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The ab initio calculations of the electronic structure of
crystallographically ordered alloy FeNi3 at extreme pressures
and various temperatures are performed. The elastic and thermal
parameters of the compound are studied with the aim to compare
the calculated values of sound wave velocities with the observed
values of velocities of seismic waves propagating through the
Earth's inner core. An attempt is made to estimate the melting
temperature of the alloy.

1. Introduction

Planetary physics deals with the problem of the

chemical composition and structure of the planet's deep

interior in connection with the origin and basis of

the planet's magnetic field. A. Einstein believed that

the elucidation of the basis of the Earth's magnetic

field is one of five most important unsolved problems

in geophysics [1]. Up to now, both the chemical

composition and the crystal structure of the Earth's

inner core remain essentially unknown. This reason

further was the primary motivation of the present

study of the properties of the inner core. In addition,

some chemical elements behave differently at extreme

pressures than under ordinary conditions. At pressure,

the Coulomb interaction changes, which leads to changes

in bandwidths, band gaps, occupation numbers, etc.,

and results in the interesting physical properties of

crystals. This also makes the present study interesting

for materials science.

It is generally accepted that the composition of the

Earth's core is similar to one of the iron-nickel alloy

based meteorites, which contain, on the average, 90%

Fe and 10% Ni.

More than 30 years ago, it was found [2] that the

density of nickel is about 7% larger than that of iron

in the pressure range from 1.5 to 3 Mbar. That is

not very surprising because the electronic structures of

the two neighboring transition metals should not differ

significantly at extreme pressures. Thus, the difference

in the densities should result from the difference of

their atomic weights which is about 5%. This suggests

that the inner core may be enriched by nickel (because

that minimizes the gravitation energy), thereby making

it necessary to consider also Ni-based alloys. Some

geophysically important properties of iron rich Fe-Ni

alloys were studied experimentally earlier [3].

Previously, we proposed a hypothesis concerning

the chemical composition and crystal structure of the

inner core [4]. We assumed that at least one spherical

layer of the inner core may contain an iron-nickel alloy

with the permalloy-like chemical composition of FeNi3

in an extremely compressed state. In that previous

investigation, we restricted ourself to the calculation

of the electronic structure of the compound with a

density of 13 g/cm
3
corresponding to the estimated

density of the inner core [5], i.e., we considered the

volume compression by a factor of about 1.5. We

found that this compound demonstrates a pure itinerant

ferromagnetism that originates from the valence band

structure only. Moreover, the first-principles theory

predicts a piezomagnetic effect in this ordered alloy at

extreme pressures [6]. That is, there are two critical

points with the growth of density such that the

spontaneous magnetization appears at the lower critical

point and then disappears at the higher critical point.

This is more interesting in that, according to modern

planetary physics, the Earth's neighbor planets have

similar cores, their core densities being smaller and their

magnetic fields being considerably weaker.

In the present study we focus on the theoretical

estimate of some elastic and thermal characteristics

of this compound at the inner core pressures that

are of interest to geophysics. In particular, we predict

quantitatively the behavior of the sound velocities in

FeNi3 at finite temperatures and try to estimate its

melting temperature. These are, to our knowledge, the

first calculations reported for ferromagnetic Fe-Ni alloys

at very high pressures.

The paper is organized as follows. The method

of calculation of the electronic structure of ordered

FeNi3 alloys under the inner core conditions are

836 ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 8



ELASTIC AND THERMAL PROPERTIES OF FeNi3

presented in Section 2. Section 3 is devoted to its

elastic and thermodynamics properties. The results are

compared with previous calculations and with available

experimental data. Finally, we present our conclusions.

2. Method of Calculation

In the present paper, we perform ab initio self-

consistent fully relativistic spin-polarized electronic

structure calculations (SpRLMTO) of the ground state

of FeNi3 in the range of geophysically estimated mass

densities of the inner core. These results are important

for the construction of a picture of the inner core. The

following assumptions are made: first, this compound

possesses a close-packed crystal structure of the Cu3Au

type that originates from the fcc structure of pure

Ni and holds under ambient conditions; secondly, this

structure remains practically unchanged over the whole

range of densities; and thirdly, disorder effects are

negligible. Details of the band structure calculations

were the same as in our previous papers [4, 6]. The

angular-momentum expansion of the trial function

was up to l = 2. The density-functional formalism

produces, in principle, exact ground state properties.

However, the exchange-correlation interaction is known

only approximately. In the present study, we use the

energy functional from [7] without relativistic corrections

[the local spin density approximation (LSDA)]. It is

commonly accepted that gradient corrections to LSDA

do not strongly affect the band energies and the spin

magnetization, but they are important for the total

energy [8]. Moreover, as pointed out in [10], at smaller

volumes, the charge-density gradient is, in general,

smaller. In addition, we believe that the nonsphericity

of the spatial distributions of the electron- and spin-

magnetization densities should be small because of

the enhancement of the d electron delocalization at

the pressures considered. The spherical approximation

is, therefore, plausible. These assumptions significantly

simplify the computer simulation; the errors they

introduce are apparently smaller than the error due to

the uncertainties in chemical composition and crystal

structure. We believe that these assumptions do not

considerably affect the ultimate results. We have chosen

the magnetization along the [111] direction similar to the

ordered FeNi3 under normal conditions, where the easy

axis of magnetization is [111] [9]. Owing to the strong

compression of the crystal lattice, the Brillouin zone

(BZ) volume increases and the valence band broadens.

We used 1547 points in the irreducible wedge of the BZ,

which comprises 1/12th of the BZ for the [111]

Fig. 1. FeNi3 energy bands for the mass density equal to

12.5 g/cm3 with the magnetization along [111] and the total DOS

(in units of states/eV)

direction of magnetization. The self-consistency criterion

was chosen to be 10
�4e. That choice of parameters is

necessary to ensure the convergence of the self-consistent

procedure in total energy. The atomic sphere radii of Fe

and Ni were chosen equal in every calculation.

Fig. 1 represents the energy bands along the

high-symmetry directions and the total density of

states (DOS) at the lattice parameter of 5.924 a.u.

corresponding to the mass density equal to 12.5 g/cm
3

and possessing the largest magnetization of 1.113 �B/cell

in the high density range. Although the energy band

structure is very similar to that for the density of

13 g/cm
3
[4], the total magnetization is about 2.7 times

larger.

3. Elastic and Thermal Properties of FeNi3
under the Earth's Inner Core Conditions

The elastic and thermal properties of the inner core

are of fundamental interest because they provide

basic constraints on its structure, composition, and

temperature. The temperature is intimately connected

to the Earth's heat flow and to the melting process

on the inner core boundary. Of particular interest is

a quantitative prediction of the velocities of sound

waves traveling through the core at finite temperatures
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because they are the only characteristics of the inner

core that can be directly measured. Considering these

properties of FeNi3 under the inner core conditions, we

start with the assumption that both inelastic effects and

partial melting are absent. Secondly, we suppose that the

extremely compressed metal strictly obeys the equations

of elasticity theory.

It was pointed out in [11] that there is a significant

difference between bulk and shear moduli. The former

originates mostly from the kinetic energy of valence

electrons, which is the most important contribution

to the total energy. The shear moduli are determined

mainly by the Coulomb interaction between ion cores;

consequently, the shear to bulk moduli ratio scales as


1=3
, 
 being the unit cell volume. So, metals at extreme

pressures should possess small shear moduli. That is

exactly the same situation that is observed for seismic

shear (s) and longitudinal (p) wave velocities [5] and

leads to the Poisson ratio � slightly smaller than 0.5.

Furthermore, based on the second-order elasticity theory

for extreme pressures, the same conclusion was made

in [12].

The differences of total energies involved in shear

deformations are much smaller than those due to

compression, which causes difficulties for ab initio

methods. Even for hcp and fcc crystals of pure Fe at

extreme pressures, the shear moduli from first-principles

computations are reproduced only approximately [8].

Secondly, shear moduli are strongly anisotropic [11].

Thirdly, we are unable to treat the temperature

dependence of the Poisson ratio, the more so that the

geotherm � the temperature distribution within the inner

core � is known only approximately. These difficulties

can be circumvented by using the Poisson ratio derived

from seismic observations at the actual temperature of

the inner core (which is not known exactly), that is [13]

� =
1

2

(vp=vs)
2 � 2

(vp=vs)2 � 1
; (1)

where vp = 11:262 km/s and vs = 3:668 km/s according

to PREM (Preliminary Reference Earth Model) [5]. The

corresponding value of the Poisson ratio at the center of

the inner core is 0.4407.

By employing the only phenomenological parameter

�, one can easily obtain the following expression for the

longitudinal sound velocity

vp =

s
B

�

3(1� �)

1 + �
; (2)

where B is the bulk modulus and � is the

density.

Before the determination of the velocities from

a completely ab initio approach, it makes sense to

try to estimate their values. We use the Debye

theory of harmonic lattices to estimate the temperature

dependence of the physical characteristics of the inner

core such as the pressure, bulk modulus, and longitudinal

velocity vp. Our starting points are as follows. First,

we believe, as mentioned above, that the covalent

constituent of the chemical bond of 3d states in

extremely compressed Fe-Ni alloys is negligible; in other

words, the nonsphericity of the spatial distribution

of the electron- and spin-magnetization densities is

small because d electrons are strongly delocalized at

such pressures. This justifies the use of the Debye

approach which is based on the assumption that the

medium is isotropic. Secondly, under these conditions,

the electron gas acquires features of an ideal gas [4],

so the situation becomes somewhat similar to that in

alkaline metals. Obviously, the investigation of elastic

and thermodynamic properties of solids from the first

principles in the vicinity of magnetovolume instabilities

is very complicated problem which cannot be solved

accurately at present time. However, the magnetization

is small enough [6] to allow us to use the Debye theory.

Thus, we expect the present approach to yield plausible

results.

To proceed, we need an explicit expression for the

Helmholtz free energy which looks in the standard

notations as [14]

F (s; T ) = Er(s) + �kBT

�
3ln

�
1� exp

�
�
�D

T

��
�

�D

�
�D

T

��
+ � �

9

8
kB�D � TSel(s; T ); (3)

where kB is the Boltzmann's constant, �D is the Debye

temperature, D(�D=T ) is the Debye function, � is the

number of atoms per unit cell, and s is a mean atomic

radius. Here, Sel is the electronic entropy which has the

form

Sel(T ) = �kB

Z
N(E) ff(T; �; E)lnf(T; �; E) +

+[1� f(T; �; E)]ln[1� f(T; �; E)]g dE; (4)

for the ideal electron gas, where N(E) is the

DOS function, f(T; �; E) is the Fermi function at a

temperature T , and � is the chemical potential. In Eq.

(3) Er(s) is the total energy of the rigid lattice and

9

8
kB�D is the Debye estimate of the zero-point
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lattice energy. The Debye cutoff frequency is related to

the Debye temperature as [14]

!D =
kB

~
�D = �v

�
6�2N�

V

� 1

3

; (5)

where �v is the average for the sound velocity (transversal
and longitudinal), N is the total number of particles,

and V is the system volume. In the limit that the

temperature is much lower than the binding energy, the

�v is found from

3

�v3
=

2

v3s
+

1

v3p
: (6)

Let us take into account the expressions of vs and vp in

terms of shear S and bulk B moduli [13]

vp =

s
B

�

�
1 +

4

3

S

B

�
; vs =

s
S

�
(7)

and the relation [13]

S

B
=

3

2

1� 2�

1 + �
; (8)

where the isothermal bulk modulus B is defined as

B = �V

�
@P

@V

�
T

; (9)

and P is the hydrostatic pressure

P = �

�
@F

@V

�
T

: (10)

Practical computations of the partial derivatives are

made by the least-squares fit of the calculated values

of the free energy to the Morse function [16]

F (s) = a+ be��s + ce�2�s; (11)

where a, b, c, and � are the fitting parameters and s is the

mean atomic radius. The accuracy needed to determine

the bulk modulus is achieved by the fit with an rms error

of at most 0.5 mRy.

Thus, !D takes the form [15]

!D(s) = 22=33�5=6
�
(1� �)(1� 2�)

1 + �

�1=2
�

�
1

[25=2(1� �)3=2 + (1� 2�)
3=2

]1=3

s
�BsP�
i Mi

; (12)

where Mi is the atomic mass of a component in the unit

cell.

Fig. 2. Calculated longitudinal sound velocity of the ferromagnetic

FeNi3 along three isotherms compared with that of the inner core

(according to PREM)

In many respects, our approach is similar to that

used in [16]. However, there is one significant difference,

namely that we use the values derived exactly from

elasticity theory, in contrast to those in [16] based on

the fit to the experimental data for a number of cubic

metals.

With the above assumptions, !D(s) [Eq. (12)

together with Eqs. (3), (9), and (10] obeys a complicated

second-order differential equation. We assume that

for low and moderate values of the ratio kBT=~!D
the physically acceptable self-consistent solution of

Eq. (12) for !D is a slowly varying function of the

temperature T . One should carefully identify possible

solutions to this set of equations which correspond to the

temperatures lower than the (unknown) melting point of

the compound in question.

Fig. 2 shows the calculated dependences of the

longitudinal sound velocity on the density of the inner

core. As expected, our approach underestimates the

velocity with respect to PREM [5]. At the density of

13 g/cm
3
, the discrepancy is about 7% for T =4500 K. If

we assume that the inner core is composed of pure iron

in a close packed phase, the discrepancy from PREM

would be about 1.6% [17], which is considerably smaller.

However, the electronic structure of FeNi3 at extreme

pressures is quite different from that of pure Fe both in

scalar-relativistic and spin-polarized calculations. Pure

Fe has slowly varying DOS in the vicinity of the Fermi

level (EF) with the DOS(EF) being about 1 state/eV. At

the same time, FeNi3 has a sharp band structure near
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EF. The Fermi level falls onto the high-energy slope of

the large peak of the DOS (Fig. 1) and the local DOS

of a Fe atom at EF is about 2.7 states/eV�atom [6].

So, there is no �small perturbation� of the electronic

structure when we go from pure Fe to FeNi3.

Additionally, at this mass density, the averaged

volume per atom for FeNi3 is 7.406 �A
3
, whereas it is

7.134 �A
3
for iron, i.e., only by 3.8% smaller. Accordingly,

this small difference should cause a difference of the same

order in the sound wave results. But, at actual pressures,

FeNi3 is more compressible (less stable) because its total

DOS near EF is about 2 times greater than that in iron

[4]. So that the electronic contribution to the FeNi3 free

energy (Eq. (3)) exceeds that for iron, especially for high

temperatures. In other words, with the same averaged

volume per atom (7.406 �A
3
), the Debye temperature for

FeNi3 is about 570 K, whereas it is about 650 K for

iron ecause the stiffness of pure Fe is larger than that of

FeNi3. Because pure Fe has a smaller mass density than

FeNi3 under the same volume per atom, the difference is

even more impressing at the same density: at 13 g/cm
3
,

these values are 570 K for FeNi3 and 700 K for pure

iron [8].

Because the outer core does not carry shear waves,

the commonly accepted approach is to describe it as a

liquid iron alloy. The investigation of the melting process

at extreme pressures can give information about the

chemical composition, structure, and thermal state of

the Earth's core. However, theoretical estimates of the

melting temperature of metals are most complicated.

There exists a number of experimental techniques to

determine the Debye temperature. The values obtained

with different techniques and at different temperatures

agree well with each other. For our purpose, the

Lindemann law [19] is of particular interest, because it

connects the melting point Tm (in K) and the Debye

temperature �D (in K) in the following way

�D = K

�
Tm

M

�1=2
1


1=3
: (13)

Here, M is the mean atomic mass, 
 is the mean

atomic volume (in units of cm
3=mol), and K is

a phenomenological constant approximately equal to

115. This constant depends to some extent on the

chemical composition of the crystal and on the method

of determination. In [20], it was pointed out that

there is no satisfactory theoretical explanation for this

expression, but that it does have an empirical basis. The

applicability of the Lindemann law for the estimation of

the melting points of transition metals and particularly

of iron at extreme pressures was reviewed in [21].

This equation allows us to estimate the melting point

of the compound from a theoretical �D. However, the

value of the Poisson ratio � ' 0:44 is slightly smaller

than its maximum value of 0.5 which belongs either

to liquid or to rubber [13]. Apart from that, expression

(12) for the Debye temperature contains the multiplier

(1�2�). Hence, one may ask to what extent the proposed

approach can yield the melting temperatures. With this

purpose, the Debye temperatures of some pure metals

which have the Poisson ratio � > 0:42 at ambient

pressure are listed in Table 1 (the data are taken

from [22]). The Debye temperatures �E
D
are determined

from elastic constants at 0 K and at 298 K, while the

values of �m
D

are calculated [22] from the Lindemann

equation for K = 138:5 (see Eq. 13). In Table 1,

we also present �m
D

for K = 115. The comparison

of �E
D

to �m
D

suggests that the agreement between

them is reasonable, but, for �quasiliquid� metals, a

better agreement is achieved using K = 115 which we

take to estimate the melting point of FeNi3. Athough

the inner core is both at extreme pressure and high

temperature, the ratio of the temperature to the binding

energy for FeNi3 is approximately the same as for

the �quasiliquid� metals under normal conditions. Thus,

we believe that the Lindemann equation is a fairly

good approximation for the Debye temperature for the

problem under consideration. So, we may hope that the

solution of the inverse problem � the determination of

the melting point from the Debye temperature � can

provide reliable estimates.

The calculated dependences of the melting point

versus the density for three hypothetical temperatures

of the inner core are plotted in Fig. 3. The curves differ

only slightly because, at the inner core densities, it is the

compression of the electron gas that most strongly

contributes to the Debye temperature, rather than the

thermal excitation of electrons. Fig. 3 reveals a rather

small temperature effect on the elasticity characteristics

of the compound, which may be due to the fact that

we use seismological data for �. As has been mentioned

above, the Poisson ratio is assumed to be temperature-

T a b l e 1. Comparison of the values of the Debye

temperature (in K) determined from elastic constants

(�E
D
) and from the Lindemann equation (�m

D
) for metals

with � � 0:4

Metal � �
E

D
�
m

D

0 K 298 K K=138.5 K=130
49 In 0.46 111.3�1.1 85 107 100.4
79 Au 0.425 162 160�4 166 155.8
81 Tl 0.46 � 55 90.1 84.6
82 Pb 0.44 105 81�9 89.5 84.0
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independent and equal to the geophysically observed

value at the center of the inner core.

It is striking that, at the averaged inner core

density of 13 g/cm
3
, the theoretically obtained melting

temperatures agree fairly well with their geophysical

estimates for the Earth's core (3000 � 4000 K) [18] in

contrast to those for pure iron, which is (7600�500) K at

the inner core � outer core boundary [23]. Additionally,

our results agree with those in [24] where it was pointed

out that the addition of nickel to iron leads to a melting

point depression; the effect increases dramatically with

pressure.

Finally, we note that, even by using a more general

and precise thermodynamic theory, one could hardly

expect to have a better accuracy because of the lack

of knowledge of the chemical composition and crystal

structure of the inner core.

4. Conclusion

The first-principle electronic structure calculations

within LDA have proven to be successful in predicting

the elastic properties and equation of state of Fe3Ni at

extreme pressures. Based on our calculations of elastic

and thermal properties and relying on PREM [5], we can

conclude that crystallographically ordered FeNi3 under

the inner core conditions is not elastically as hard as

suggested by the PREM. The results of the present work

are related rather to the outer core conditions as they are

given by PREM. However, as has been often pointed out

(see, e.g., [25]), it is for the inner core that the seismic

observations provide the least reliable estimates.

In addition, it is obvious that the effect of pressure

on the magnetic and elastic properties can depend

on even small changes of the chemical composition of

the iron-nickel host. Namely, alloying FeNi3 with light

element impurities can move the low-spin magnetization

peak towards both high or low mass densities.

Furthermore, the effect of impurities can tune the

distinct peaks of DOS onto the Fermi level, so that it

can amplify the magnetization by stabilizing the high-

spin ferromagnetism. It is just that was observed from

electronic structure calculations [26] of the close packed

Fe3S at Earth's core pressures which additionally reveal

a distinct peak in the total DOS near EF.

The experimental verification of the above

theoretical predictions would require measurements of

magnetic and elastic properties at megabar pressures.

The technique recently proposed in [27] seems to be

appropriate for such a task. A realization of appropriate

Fig. 3. Calculated melting point of ferromagnetic FeNi3 for three

hypothetical temperatures of the inner core

experiments would shed light on such a single-solid-

phase model.
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ÏÐÓÆÍI ÒÀ ÒÅÐÌI×ÍI ÂËÀÑÒÈÂÎÑÒI ÑÏËÀÂÓ FeNi3
Â ÓÌÎÂÀÕ ÂÍÓÒÐIØÍÜÎÃÎ ßÄÐÀ ÇÅÌËI

Î.�. Êðàñîâñüêèé

Ð å ç þ ì å

Ïðîâåäåíî ðîçðàõóíêè åëåêòðîííî¨ áóäîâè êðèñòàëîãðàôi÷íî
óïîðÿäêîâàííîãî ñïëàâó FeNi3 ïðè åêñòðåìàëüíèõ òèñêàõ òà
ðiçíèõ òåìïåðàòóðàõ. Âèâ÷åíî ïðóæíi òà òåðìîäèíàìi÷íi ïàðà-
ìåòðè öi¹¨ ñïîëóêè ç ìåòîþ çiñòàâëåííÿ ðîçðàõîâàíèõ çíà÷åíü
øâèäêîñòåé çâóêîâèõ õâèëü iç ñïîñòåðåæóâàíèìè âåëè÷èíàìè
øâèäêîñòåé ñåéñìi÷íèõ õâèëü, ùî ïîøèðþþòüñÿ ó âíóòðiøíüî-
ìó ÿäði Çåìëi. Çðîáëåíî ñïðîáó îöiíèòè òåìïåðàòóðó ïëàâëåí-
íÿ öüîãî ñïëàâó.

ÓÏÐÓÃÈÅ È ÒÅÐÌÈ×ÅÑÊÈÅ ÑÂÎÉÑÒÂÀ ÑÏËÀÂÀ FeNi3
Â ÓÑËÎÂÈßÕ ÂÍÓÒÐÅÍÍÅÃÎ ßÄÐÀ ÇÅÌËÈ

À.Å. Êðàñîâñêèé

Ð å ç þ ì å

Ïðîâåäåíû ðàñ÷åòû ýëåêòðîííîãî ñòðîåíèÿ êðèñòàëëîãðàôè-
÷åñêè óïîðÿäî÷åííîãî ñïëàâà FeNi3 ïðè ýêñòðåìàëüíûõ äàâ-
ëåíèÿõ è ðàçëè÷íûõ òåìïåðàòóðàõ. Èçó÷åíû óïðóãèå è òåð-
ìîäèíàìè÷åñêèå ïàðàìåòðû ýòîãî ñîåäèíåíèÿ ñ öåëüþ ñîïî-
ñòàâëåíèÿ ðàññ÷èòàííûõ çíà÷åíèé ñêîðîñòåé çâóêîâûõ âîëí ñ
íàáëþäàåìûìè âåëè÷èíàìè ñêîðîñòåé ñåéñìè÷åñêèõ âîëí, ðàñ-
ïðîñòðàíÿþùèõñÿ âî âíóòðåííåì ÿäðå Çåìëè. Ïðåäïðèíÿòà ïî-
ïûòêà îöåíèòü òåìïåðàòóðó ïëàâëåíèÿ ýòîãî ñïëàâà.
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