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The energy difference between the commensurable (periodic)

and incommensurable (almost-periodic) structures of a solid

(the so-called commensurability energy) is calculated for a one-

dimensional model of solid with finite-gap potential.

1. Introduction

It is well known that all solids are built of electrons
and nuclei and the nuclei form a structure of the solid.
We classify solids by a character of this structure.
If the nuclei are arranged in a lattice the solid is
a crystal; if the nuclei are arranged randomly, the
solid has an amorphous structure. We can consider
the above two structures as the limit cases of almost-
periodic structures. Hence it looks reasonable to classify
the solids as periodic solids (or crystals), random (or
amorphous) solids and properly almost-periodic solids.
Such a classification of solids was proposed for the first
time in [1, 2].

A solid is characterized by a free energy F which
depends on a structure. The equilibrium structure is
defined by an equation ÆF=Æu(x) = 0 where u(x) is a
potential created by the structure. An aim of our paper
is to calculate a commensurability energy,

�F = F (a) � F (p);

where F (p); F (a) are free energies of periodic and
almost-periodic structures respectively. Therefore the
commensurability energy defines whether a solid is
periodic or almost-periodic. And this fact is very
important because many physical properties of these
classes of solids differ essentially. In our paper, we
propose a consistent and rigorous approach to the
problem of calculation of the commensurability energy
of solid with a finite-gap structure.

The paper is organized as follows. In Section 1,
we describe the almost-periodic structures and their
properties. Section 2 is devoted to the description of
finite-gap potentials. In Section 3, we calculate the
averages for periodic and almost-periodic structures

and compare them. In Section 4, we calculate the
commensurability energy of a solid with a one-
dimensional finite-gap structure in terms of averages for
the periodic and ergodic cases.

2. Almost-periodic Solids and Their Properties

The theory of almost-periodic functions was created
mainly by H. Bohr in the 1920s. For simplicity,
we consider further only one-dimensional almost-
periodic functions, a generalization of results for many-
dimensional case being straightforward.

Among many possible definitions of almost-periodic
functions, we choose the following one. A function f(x)
is called almost-periodic if it is a uniform limit of
trigonometric polynomials, i.e. for any " > 0, there exists
such a trigonometric polynomial Pn(")(x) of the n(")-th
order that supx2R jf(x)� Pn(")(x)j < ":

The properties of an almost-periodic function f(x)
depend essentially on the basis of its Fourier frequencies.
If the basis of Fourier frequencies is integer and one-
dimensional then the almost-periodic function is periodic
one. If the basis of Fourier frequencies is integer and
finite, then the almost-periodic function is called a quasi-
periodic one and may be considered as a value on the
diagonal of some periodic function of a finite set of
variables. To classify quasi-periodic functions, we must
use many-dimensional crystallographic groups.

The properly almost-periodic structure of nuclei is a
common object in the physics of solids: a vibrating lattice
at a fixed moment of time forms an almost-periodic
arrangements of nuclei. If this arrangement is stabilized
by means of any physical reasons, then it becomes an
equilibrium structure. We should only remember that
there exists a lot of various types of waves in a solid:
charge density waves, magnetic (or spin) density waves,
concentration waves, etc. All these waves may have
incommensurable periods. Thus, the almost-periodicity
in solids has various physical manifestations.

Today physicists know hundreds of properly almost-
periodic solids and we mention a few of them.

First of all, we should mention the solids
with charge density waves. Among them, there
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are quasi-one-dimensional (e.g., organic complexes
with charge transfer, similar to tetrathiofulvalene
tetracyanquinodimethane TTF�TCNQ; plane square
complexes of transition metals with intermediate
valence, similar to the salt K2Pt(CN)4Br0:3 3H2O, abr.
KCP; trichalcogenides of transition metals with the
chemical formula TX3, where T means a transition
metal such as Nb, Ta, and Ti, and X means
chalcogen S, Se, Te; polyacetylene, etc.), quasi-two-
dimensional (e.g., dichalcogenides of transition metals),
three-dimensional (e.g., intermetallic compounds built of
transition metals with the structure A � 15 similar to
that of Nb3Sn). For a long time, we know magnetics
with incommensurable arrangements of charge and
magnetization: e.g., chromium and some alloys on its
basis, numerous rare earth metals with spiral magnetic
structures with periods depending on temperature and
pressure. In ordering alloys, we meet various types
of concentration waves. Quasi-crystals, which were
discovered in 1984 [3], are quasi(and therefore almost)-
periodic solids.

In order to understand the physical properties
of almost-periodic solids, we must study spectral
properties of the Schr�odinger operator with almost-
periodic potential. These studies were initiated by G.
Scharf [4], E.D. Belokolos [1], Ya.G. Sinai and E.
Dinaburg [5].

The Schr�odinger operator with continuous almost-
periodic potential is self-adjoint. For this operator we
can prove the existence of the number of states (or the
integrated density of states) N(E) and other similar
thermodynamic limits of spectral characteristics, e.g. the
Fermi energy.

The number of states N(E) is a non-decreasing
function of the energy E and is defined by the
following expression true everywhere besides the points
of discontinuity:

N(E) = lim
jVkj!1

jVkj
�1NVk(E): (1)

Here Vk is a bounded domain in Rd with the Lebesgue
measure jVkj and NVk (E) is the standard distribution
function of a discrete spectrum in the domain Vk with
some self-adjoint boundary conditions (Shubin, [6]). This
statement is a direct consequence of the existence of the
mean value of the potential which is a general property
of all almost-periodic functions.

It appears that the spectrum �(H) of a Schr�odinger
operator with almost-periodic potential is essential,
i.e. it does not contain isolated eigenvalues of finite
multiplicity. We know a character of the spectrum

for Schr�odinger operators with almost-periodic potential
in the limit cases: the spectrum of a Schr�odinger
operator with periodic potential is absolute continuous
and the spectrum of a Schr�odinger operator with
random potential is point. It appears that, in general
case, the spectrum of a one-dimensional Schr�odinger
operator with almost-periodic potential may have point,
absolutely continuous, and singular continuous parts.

We can also label the gaps of the spectrum by the
elements of the frequency module of an almost-periodic
potential, similar to that as it has place for a periodic
one. For the Schr�odinger operator with the continuous
almost-periodic potential u(x) and the energy E 2
Rn�(H) the number of states N(E) 2 
u; where 
u

is the frequency module of the almost-periodic potential
u(x) (Belokolos, [1]; Johnson and Moser, [7]).

The class of almost-periodic solids has many
interesting physical properties, which makes these solids
very important from the point of view of possible
practical applications. The almost-periodic solids can be
conductors and dielectrics, they can have boundaries
of mobility in the electron spectrum which separate
the point and absolute continuous components of the
spectrum, they can have the Cantor type spectrum (or
the singular continuous type spectrum). In the almost-
periodic solids there appear new types of conductivity,
e.g. the Fr�olich conductivity.

Further, we consider the finite-gap potentials that
form a subset in the set of all one-dimensional almost-
periodic potentials. These potentials are singled out of
other almost-periodic potentials by the following spectral
property: the spectrum of the Schr�odinger operator with
finite-gap potential is double absolutely continuous and
consists of a finite number of bands separated by a finite
number of gaps. A reader can find the basic information
on finite-gap potentials in [8�10].

3. Finite-gap Potentials

The almost-periodic function u(x) is called a finite-gap
potential if the spectrum of the Schr�odinger operator
L(u) = �@2x+u(x) is a union of the finite set of segments
of a Lebesgue (double absolutely continuous) spectrum
[E1; E2] [ [E3; E4] [ � � � [ [E2g1 ;1], where boundaries
of the bands supposed to be real and ordered as E1 <

E2 : : : ; < E2g+1 < +1.

Starting directly from this definition, we can derive
an explicit expression and the basic properties of a finite-
gap potential [11].
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3.1. Number of states and eigenfunctions for a

finite-gap potential

Finite-gap potentials are described adequately in the
language of hyperelliptic Riemann surfaces. With this
aim, let us fix the Riemann surface X of genus g by the
equation

�2 = R2g+1(�); R2g+1(�) = 4

2g+1Y
k=1

(��Ek); (2)

and denote the coordinate of the Riemann surface as
P = (�; �) and the coordinates of branch points as
(Ek; 0), k = 1; : : : ; 2g + 1:

The Weyl function of a finite-gap potential u(x) is
defined on the Riemann surface X of a hyperelliptic
curve by the formula

w(x; P ) =
1

2

�
�

S(x; P )
+ {

@xS(x; P )

S(x; P )

�
; (3)

where

S(x; �) =

gY
k=1

(�� �k(x)); (4)

and (�k(x); �k(x)), k = 1; : : : ; g, is a set of distinct
points of the curve X which depends on the variable
x.

The quasi-momentum is defined by the expression

k(P ) = hw(P; x)i =

�
�

2S(x; P )

�
=

=

Z P

(1;1)

h2S(x; P )i

�
d�; (5)

where

h f(x)i = lim
L!1

1

L

Z L=2

�L=2

f(x)dx:

The number of states and the quasi-momentum for
a finite-gap potential are connected in such a way:

N(E) =
1

�
k(E) =

1

�

*p
R2g+1(E)

S(x;E)

+
=

=
1

�

Z E
*

S(x;E)p
R2g+1(E)

+
dE: (6)

The Bloch eigenfunction of the g-gap potential is of
the form

 (x; P ) =

s
S(x; P )

hS(x; P )i
exp

8<
: {�2

xZ
x0

dy

S(y; P )
dy

9=
; : (7)

Here, we assume that the eigenfunction is normalized by
the condition

hj (x; P )j2i = 1: (8)

We now express the basic notions of finite-gap
potentials in terms of the sigma-functions with aim to
do our further calculations easier.

3.2. �-functional description of a g-gap potential,

number of states, and Bloch eigenfunctions

The g-dimensional �-function is defined by the formula
[12]

�(h) =

r
�g

det(2!)
4

s Y
1�i<j�2g+1

(Ei �Ej)�

��((2!)�1hj�)exp(hT �(2!)�1hj�): (9)

Here,

h =

gX
k=1

Z �k

1

duk �K

is the vector of canonical holomorphic differentials,
(�j ; �j); j = 1; : : : ; g, is a non-special divisor, K is a
vector of the Riemann constants, ! and !0 are the g� g
matrices of a� and b�periods of canonical holomorphic
differentials [12], respectively,

! = (!i;k) =

�
1

2

I
ak

dhi

�
; !0 = (!0i;k) =

�
1

2

I
bk

dhi

�
;

� = !�1!0 is a matrix in the Siegel upper half-space
Sg = f� j�T = �; Im� > 0 g, and �(z; �) is a canonical
g�dimensional theta-function,

�(z; �) =
X
m2Zg

exp
�
{�mT �m+ 2{�zTm

	
: (10)

The �-function is invariant with respect to the action
of certain subgroups of the symplectic group. It also has
the following transformation property with respect to
the argument shift by the period,

�(h+ 2!n+ 2!0m) =
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= �(h)exp
�
(2�n+ 2�0m)T (h+ !n+ !0m )

	
;

where n;m are integer g-vectors and � and �0

are the g � g matrices of a� and b�periods of
canonical meromorphic differentials r = (r1; : : : ; rg)
[12], respectively,

� = (�i;k) =

�
�
1

2

I
ak

dri

�
; �0 = (�0i;k) =

�
1

2

I
bk

dri

�
:

Logarithmic derivatives of the �-function are the g-
dimensional � and }-functions,

�i(h) =
@

@ui
log�(h); i = 1 : : : ; g;

}i;j(h) = �
@2

@ui@uj
log�(h); i; j = 1; : : : ; g;

}i;j;k(h) = �
@3

@ui@uj@uk
log�(h); i; j; k = 1; : : : ; g; etc.

These functions have the periodicity properties

�k(u+ 2!n+ 2!0m) = �k(u) + 2�n+ 2�0m;

k = 1; : : : ; g;

}I(u+ 2!n+ 2!0m) = }I(u);

where n;m 2 Zg are two arbitrary integer vectors and
I is an arbitrary set of two, three, etc. indices.

In terms of g-dimensional hyperelliptic �-functions,
the smooth and real g-gap potential u(x) and the Bloch
eigenfunction  (x; P ) are given by the formulae

u(x) = }gg({xeg �
); (11)

 (x; P ) = C(P )
�
�R P
1

dh� {xeg +

�

�2

�R P
1

dh
�
�({xeg �
)

�

�exp

0
B@{x

PZ
(E2g+1;0)

drg �

T

PZ
E2g+1

dr

1
CA ; (12)

where

eg = (0; : : : ; 0; 1)T ; �(v) = �g(v) = : : : = �g�2(v) = 0;

v =

0
@Z P

1

dh1; : : : ;

PZ
1

dhg

1
A

T

;


 = (
1; : : : ;
g)
T are not purely imaginary even half-

period supported by g branch points, and dr1; : : : ; drg
are canonical meromorphic differentials.

The Weyl function w(x; P ) and wave number k(P )
in terms of �-functions look as follows:

w(x; P ) = �g

0
B@{xeg �
+

PZ
E2g+1

dh

1
CA�

��g({xeg �
)�

PZ
E2g+1

drg ;

k(P ) =

*
�g

0
@{xeg �
+

PZ
1

dh

1
A�

� �g({xeg �
)�

PZ
E2g+1

drg

+
:

4. Averages for Periodic and Almost-periodic

Finite-gap Potentials

The averaging over a finite-gap potential is different for
two classes of finite-gap potentials - periodic and almost-
periodic ones. They correspond to periodic and ergodic
averages, respectively.

4.1. Periodic and ergodic finite-gap potential

We call the g�dimensional vector

U = (U1; : : : ; Ug)
T = (2!0)�1eg (13)

as a winding vector of the finite-gap potential (11). A
finite-gap potential is called periodic if there exists an
integer vector n 2 Zg and a real number U 2 R; U 6= 0;
such that

U = nU: (14)
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Otherwise, a finite-gap potential is called properly
almost-periodic (or ergodic).

In generic case, a finite-gap potential is obviously
ergodic, it is periodic only under the special conditions
presented above.

According to the above definition, a finite gap-
potential is periodic if, for a certain vector n 2 Zg and
a real number U 6= 0, the period matrix 2!0 of a curve
X satisfies the equation

!0n =
1

2U
eg (15)

which represents g transcendental conditions on the
moduli of the curve.

One can easily see that, under this condition, the
functions gkl(x) = }kl ({xeg �
) are periodic in x with
the period {=U . Indeed,

}kl

�
{
�
x+

{

U

�
eg �


�
=

= }kl ({xeg �
� 2!0n) = }kl ({xeg �
) :

The conditions of periodicity (15) are weaker than
the conditions of double periodicity in x of finite-gap
potentials. The last conditions are formulated in terms
of the period matrix of the curve � as follows [13].

A finite-gap potential u(x) is an elliptic function of
x if and only if there exists such a homology basis that
the period matrix � has the form

� =

0
BBBBB@

�11 k=N 0 : : : 0
k=N � � � �
0 � � � �
...

...
...

...
...

0 � � � �

1
CCCCCA (16)

and, in this basis, the winding vector is of the form

U = (�; 0; : : : ; 0)T : (17)

Conditions (16), (17) represent 2g � 2 equations
and, therefore, the associated double periodic potentials
represent a very particular subset of periodic potentials.
These particular potentials allow an explicit analytic
description, and we use this circumstance in what
follows.

Conditions (16), (17) are studied in the reduction
theory of Abelian functions to elliptic ones which goes
back to Jacobi, Weierstrass and Poincar�e. The modern
exposition and applications to integrable system are
given, in particular, in [14, 15].

4.2. Averages in periodic and ergodic cases

Our discussion and the calculation of averages in the
periodic and ergodic cases are similar to those in [16].
We should remark that calculations of ergodic averages
for almost-periodic finite-gap objects were fulfilled for
the first time in [17].

The average of any object of our theory is sensible
to the commensurability or inconmmensurability of
frequencies (components of the winding vector U ).
Hence in what follows, we specify the average of any
quantity in the periodic case with the super(or sub)script
(p); and the same quantity in the ergodic case with
the super(or sub)script (e): For example, we provide
hS(x; �)i with subscripts, hS(x; �)i(p) and hS(x; �)i(e).

Ergodic case. Let the components of the winding
vector U be all incommensurable. Then the average
hS(x; �)i(e) is ergodic and is

hS(x; �)i(e) = �g +

gX
j=1

�j�1s
(e)
j (18)

where

s
(e)
j =

1

det2!0
det

0
BBBBBBBBBB@

!01;1 : : : !01;g
... : : :

...
!0j�1;1 : : : !0j�1;g
�0g;1 : : : �0g;g
!0j+1;1 : : : !0j+1;g

... : : :
...

!0g;1 : : : !0g;g

1
CCCCCCCCCCA
;

j = 1; : : : ; g:

In particular, at g = 1,

hS(x; �)i(e) = �+
�0

!0
;

and, at g = 2,

hS(x; �)i(e) = �2 + �

det

�
!011 !012
�021 �022

�

det

�
!011 !012
!021 !022

� �

�

det

�
!021 !022
�021 �022

�

det

�
!011 !012
!021 !022

� :
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Periodic case. Let the components of the winding
vector U be all commensurable. Then the average
hS(x; �)i(p) is periodic and is

hS(x; �)i(p) = �g +

gX
j=1

�j�1s
(p)
j ; (19)

where

s
(p)
j =

1

det2!0
det

0
BBB@

!01;1 : : : !01;g
... : : :

...
!0g�1;1 : : : !0g�1;g
�0j;1 : : : �0j;g

1
CCCA ;

j = 1; : : : ; g: (20)

In particular, at g = 1,

hS(x; �)i(p) = �+
�0

!0
;

and, at g = 2,

hS(x; �)i(p) = �2 + �

det

�
!011 !012
�021 �022

�

det

�
!011 !012
!021 !022

� +

+

det

�
!021 !022
�011 �012

�

det

�
!011 !012
!021 !022

� :

We see that averages in the ergodic and periodic
cases coincide for elliptic curves. But, starting from
genera 2, the periodic and ergodic averages are different.

5. Free Energy and Commensurability Energy

of a Solid with Finite-gap Structure

Let us consider the free energy F of a solid which consists
of the deformed lattice and electrons. In this case, we
obviously have

F = Felect + Flatt:

If the electrons do not interact with one another and
move in a potential u(x) created by the deformed lattice,
then

Felect = �N �

Z
dEN(u(�); E)f(E);

where � is the chemical potential, N is the density of
electrons, N(u(�); E) is the number of electrons per unit
length with energy less than E in the potential u(x); and
f(E) is the Fermi�Dirac distribution for temperature T;

f(E) = [exp(E � �)=T + 1]�1:

5.1. Free energy of a solid with finite-gap

structure

If the lattice is deformed in such a way that it creates a
g-gap potential u(x) for electrons, then

Flatt =

gX
i=�1

ciIi:

Here, ci; i = �1; 0; 1; : : : ; g, are some constants and

Ii = h �ii = lim
L!1

1

L

L=2Z
�L=2

�i(x)dx; i = �1; 0; 1; : : : ;

are the Novikov�Bogoyavlenski integrals [8]. For small
indices i, these integrals looks as follows:

I�1 = hui; I0 = hu2i; I1 = 2hu3i+ h(u0)2i;

I2 = 5hu4i+ 10hu(u0)2i+ h(u00)2; i etc.

Let us also take in account that the density of states of
electrons in a g-gap potential is of the form

N(u(�); E) =
1

�

EZ
hS(x;E)ip
R2g+1(E)

;

where

hS(x;E)i =

*
gY

k=1

(E � �k(x))

+
;

and the symmetrized products of �k(x); k = 1; : : : ; g;
are polynomials of the potential u(x) and its derivatives
due to the so-called trace formulae,

X
j

�j(x) = �
1

4

ÆI0

Æu(x)
+

1

2

X
i

Ei;

X
j<k

�j(x)�k(x) =
1

16

ÆI1

Æu(x)
�
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�
1

8

ÆI0

Æu(x)

X
i

Ei �
X
i

E2
i +

1

8

 X
i

Ei

!2

; etc:

With all these assumptions, the free energy of such
a solid looks as

F = �N �

Z
dEf(E)N(u(�); E) +

gX
i=�1

ciIi = �N�

�

Z
dEf(E)

1

�

EZ
dE

hS(x;E)ip
R2g+1(E)

+

gX
i=�1

cih�ii; (21)

i.e. the free energy is the average of some polynomial of
the potential u(x) and its derivatives.

We would like to mention here that, according to
our assumption, a solution of the variation equation
ÆFlatt=Æu(x) = 0 is a g-gap potential, but a solution of
the variation equation ÆF=Æu(x) = 0 may be a (g + 1)-
gap potential, i.e. the equilibrium g-gap lattice potential
can transform under the influence of electrons to an
equilibrium (g + 1)-gap potential [18].

5.2. The commensurability energy

Thus, according to the above discussion, the
commensurability energy of a solid is

�F = F (e) � F (p) =

gX
i=�1

ci[h�ii
(e) � h�ii

(p)]�

�

Z
dEf(E)

1

�

EZ
dE

hS(x;E)i(e) � hS(x;E)i(p)p
R2g+1(E)

: (22)

Let us consider some examples.
One-gap potential. For a one-gap potential, the

commensurability energy is

�F = F (e) � F (p) = c0[h�0i
(e)�

�h�0i
(p)] + c�1[h��1i

(e)h��1i
(p)]+

+

Z
dEf(E)

1

�

Z E

dE
h�1(x)i

(e) � h�1(x)i
(p)p

R3(E)
:

Since the averages for a one-gap potential in the ergodic
and periodic cases coincide, the commensurability energy

�F = 0:

Two-gap potential. For a two-gap potential, the
commensurability energy is

�F = F (e) � F (p) = c1[h�1i
(e) � h�1i

(p)]+

+ c0[h�0i
(e) � h�0i

(p)] + c�1[h��1i
(e)h��1i

(p)]+

+

Z
dEf(E)�

�
1

�

EZ
dEE

h�1(x) + �2(x)i
(e) � h�1(x) + �2(x)i

(p)p
R5(E)

�

�

Z
dEf(E)

1

�

EZ
dE

h�1(x)�2(x)i
(e) � h�1(x)�2(x)i

(p)p
R5(E)

:

6. Conclusion

Thus, we have calculated the commensurability energy
of a solid with finite-gap structure by means of a
consistent and rigorous procedure and have obtained
the explicit formulae for it. In particular, we have
shown that the commensurability energy for a one-gap
structure is equal to zero. But, starting from two-gap
structures, the commensurability energy does not vanish
in general case.
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ÅÍÅÐÃIß ÑÓÌIÐÍÎÑÒI ÒÂÅÐÄÈÕ ÒIË

�.Ä. Áiëîêîëîñ

Ð å ç þ ì å

Ðiçíèöÿ åíåðãié ìiæ ñóìiðíèìè (ïåðiîäè÷íèìè) òà íåñóìiðíè-

ìè (ìàéæå ïåðiîäè÷íèìè) ñòðóêòóðàìè òâåðäîãî òiëà (òàê çâà-

íà åíåðãiÿ ñóìiðíîñòi) ðîçðàõîâàíà äëÿ îäíîâèìiðíî¨ ìîäåëi

òâåðäîãî òiëà iç ñêií÷åííî-çîííèì ïîòåíöiàëîì.

ÅÍÅÐÃÈß ÑÎÈÇÌÅÐÈÌÎÑÒÈ ÒÂÅÐÄÛÕ ÒÅË

Å.Ä. Áåëîêîëîñ

Ð å ç þ ì å

Ðàçíèöà åíåðãèé ìåæäó ñîèçìåðèìûìè (ïåðèîäè÷åñêèìè) è

íåñîèçìåðèìûìè (ïî÷òè ïåðèîäè÷åñêèìè) ñòðóêòóðàìè òâåð-

äîãî òåëà (òàê íàçûâàåìàÿ åíåðãèÿ ñîèçìåðèìîñòè) ðàñ÷èòàíà

äëÿ îäíîìåðíîé ìîäåëè òâåðäîãî òåëà ñ êîíå÷íî-çîííûì ïî-

òåíöèàëîì.
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