z1 ~up)x
<alz2)ia(v) = [ daag” (wr,za)ialza)ia (v),

1714 :/dzl/dZQ/dzll/dz’2¢+(z1,z2)x

X p(21,25)0(21 — w1)0(v1 — 21)0(22 — 25) =

:/dz2¢+(u1,z2)¢(v1,Z2),

25 :/le/dZQ/dZa/dZé¢+(Z17Z2)X
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X p(2),25)0(21 —w1)d(vi — 2) X3 (25)X2(22) =

- / d2s / dzb ™ (ur, 22)$(v1, 25) %3 (2) Ra(22).

Whence, we find operators (24) corresponding to
diagrams (23) as

A = Xi (a1)x1(v1), A, = X (u1)01(v1),

Ag = O (ul)xl(vl) A4+A5 O (ul)Ol(Vl)

Deriving the latter expression we have taken into
account the anticommutation relations for ¥, ¥ . Hence,
bearing in mind (27) and (28), we obtain the final

expression for the operator ;Al(u, v) = ¢f (uy)dy(vy)
that corresponds to A(u,v) = o7 (uy)ehy (v1):
G () (vi) = ¢ ()b (vi) =
~+ =
=¥y () (va). (29)
Similarly, we get
G ()i (v1) — D () (v1) = 0y ()3 (va),
O (w)ha(vi) — O (u1)da(ve) =
~+ =<
¥y (11)Yo(va), (30)
In a general case, the following formula is true:
1[);; (uil) .- + (uln )%1 (vjl) s Q/A}jm (ij,) -
N - ~+ =~
Ui (a) s, (v),) = s (a)Y; (v4,). (31)

To explain this formula, we note that each of the
operators 1;(v;) (or 9;F (u;)) entering A(u v) (see (21))
is related to other operators ¢+ (or 1/)) which do not
enter A(u,v) only by a unique way, which leads to
binary relations (29), (30). Therefore, we come to (31) by
sorting out all the operators ¥;, 1y contained in A(u V).

The operators ;(x), wj( x') are anticommutative.
For this reason, there is a question concerning the
consistency of (30), (31). The anticommutativity of

% % >+ ~+
¥;(x), ¥;(x') (and also ¥, (x), ¥; (x') ) represents the
consistency condition,
~ = ~+ =+
{ths(x),0;(x")} = {ah; (x),4h; (x')} = 0.
The validity of these formulas can be easily proved if we

% =t
use definitions (27)—(28) for ¢, ¢ and the commutation
relations for x, x* and 7., 77

78

4. Operators of Particle Density and
Momentum Density in Space H

In this section, we consider the operators of basic
physical quantities. These operators act in the Hilbert
space H. Let us start from the density operator for
particles of the first kind. The corresponding operator
acting in the original Hilbert space H is of the form

pr(x) = 7 (x)n (x). (32)
Hence, in accordance with (30), we obtain

~ =t =

pr(x) = 1y (x)1 (x) = X7 (%)X1 (%) +

+Of (%1 (x) + 1 (x)01(x) + OFf (x)01 (). (33)

Note that the operators with zero matrix elements in
the subspace H, occur on the right-hand side of (29),
because the points u; and vy are close to each other.
Since

OF () (x) = / dydt (%, ¥)R2(y) 1 ().

()0 (x) = / dyxt ()% (¥)d0x ),

and the operator ¢(x,y) differs from zero only for
|x —y| < a, these operators do not have the matrix
elements in the subspace H, according to (20) and,
therefore, can be omitted. Using the permutation
relation {X3 (z1), X2(2z2)} = 6(z1 — z2), we write the
operator Of (x)0;(x) as

/dzl/szgo (x,22)p(x,21) %

%33 (21) Ra(z2) + / dzg (x, 2)p(x, 7).

O (x

The matrix element of the second term is zero in the
subspace H,, because z; ~ zy ~ x (see (20)). For this
reason, this term can be omitted. Thus, with the use of
the method that was described in the previous section,
we have

P = 060+ [dapxmpxa). (1)
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Similarly, if p2(x) = ¥ (x)tba(x) represents the density
operator for particles of the second kind, then

pa(x) — py(x),

where

a0 = 3 (a0 + [ dapt axptax).  (39)
Bearing in mind (27) and the assumption about the
“small radius” of a bound state, we get the formulas

/ da g™ (%, )5 (%, 2) ~ 7 () (),

/ Az (2, X)B(2, %) ~ 7 (%) (%),

which allow us to obtain the density operators for
particles of the first and second kinds

pr(x) = X (%)X1(%) + 7 (%)a (),

pa(x) = X3 (%) X2 (%) + ey (%)7ja(x). (36)
Thus, the operators A} (x), 7 (x) can be interpreted as
the creation and annihilation operators of bound states
with quantum numbers « at the point x, and A} (x)7)q (x)
as the density operator of bound states. Formula (36)
has a simple physical meaning: the density of particles
of the first kind is equal to the sum of densities of free
particles of the same kind and bound states (each bound
state contains one particle of the first kind).

Consider the state vector ®(X) = 71 (X)|0), which
specifies a compound particle at the point X (this state
vector corresponds to the continuous spectrum). Then,
in accordance with (36), we have

((X), p1(x1) (X)) =

—5(X - X)) (M)3

ma

For a wave packet

Ux, = /deXO(X)<I>(X)7

2

/dX’fXO(X) =1,

the quantity

(Uxo, p1(x1)¥x,) =

ISSN 0503-1265. Ukr. J. Phys. 2006. V. 51, N 1

2 3 2
M M
() (2 )
mo mo
should be treated as the probability density to find the
first particle at the point x; if the atom is in a state
Ux,. If the bound state is localized near a point Xg

(ie., | fx,(X)|?> — 6(X — Xp)), then
Pa <nj\i(x1 - Xo))

Since n%(xl — Xy) = X = X; — X, we come, as it
should be, to the probability distribution for the space
coordinate of the first particle in an atom, which is at
the point Xj.

Let us find now the momentum density operator in
the space H. The momentum density operator 71 (x) for
particles of the first kind is defined in the original Hilbert
space as

-/ dX’fxo (X)

M 2

(Wxgs 1 (x1)Uxcy) — (m)

i ~ b (x bt (x
1) = —5 (1 o0 2500 - 21 B

)

Then, according to (30),

(38)

= =+
(3 P 0 (0
=5 (91 0 2B L 2B g ),

Following the derivation of (34) and (35) for pp(x) and
Po(x), we obtain

710 = 5 (70 2l - 20 )

2 ox ox
i p(x pT(x
—Q/dy(W(XJ)&pgx’ y) % (;x’y)sﬁ(x, Y)>-
(39)
Analogously,
~ i XY2(x X (%) .
al) =~ (1 00 220 - 22 B,
i 5(y,x >t (y,x
5 [y (s 22 L BE T gy g ).
(40)
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It is convenient for our further consideration to
rewrite (39), (40) in terms of the center-of-mass variables

Yy =y1—yzand Y = muyitmeys,
1000 = 22 o9 2l - 2O, )
——/dy/chS Y——y)
A A A
+o (@*(y,Y) %(8};’{“ - %;% Y)<ﬁ(y,Y)> }
a0 = 2 i o0 22 - 2B ).
——/dy/chS Y+—y)

o{ e 22X 0N oy v

H22 (s 22BN )

(a1)

where ¢(y1,y2) = ¢(y,Y). Note that, in terms of the
same variables, the operators p;(x) and p,(x) have the
form

pr(x) = X () (x)+

+ [y [ @Yot Y = 2yt (9, )50, )

P2(%) = X3 (%) X2(x)+

+ [y [ a5 Y + Tyt 08, Y). (@2)

Formulas (41) and (42) can be explicitly expressed
through the creation and annihilation operators 7 (x),
fa(x) of atoms if we employ (26). Taking into account
(41), it is easy to find the operator 7t = 71 (x) + 72(x)
of the total momentum density of the system in the
approximation, in which the radius of a bound state is
small,

7= 71(X) + 7ra(x) =
) 1(x vH(x) .
— 5 (x o2yt - 2By )

1 X (x
5 (a2 2B )
5 (0 2B Py ). (4

The third term in this formula is in accordance with
the interpretation of 7} (x),7.(x) as the creation and
annihilation operators of a bound state with quantum
numbers « at the point x.

5. Construction of Hamiltonians

Finally, let us consider a Hamiltonian in the space H.
We suppose that this Hamiltonian has the standard form
in the Hilbert space H and can be written as
H="Hy+V, (44)
where Ho and V are the operators of kinetic energy and
potential energy given by

OV (x) By (x)

1
; 2m; x ox ox

(45)

and v;;(x —x’) is the potential energy of the interaction
of particles of kinds i and j. After the similar calculations
that lead us to the expressions for p, 7r, we obtain

‘9 x) 0Xi(x)
HO - HO B Z 2ml ox +
At .
+/dX1 /dx2 1 690 (X17X2) a@(X17X2)+
le 8Xl 8X1

1 8¢+(x1,xQ) 8¢(X1,X2) (46)
2mo Oxso 0% '

Next, by changing to the center-of-mass variables (see

(2)) and noting that

Pa(X)7a(X),

@(Xlaxz) = X = X1 — Xg,

mi1Xi + MoXa
X = —-——————
mi —+ mo
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we get

o0 _06 . mo 9 9 m 0
dx; O0x M X’ ox M X’
We will bring the last term in (46) to the form

/ 3% ) 9Ma(X)
oM oX

L foonin

Oxy

where p = myma/(m1 +mz) is the reduced mass. Thus,

=1 XY (x) Ix1(x)
HO_Tml/dx ox ox +

1 9x3 (x) Ix2(x)
+27712/dx ox ox +

/ IX x M4 (X) 91a(X)
9X  oX
- / dx / dXit (X )‘99"5)5 )a%gx)' (47)

V). According to (30), we

Let us now find V (V —
have

% ;ii/dx/dxyu(x—x)

XQ/A’i (X)qﬁj (X/)ij (X/)'(Z)i(x)v

where 1?11 (x) = %4(x) + O4(x) (see (30)). Thus, V can be
represented in the form

V=Vo+Vi+ Vot Vs+Vy,

where 1:/k (k=0,...4) contains k multipliers of type
x and 4 — k multipliers of type O. The operators O;(x)
have, according to (27) and (28), the form

@m:/wmmwﬁ@x (48)

where

951(X7 y) = @(X, y)7 ‘»52 (Xv y) = @(Y7 X)

and the index ¢’ is determined as follows: 1’ = 2,2" = 1.

Then the operator Vo can be presented in the form
Vo = Z /Xm /ngl/” )X
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></dIh/dyz/dy:a/dymf(xhyl)x

X PF (x2,¥2) @5 (X2, ¥3)Pi(X1,y4) X

XX (Y1)X5 (y2) X (Y3) X3 (ya)- (49)

Note that the operators ¢ and ¢ in (49) are normally

ordered, whereas ¥ and X are not. Therefore, we order
them by using the Wick theorem:

Xir (V)R (y2) X (y3) X3 (ya) =

s X (Y1) X (Y2)X 5 (Y3)XE (ya) : +

+ X (Y1) X (y2) X5 (y3) X5 (ya) = +

a a

+ X (YR (y2) X (73) X3 (ya) = +

a

+ X (YR (y2) X5 (y3) X5 (ya) = +

a a

+ X (Y1) X (yz)xj (m)xz/(ﬂ) +

+ X (Y1) X5 (y2) j/(}’3)Xw (ya) : +

a b a

+: Xaz (m)fcg'(}’z) Fya)X (va) t (50)

b a

The operator $(X,y) = @a(x — y)na(w) differs
from zero only for x = y (|x — y| < al) Thus only
those of ;, for which |y1 — y4| < a contribute to the
integral over y in (49). This means that, by virtue of
(20), the first term in (50) does not contribute to the

matrix element of V taken between the states belonging
to H,, because &i(x1,y4)Xi(y1)® = 0. Similarly, one can
prove that the terms which contain single contractions
in (50) give no contribution to the matrix element of

Vo taken between the states in I:Ia. The penultimate
term in (50) containing the double contractions does
not also contribute to the above-mentioned matrix
element. Indeed, the penultimate term in (50) equals
0(y1 — ¥3)0(y2 — y4). In this case, the nonzero matrix
element exists for x; ~ x2 and, in virtue of (20),
$j(x2,¥3)@i(x1,y1)® = 0. Thus, only the latter term in
(50) equal to 6(y2—y3)d(y1—y4) can give a contribution
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to the matrix element of V. Therefore, not changing

the matrix elements in H,, the operator Vo can be
represented in the form

2
=1
VO:§Z/dx1/de/dy1/dy2><

ij=1

xvij(x1 = X2)@; (x1,¥1)9] (X2, y2) %

XPj(X2,y2)Pi(x1,¥1)

or, according to (48),

=X 1
Vo:§/dx1/de/dy1/dy2><

X¢+(X17y1)¢+(x27y2)¢(x25yQ)@(Xlayl)X
><{1/11(X1 —X2) + va2(y1 — y2)+

Fri2(x1 —y2) +var(y1 — Xz)}- (51)

Similarly, noting that

2
=X 1
Vl = 5 Z /dxl/dxy/ij(xl —X2)><

ij=1

x /dY{Sﬁj(leY)f(i’(Y)X;L(X2))A(j(x2)§(i(xl)+

g (00, ) (RURE (755 (62 e oct) + h'c.},

2
= 1
Vs = 5 Z /dX1/dX2Vij(X1 — X)X

4,j=1

></dyl/d}’2/d)’3{<ﬁ;r(x1,}’1)¢;—(x2,}’2)><
X @i (%2, y3)Xir (Y1) R (Y2) X7 (3)Xi (1) +

+@; (x1,¥1) @7 (X2, y2)Pi(x1,¥3) X
XX (Y1) (Y2) 5 (x2) X3 (y3) + h.c.}

and performing the same derivation as for obtaining Vo,
it is easy to verify (using the anticommutation relations
for x, x* and (50)) that we can consider

Vi=Vs5=0 (52)
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not changing the matrix elements of Vi and V3 in
the subspace H,. Next, it is evident that the following
formula is valid:

2
= 1
V4 = 2ijz:1/dxl /dXQVij(Xl — X2)X
XX ()R (%) X (%2) X (x1).
Finally, we get
A
Vz = 5 ‘Zl/dxl /dXQVij(Xl — XQ)X
i,j=

><{O;*(xl)O;”(Xz)Xj(Xz)Xi(Xl)+

"‘Oj(XI)X;F(X2)Oj(X2))Ei(X1) + h.c+

+Oi+(xl)>2;r(x2)f<j(Xz)éi(X1)+

+>zf(anj(xQ)Oj(xQ)xi(xl)}.

It can be easily seen that the first two terms and the
corresponding Hermitian conjugate terms do not give a

contribution to the matrix element of V5 in the subspace

H,. Therefore, we can consider

= 1<

V2:§Z /dxl/dXQ/dyl/dyQX
i,j=1

Xvij (X1 — X2){@j(X17Y1)S5z‘(X17Y2)X

X Xir (V1)K (%2) % (x2) X7 (y2)+

+¢] (%2, ¥1) 95 (X2, y2) %

xxr(xl>>zj/<y1>>z;t<y2>>zi<xl>}.

The first and second terms in this expression give a
contribution to the matrix element of VQ in H, under
the arrangement of contractions

X (yl)Xf(Xz)Xj(Xz)Xb{t(yZ)) +

i
a a b
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+: X (y1)X; (Xz)xJ(X2)X (y2) =

a

= 0jir0(y1 — x2)0(y2 — X2)+

+0(y1 — y2)X; (x2)X;(x2),

and the second term contributes under the following
arrangement:

X ()X (YO)XG (v2) R (%) =

a

= 0(y1 = y2)R ()% (1)

Thus, we have

172 = /dxl/deylg(m — X))@ (x1,X2) P (X1, X2)+
/dxl/dxw (x2,¥2)@(x2, y2) X

x{ull(xl — X)X (x1) X1 (x1)+

+uar (X1 — y2)XT (x1)X1(x1)+

+uaa (X1 — y2)X3 (x1)Xa2(x1)+

s — X2)x;<xl)xz(xl>}. (54)

The first term in this formula, being quadratic in the
field operators, can be combined with the latter term in
(47). As a result, we obtain

/dxl/dxy/lg(xl —X2)¢+(X1,X2)¢(X1,X2)—

4 o oo

_ / dx / Xt (X)i(X) s (x) x

x{;MAX + Vlg(x)}gog(x).

Since pg(x) satisfies the Schrodinger equation
1
Tt n2(x) p (%) = (%),
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where €3 are atomic energy levels, the latter formula
takes the form

/ X 3" et (X)ia(X):

Hence, in view of (46), (47), and (54), the Hamiltonian
of the system H takes the form

H HO + Hznt + Hznt + Hznt7

where

7 3)(] ) 9x;(x)
Ho = 2m] / dx ox o0x *

1 90 (X) 91a(X)
+za: / dX{ZM X oX

; Eaﬁmxmm}
(55)

is the Hamiltonian of free particles and bound states,
an

mt _/dxl/de/Clyzgé7 X2,.Y2)

xPp(x2, Y2){ (Vll(xl — X2)+

+r21(x1 —Y2)> (x1)X1(x1 <V22 X1 —y2)+
+r12(x1 X2)> (x1)x2(x1 } (56)

mt - /dxl/dx2/dy1/

X@T (x2,y2)P(X2, y2)@(X1, y1) X

leyl)

X {V11(X1 —Xg) + v2a(y1 — y2)+

+ri2(x1 —y2) +var(y1 — X2)}7

Hipe = /dxl/dxz{vu X1 — Xg)X
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2l — xR )b )R] Gadial) | 69
are the interaction Hamiltonians. The Hamiltonian
H},, corresponds to scattering of particles of the first
and second kinds by bound states; the Hamiltonian
H?,, corresponds to the scattering of bound states by
bound states; finally, the Hamiltonian ﬁf’nt corresponds
to scattering of particles of the first and second
kinds by particles of the same kinds. The interaction
Hamiltonians (56) and (57) may be written through
the creation 77 (x) and annihilation 7, (x) operators
of atoms by using (26). We want to emphasize that
the obtained interaction Hamiltonians do not lead to
the decay and formation of compound particles, as it
should be in the low-energy approximation. This reflects
the fact that atoms are absolutely stable in the main
approximation.

6. Van der Waals Forces

In this section, on the basis of the developed formalism,
we investigate the forces acting between neutral atoms
being in the ground state (van der Waals forces). To
solve this problem, let us turn to the Schrédinger
equation that determines the energy spectrum of the
system,

7:( = 7:(0 + f},

HP = B, (59)

- = ~1 2 %3
where the operators Ho and V = ﬂmt + 7:(mf + 7:(”,,
are defined by (55), (56)-(58). Since the studied system
consists of two atoms, we should seek for a solution of
(59) in the form

Dop(X, X') = Z/dY/dY’Kalg;,\p(X,X’;Y,Y’)x
Ap

(60)

The interaction Hamiltonian V is equal, in accordance
with (56)—(58), to

V=5 [ X [ aYi Xm0 (¥)is(X) %

XGsyiap(X —Y), (61)

where
Goyap(X—=Y) = / dx / dy e, (%)p5(Y) e~ (¥) s (x) X
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mix-+m
X{lllg(XY 1T2y)+
miy + meX

m
(X =Y + 2 (x - y))+

+rp(X-Y - TE(X}’))}

We suppose that the kinetic energy of atoms is
small in comparison to the energy of levels |g,]
(ea < 0). In this case, according to (55), the operator

Ho can be represented in the form

Flo = Y [ dXeaii! (X)ia(X). (62)

It can be easily seen that

Hoif (2} (Z')®o = (ex + ,)iy (Z)i} (Z') Do,

Vig (290 (20 = 3 Copas (2 — 20 (Z)it (Z)0,
v (63)

These formulas show that we can seek for a solution of
(59) in the simpler, as compared to (60), form

Dop(X,X') =D Kapinp(X, X )iy (X)i (X)) Do,
Ap

so that the coordinates of atoms have definite values in
the state ®,3(X,X’). Upon substituting this expression
into (59) and using (63), we obtain

Kopno(ey +e5)+

+ Z KO‘B?)\PG)\P§“/5(Z - ZI) = EaﬁKaﬁ;wS'
Ap

(64)

A perturbative approach in conformity to this equation
can be easily developed in the domain of great |Z —
Z'| when the quantity Gxpys(Z — Z') becomes small
according to (61). Expanding K,g.45 in G,

Kapinys = K;cﬁwé + Kéﬁ;w + Kc%ﬁ;vé T
Eag=EJ3+E\s+E3g+...,
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we get, in the zeroth order,

0 0 70
Kaﬂ;'yé(a’)’ + 55) = EaﬁKaﬁ;'yé’
whence

0 0
Kaﬁ;'yé = Kaﬁ(sa’)’(sB&?

Egﬁ =¢e4 t5. (65)

Taking into account this result, we have, in the first
approximation,

K(iﬂ;'yJ(E'Y +e5)+ KgﬂGaﬁ;'v5(Z ~-7) =

= (ca +€8)Kaps + BapKagdar 5.

By setting here o = v, § = §, we get

Eap = Gagap(Z — 7)), (66)
and, for a, 5 # 7,9,
Gopys(Z —Z)
K5 = Kog 22 5 (67
aB;y6 af ({_:a teg—eq— 56)7 a,B #7, ( )

The second order of the perturbative approach gives

Kgﬂ;,yg(é—-y + 85) + ZKolzﬂ;)\pGAP?Y(s(Z - Z/) =

Ap
= (ea +28)Kapns + BagKaps + PagKapys:
Taking here o = =, 8 = §, we obtain

> Ky Grpas(Z —Z) = Bl gKapas + KOs Eop,
Ap

whence, according to (66), (67) we have

i Z — TN (Z — T
Eiﬁ = Z/G ﬁ,)\p( )GA[N 5( ) (68)

v (€a +eg—ex—¢p)
The prime above the sum means that the terms with
A = a, p = [ are omitted. The state vector ®,5(X,X’)
in the main approximation of the perturbative approach
is determined by

Dop(X,X') = Kopgig (X)ig (X)) ®o + ... (69)
(the constant K 2 5 may be found from the normalization
relation (o5, Pos) = 1). Formulas (66) and (68) for
El; and E2; give us the corrections to the energy of
levels Egﬁ = €, + €. It follows from the obtained
formulas that the energy of two atoms, being in the
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ground state o and spaced apart at sufficiently long
distances, is defined by

Eaa = 2504 + Gaa;aa(z - Z/)"_

+Z/Gaa;>\p(z - Z/)ka;aa(z - Z/)

P— +... (70)

Ap

Let us prove now that Goa:0a(Z —Z’) = 0. In doing
so, we use the formula [4]

1 1

VRZ—2Rpz+p2 R—p|

Lo (eY _
_R+;(R> Pn(x), x=cosd,

where x = cos), 9 is the angle between the vectors R
and p, and P, (x) are the Legendre polynomials. Noting
that (see (61))

2 2

Gaa;aa(Z_ ZI) = /dx/dy SDa(X) (Poc(y) X
mix+m
X{lllg(z — Z/ — 1T2y)+
+
+I/21(Z — Z/ + W)
m2

(2 -2+ Tr(x—y)+

(T -7 - E(xy»},

we come, taking into account the spherical symmetry of
e (x)?, to

Gooaa(Z —Z') = 0. (71)

We have also used here that
€4Eph

van(Z — Z') = 2%

|Z—Z/|7 €1 = —€2 = €.

We also get

Gouirl2~2) = [ dx [ dyixei(v)%

miX + moy

u¥)pal0) {1~ 2 = T

miy + meX

—|—1/21(Z — ZI —|— M )

m
tn(Z 2 + S (x - y))+
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Voo (Z — 7 — %(x - y))}.

The presence of the multipliers ¢, (y) and @, (x) makes
it possible to expand the expression in braces in powers
of x, y. As a result, we have

Gaapr(Z—Z') =

1
“zZ-zP (—3<ndﬂa><ndm> + (dﬁad/\a)),
where
7Z-7 i}
n= m’ dB(X = e/dg'rx<pﬁ(x)<p(x(x)-

(dga are the matrix elements of the dipole moment of
an atom). Thus, the potential energy of the interaction
between atoms, V(Z — Z'), is defined by [2], [3]

1

— 2 _
V(Z—Z/) :Eaa—QEQ = mx

xZ/I —3(ndga)(ndra) + (dgadia)|? < 0. (72)
BA

2eq — €3 — €

Since eg,ex > €4, V(Z — Z') < 0. Therefore, the
attractive forces (van der Waals forces) act between
neutral atoms at long distances.

In conclusion, we note that, for the Coulomb
interaction,

2 62

e
Vi1 = V22 = m, Vig = Vo1 = —H.
As a result, formulas (56) and (57) take the form
Hiy = /dxldX2X+(X1)X(X1)X

><'Ua’oz(xl - X2)7A};r’ (X2)ﬁa (XQ)’

HE, = /dxldXQUaﬁ;yé(Xl — X)) (X1)%

86

At

X1 (x2)7) (x2)7)s (x1).

Moreover, for |x| > rg, we have

(&
'Uoz’a(xl - XZ) - EXda’aa

Uagw(;(x) = % (IQ(da(;dg,Y) — 3(de§)(xd57)) .

Thus, the obtained Hamiltonians ﬁilnt, ’F[?nt describe

the dipole—particle and dipole-dipole interactions.
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JUMHAMIKA 3B’A3AHINX CTAHIB YACTHHOK Y METOZL
BTOPMHHOI'O KBAHTYBAHH#

C.B. ITeaemmuncoruiti, FO.B. Carocapenro
PeszowMme

ITobynoBano HaOJMXKEHHUI METOJ, BTOPUHHOI'O KBAHTYBAHHS JJIs
ONHUCy CUCTEM DAraTbOX YACTUHOK 33 HASIBHOCTI 3B’sI3aHUX CTaHIB
YACTHUHOK 3 HU3BKOIO eHepriero (KiHeTHM4Ha eHepris MaJa HopiB-
HSIHO 3 €HEpri€io 3B’f3Ky CKJIQJIEHUX YaCTUHOK). Y IbOMy HabJIu-
JKEHHI CKJIaJIeHI YaCTUHKH PO3IJIsiAI0ThCA Ha PIBHI 3 ejleMeHTap-
HHUMU, [0 O3HAYAE MOXKJIUBICTH BBEJIEHHS OIEPATOPIB HAPOIKEH-
He 1 3HHUIEHHs. ['aMiJIbTOHIaHM, sIKi BU3HAYAIOTH B3aEMOJII0 MiXK
eJIEMEHTAPHUMH 1 CKJIaJIEHUMU YaCTUHKAMH, & TAKOXK MiXK caMu-
MU CKJIQJEHUMHU YaCTUHKAMU, 3aIUCAH] Yepe3 aMILIiTy A B3a€MOIi1
eJIEMEHTAPHUX YACTHUHOK.
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