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Temporal behavior of the velocity dispersion of particles
undergoing an external field of random Langmuir waves is
considered. It is shown that the early stage of evolution of the
dispersion may affect its power law asymptotics. The results
of simulation are recovered with solutions of the generalized
FokkerPlanck equation that was obtained from the microscopic
description without averaging over the small field correlation time
scale.

1.

Introduction

Turbulent and transport phenomena are usually
characterized by different time and space scales. To
find the behavior of a physical system on a large
scale, the averaging over a small one is frequently
used. For a number of problems, this step is not
trivial. The transition from the kinetic description
to the hydrodynamic one with regard for large-scale
fluctuations was developed in [1]. In [2], the averaging
for systems which may be treated as multifractals is
proposed. In the present paper, we consider a stochastic
acceleration of particles. It is shown that the behavior
of the distribution function at long times depends on
its variation on the field correlation time scale. For this
reason, the straightforward averaging in this and similar
problems may be inappropriate.
For the classical diffusion of a gas of neutral
particles, the collisional time is small as compared to the
interval between collisions. In plasmas, there exists the
additional anomalous diffusion of particles due to their
interaction with collective excitations  electromagnetic
waves. When plasma is in the equilibrium state the
anomalous diffusion may be neglected. However, the
equilibrium state for plasmas is not usual. In most
cases, plasma is inhomogeneous and, apart of this,
may be penetrated by particle and electromagnetic
beams. A non-equilibrium state causes a growth of
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the intensity of collective motions and, therefore, an
increase of their influence on transport processes. It
is commonly supposed that the confinement time in
controlled thermonuclear fusion devices is determined by
the anomalous transport which remains, for a long time,
to be one of the fundamental and unsolved problems in
the plasma theory.
More simple is the problem of stochastic acceleration
concerning particle diffusion in an external random
field. However, the quantitative description is developed,
in this case, only for weak fields. The difficulties
appear with a growth of the field intensity, and their
analysis may help to solve the more general problem of
anomalous transport.
The particle interaction with a field of random
waves is continuous in contrast with pair collisions.
Physical fields, even if they are considered as random,
have regular features at small time and space scales.
The measure of a temporal interval of their regularity
is the correlation time. Another parameter such as
the particle bounce time may be associated with the
field intensity. In the case of small intensities, when
the bounce time much exceeds the field correlation
time, a particle is subjected to a time-varying field.
The particle does not feel the regularity of a spatial
field profile, and its interaction with the field may
be treated as a sequence of instantaneous collisions.
The diffusion in a weak field is similar to Brownian
motion, and it is governed by the FokkerPlanck
equation with the quasilinear diffusion coefficient. If
the bounce time decreases, being comparable with the
correlation time, the particle distribution function obeys
the generalized FokkerPlanck equation with the timedependent diffusion coefficient [3]. This equation takes
into account that a particle feels a regular field profile
and for a while may be trapped in a potential well. The
time dependence of the diffusion coefficient is substantial
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in a temporal interval which is less than the correlation
time. After that, the asymptotic quasilinear value of
the diffusion coefficient is attained, and further the
evolution proceeds according to the quasilinear equation.
The broadening of the distribution function occurs
intensively at the very beginning of the evolution. Much
more time is needed to reach such a state through
a quasilinear evolution. This is a reason for different
behaviors of the distribution functions governed by the
quasilinear and generalized FokkerPlanck equations.
The quasilinear diffusion coefficient is obtained from
the time-dependent one by the integration over the
correlation time. Thus, the time averaging brings into
a different behavior of the distribution function not only
at the beginning but at long times as well, though the
long-time behavior is governed in both cases by the same
quasilinear equation.
The problem of stochastic acceleration is simpler
than the self-consistent treatment of the distribution
function and the field. Despite this, even for a low
field intensity, when the quasilinear diffusion equation is
valid, there is a discrepancy in the estimation of a longtime behavior of the velocity dispersion [46]. It is more
convenient to follow the evolution not of the distribution
function but its moments. The most representative
is the dispersion of particles that corresponds to the
second moment of the distribution function. In [6],
it was pointed out that the deviation from a linear
growth [4,5] is caused by the dependence of the diffusion
coefficient on the velocity, and a unified power law
was proposed. However, the simulation [3] has shown
that the fractional power is not common for different
spectra; here, it is considered in more details. Our
conclusions would be based on the solutions of the
FokkerPlanck equation for long times. Previously, we
have established a consistency between the simulations
and the solutions of the FokkerPlanck equation. As
far as the consistency was found for different spectra
in the whole temporal interval of a simulation starting
from the scale less than the correlation time, there is a
good reason to assume that the FokkerPlanck equation
gives a correct description for the distribution function
at very long times.

2.

Simulation and Generalized Diffusion
Equation

We made simulation of the particle motion in the
external electric field of random Langmuir waves. The
ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 8

correlation function of the potential is of the form
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spectrum width
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Another important parameter is the Kubo number which
is the ratio of the field correlation time to the bounce
period of a particle in a potential well; it is given in
terms of these parameters as
Q

= p=d:

(2)

The Kubo number may be considered as the measure of
the field intensity or the dimensionless field correlation
time. In the case of small Kubo numbers, the particle
diffusion is similar to Brownian motion. The distribution
function is governed by the FokkerPlanck equation
with the quasilinear diffusion coefficient obtained by the
integration over the field correlation time. When the
Kubo number is not small, we should take into account
the particle motion on a time scale of the order of the
correlation time.
The results of the simulation are compared with
those obtained from the microscopic description in terms
of the distribution function. The evolution of the particle
distribution function F may be given as

Z
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where
F (x; v; 0)
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its
initial
value,
W (x; v; t; x0 ; v 0 ; t0 ) is the transition probability.
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The equation for the transition probability of a
particle in the external random field was derived in [7].
It reads
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Such a nonlinear integro-differential equation cannot be
solved directly. To simplify this equation, the following
consideration are taken into account.
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After the integration over x, we obtain the
generalized FokkerPlanck equation for the transition
probability in the velocity space v , which can
be considered also as the distribution function of
velocities with the initial condition in a form of a Æ function:
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Fig. 1. Profile of the diffusion coefficient (6) for different instants.
In all figures, time is normalized by wave period 2=!, and length
by 2=k0
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1. E x; t is a uniform and stationary process, so
W x; v; t y; u; 
W x
y; v; u; t
 . It follows
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decays for jt
t0 j > cor , where the correlation
time is determined by the spectrum width cor '
= k v .
2. Strong decay of the correlation function means
that the main contribution to the integral over time
comes from a short interval t
 < cor . If the
particle spread in the velocity space at cor is small,
h vi2cor =v2  , then the exact W x; v; t y; u;  may
be substituted by its zeroth-order approximation Æ x
y
v t
 Æ v
u . The simulation shows that the
spread of velocities is small for Kubo numbers Q  ,
and such a case is treated by the quasilinear theory.
For moderate Q  , the initial spread substantially
exceeds what is observed for Q  , but if the
spectrum is narrow, d  , it remains small enough,
nevertheless, (cf. Fig. 2) to justify the free-particle
approximation.
3. The simulation and posteriori numerical solution
show that W x; v; t x0 ; v 0 ;
evolves slowly on a scale
cor , except on a small fraction of the interval ; cor .
This means that @W y; u;  x0 ; v 0 ; t0 =@u in Eq. (4) can
be replaced for @W x; v; t x0 ; v 0 ; t0 =@v .
Taking this into account, Eq. (4) may be simplified:
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is the time-dependent diffusion coefficient. For a small
Kubo number, we may put cor to zero and obtain the
quasilinear diffusion coefficient
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The FokkerPlanck equation with the timedependent diffusion coefficient (6) makes it possible
to describe the early evolution of the distribution
function at t < cor , that is important for a
moderate Kubo number Q
 . Note that, to
obtain Eq. (6), we do not average over a small but
finite time interval. Thus, the transition probability
is determined at a small time scale t < cor i.e.
in the prekinetic stage. The solutions of Eq. (5)
with the diffusion coefficients (6), (7) were found
numerically.
Along with this, an analytical WKB approximation
for solutions is proposed as
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Fig. 2. Dispersion vs time. Initial stage: d = 0:04,
v0 = 1:0, Q = 2:5
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The transition probability at a small time scale is
determined by a temporal variation of the diffusion
coefficient (6). Its profile for different instants is shown
in Fig. 1. It evolves from a very broad distribution
through oscillations to the asymptotic quasilinear value
attained at t ' cor .
For moderate Kubo numbers, the temporal variation
of the diffusion coefficient substantially influences the
initial stage of evolution of the distribution
function. This is seen from the observation of the particle
dispersion
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i.e. the mean square deviation from the average velocity
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In Figs. 2, 3, the velocity dispersion obtained in
the simulation is compared with those calculated from
the generalized FokkerPlanck equation (numerical and
WKB solutions). The solutions of the FokkerPlanck
equation with the quasilinear diffusion coefficient are
given for comparison as well. The latter does not
reproduce the fast initial growth of the dispersion and
gives underestimated values on the whole. Though
the evolution of the distribution functions governed
by both these equations proceeds at long times in
accordance with the quasilinear description, the curves
corresponding to D v; t is not obtained by a shift of

( )
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= 0:01, Fig. 3. The same as in Fig.2 at longer times

Dispersion over Small Time Scale
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those with D v . They are characterized by different
power laws. The dispersion at very long times is
considered in the following section.
4.

Dispersion at Long Times

In this section, we discuss the power law for the
velocity dispersion which may be attributed, at
first glance, to the rough scaling invariance of the
diffusion equation. The scaling-based consideration
is as follows. As was already mentioned, after the
initial stage, the time-dependent coefficient attains the
asymptotic (quasilinear) value. The quasilinear diffusion
coefficient (7) drops sharply to zero at small v and slowly
decays at large v . So, asymptotically, the diffusion is
determined by the particle spreading in the region of
large v . The rough estimation of the diffusion coefficient
for large v gives

1
lim
!1 Dql (v)  jvj

3

v

:

In such an approximation, the solution of the Fokker
Planck equation for the diffusion coefficient is a function
of velocity and time taken as v 5 =t:
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where C t  t 1=5 provides the normalization.
Consequently, the asymptotic Rbehavior of the dispersion
obeys the power law h v 2 i
dvv 2 f v; t  t2=5 .
The simulation shows a power-law dispersion, but
the exponent is different from that was obtained from

 =

( )
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Fig.4. Y = hv2 i=tp vs t. Power law for the broad spectrum. Fig.6. Y = hv2 i=tp vs t. Power law for the narrow spectrum.
d = 0:4,  = 0:01, v0 = 1, Q = 0:25. WKB solutions of the d = 0:04,  = 0:01, v0 = 1, Q = 2:5. WKB solutions of the
FokkerPlanck equation with D(v). Dispersion normalized by FokkerPlanck equation with D(v) and D(v; t)
tp over a long time for the narrow initial distribution (bottom
curve, p = 0:295) and some broad initial distribution (upper curve, each of them. The illustration is the bottom curve in
p = 0:242)
Fig. 4 and the curve in Fig. 5; they were obtained for a
∆
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Fig.5. Over very long times, the fractional power p for a narrow
initial distribution is changed from 0.295 to 0.242
such scaling consideration and depends on the intensity
and the spectrum width. The numerical and WKB
solutions of the FokkerPlanck equation give the same
power law as the simulation for a longer time interval
(the near asymptotics). However, the WKB solution
being extended to very long times (the far asymptotics)
shows a variation of the power exponent. That is,
the power law may be assigned to the dispersion on
relatively long but finite intervals. If such temporal
intervals are spaced a long distance apart, a particular
exponent may be assigned with a certain accuracy to

900

narrow initial distribution of particles at different time
scales.
If the initial particle distribution in the velocity space
is broad, then its near asymptotics is similar to the
far asymptotics for the narrow initial distribution (the
upper curve in Fig. 4 and the curve in Fig. 5). It will
be easily understood, as far as it needs some time for a
narrow distribution being transformed to a broad one.
This consideration may explain the difference in
the dispersion behavior for moderate Kubo numbers
given by the FokkerPlanck equation with the timedependent and quasilinear diffusion coefficients not only
at short (Fig. 2) but long times as well. The fast initial
broadening of the distribution function shifts it for a far
stage of the evolution comparatively with that governed
by the quasilinear diffusion equation from the very
beginning (Fig. 6).
5.

Conclusions

The numerical simulation of the particle diffusion
in the external field of random Langmuir waves
has shown the fast initial growth of the velocity
dispersion for moderate Kubo numbers. In this case,
the evolution of the distribution function at short
and long times is described by the FokkerPlanck
equation with the time-dependent diffusion coefficient.
The quasilinear diffusion coefficient, which is obtained
by the integration over the field correlation time, may
be put in correspondence to the time-dependent diffusion
ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 8

coefficient as its asymptotic value. The quasilinear
diffusion equation does not recover the early stage of
evolution of the distribution function and consequently
distorts its behavior at long times.
One of the typical problems of non-equilibrium
plasma is to find its stationary state. It is established
by the balance between an increment of instability and
a decrement due to dissipation processes. In particular,
it could be a diffusion similar to that considered in this
paper. One of the time scales in this problem is given
by the inverted increment. The fact that a stationary
state may be reached at much longer times does not
yet give grounds for the averaging over a small scale of
the field correlation time. Such an averaging may distort
a description at a time scale of the inverted increment
and leads to the wrong determination of a stationary
state.
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