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In the framework of the two-torsion Einstein—Cartan theory
(ECT), spatially flat cosmological models with a nonminimally
coupled scalar field, perfect fluid, and stiff one are considered.
Exact partial solutions for the above models are obtained for an
arbitrary coupling constant. It is shown that both singular and
nonsingular models are possible depending on the type of scalar
field. For the obtained solutions, some restrictions on the coupling
constant are found, and the case of two sources of torsion is
discussed.

1. Introduction

The creation of a physical picture of the world is now
connected with the construction of a unified theory
of all fundamental physical interactions, in particular.
An important stage towards it is the development
of a gauge theory of gravity. In the framework of
this program, the Poincaré gauge theory of gravity is
gaining a great topicality, its simplest variant being
the ECT, in particular. The ECT is an extension of
General Relativity (GR) to a space-time with torsion
and it reduces to GR when torsion vanishes. The ECT
finds applications in cosmology, the particle theory and
the theory of strong interactions (see, e.g., [1—3] and
references therein).

Recently, we have proposed a variant of the two-
torsion ECT, in which a perfect fluid and a nonminimally
coupled scalar field are the sources of torsion [4]. As
an application of the theory, static models [4, 5] and
cosmological ones [6—8] for matter distributions in the
two-torsion ECT have been considered.

In the Minkowski space for a negative nonminimal
coupling constant, soliton-like solutions for the scalar
field with polynomial potential were obtained [4]. It was
shown that the case of axion field is specific. For each
solution, a measure of the scalar field localization was
determined.

In [5], the exact partial static spherically symmetric
solutions in the one-torsion ECT and the two-
torsion one were obtained, and some consequences
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of the version with two sources of torsion were
discussed.

The exact partial solutions for all the types
of Friedman’s metrics for the universes filled with
a nonminimally coupled scalar field with nonlinear
potential, perfect fluid, and ultrarelativistic gas were
derived in [6]. It was shown that, in the one-torsion
case where the torsion is generated by a perfect fluid
with the vacuum equation of state, only singular models
are possible for spatially flat and open cosmological
ones. Both singular and nonsingular models are possible
when the second source of torsion generated by a
nonminimally coupled scalar field is taken into account.

In [7, 8], the cosmological models with a
nonminimally coupled scalar field with nonlinear
potential and two perfect fluids, one of which is a
stiff fluid and the other is the source of torsion were
considered. The exact partial solutions for two-torsion
models have been derived for spatially flat [7] and closed
[8] models. The role of each sources of torsion in the
evolution of models has been elucidated.

In this work, we analyze the other exact partial
solutions for the spatially flat models with a
nonminimally coupled scalar field with nonlinear
potential, perfect fluid, and stiff one.

2. Basic Equations

The Lagrangian L of the model is chosen as the sum of

Lagrangians of the gravitational field L, scalar field L,

and perfect fluids: Lg(;) and Lg() :

L, = —R()/2m, (1)
1

L, E{% [@,kq»k n ER(F)QQ] - V(<I>)}, 2)

r ,
Loy = —p(c® +1L(p,e)) + & Vi (pu')+
-k (uut — 1) 4 kou'0; X + ksu'die . (3)
Here, R(T") is the curvature scalar obtained from the

full connection T'f; = {§;} + 5;; + S%; + 5%, ; {§;} are
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Christoffel symbols of the second kind; Sij_k = I‘E“Z.j] is
the torsion tensor; & = 87G/c! is Einstein’s constant;
as = +1 conforms to the material scalar field; a; = —1
corresponds to the “gravitational” scalar field [9, 10]; £ is
the coupling constant; V' (®) is the scalar field potential;
p is the perfect fluid mass density; II(p, e) is the internal
energy; k, ki, ks, k3 are the Lagrange multipliers; X is
the Lagrangian coordinates of the matter particles; e is
the entropy per volume [11]; u’ is the four-velocity; and

Vri is the covariant derivative of the Riemann — Cartan
space. The Lagrangian L) for the stiff fluid is not
indicated since there is no torsion vector for it in the
derivative of the term which regulates the conservation
of the number of particles.

The metric g;, has signature (—,—,—,+), the
Riemann and Ricci tensors are defined as R{?k =
R F%F?k — F%I‘fk, R, = Rfjk_. We should
note that, in the framework of the ECT, a scalar field
nonminimally coupled to the gravitational field gives rise
to torsion, even thought the scalar field has zero spin.
It follows from (3) that the torsion can interact with a
perfect fluid only through its trace: S; = S;,* (the vector
of torsion). An analogous result was derived in [10] for a
scalar field. Hence, the curvature scalar can be presented
in the form [10]

R(T) = R({}) + 4V, S* — gSkSk ; (4)

where R({}) is the Riemannian part of the curvature
built from Christoffel symbols; Vj is the covariant
derivative of the Riemannian space.

One can note that Lagrangian (2) in the torsionless
case at & = 1/6 and V(®) = 0 conforms to the
conformally invariant scalar field. As shown in [10], when
as = =1, £ = —=1/6, V(®) = —(1/2)u>®2, the scalar
field corresponding to Lagrangian (2) is the axion field
in GR. From the viewpoint of QCD, the interest to the
axion field is based on the fact that it leads to the
compensation of the strong CP violation effect; from
the viewpoint of cosmology, it is a cold dark matter
candidate (see, e.g., [10, 12] and references therein).

Varying the action with the Lagrangian L = L, +
L +Lf1(1) +Lf1(2) in Gij» Sk; (ﬁy P k) ki) X: €, uia we
obtain the following set of equations for the gravitational
fields and matter:

Gi({}) = 2@}V + T + T2) + Ayj (5)
Sk = (3/2)¥(2ra,0uf + £dF) (6)
0® — é3R(D) + o, V' =0, (7)
644

eni) + Prigy + pu' (05 + 28)k =0, (8)
r .

wiu' =1, (10)

uwid; X =0, (11)

uidie =0, (12)

Vi(k2u') =0, (13)

Oggi(1)/0e + Vi(ksu') =0, (14)

—paik — 2kpS; + 2k1u; + k20; X + k30;e =0, (15)

where

T = (¢ P j — Prig1ygij 16
yio = (eniqy + Priqy)uiug £1(1)9ij > (16)

Ti2) _ ( P s — P . 17
ij = (€r1(2) + f1(2))UzUJ £1(2)9ij > ( )
s __ Qs X L 1 ,m 2_

INES E{q),zq),] 5 [q’,m‘l) +ER({})®

~20,V(®)] i + €[ ~28,V; — 28,V + 2018V~

=ViVj+ 958+ Ri; ({}) - Aij] ‘1’2} : (18)

4
Aij = §SlS] — —SkSkgij . (19)
3 3
erin) = p(c® +(p,e)) , Pry1y = p*01/dp . (20)

Here, e¢) is the perfect fluid energy density; Pr) is
its pressure; O is the D’Alembertian operator of the
Riemannian space; ¥ = &(4mas — (ed?)~L © = kp;
and V' = 0V/09.

By contracting Eq. (15) with u’ and using Egs. (8),
(10) - (12), we find

2k1 = —(er11) + Priqy) - (21)
Finally, Eqgs. (8) and (9) give
Vi(Ou') = —(er11y + Priqy)) - (22)

Excluding torsion with the help of Eq. (6), a closed
subsystem of Egs.(5), (7) and (22) is derived. In
the framework of GR, this sybsystem describes the
gravitational interactions of two perfect fluids and a
nonminimally coupled scalar field with the potential

V().
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For spatially flat homogeneous isotropic models with
the metric

ds®> = a*(n)[—dr? — r*(d6? + sin® 0dp?) + dn?],
Egs. (5) and (7) take the form:

(23)

" a12

!
y R \IJ[2§<I><I>” +2c2 90!+
a a a

1
(-5 2643802087 + 0¥V (@)

—12(7rG)a)2\Il] — 4ra,a® ¥ (Pryyy + Prya)) (24)

a/2

1 !
- \If[(— - §2q>2\11)<1>'2 2L 0 1
a 6 a

1
+§asa2V((I>) + 4(71'@@)2\11] +

4
+§7Tasa2‘1’(8f1(1) + er1(2)) (25)

!
(1 - 6620°T)(®" + 22 8') + a,a’V' -
a

n

—1270,£a2 BV, (OuF) + +66 LB+
a

+247EPV? (—e L @ + 1a?0%) =0, (26)

where the prime denotes differentiation with respect
to n.

We confine ourselves to considering the perfect fluid
which induces torsion with the vacuum equation of state:
Pti1) = —¢¢1(1)- Then, from (20) and (22), we obtain

eri) = C1 0 =Cea™?, (27)
where C;, Co are integration constants (Cy > 0).

For the stiff fluid, we have
eriz) = Prie) = Cra™® | Cy = const . (28)

The scalar field potential V(@) is chosen in the form

W A
V(®) = ﬂTb? + qu* : (29)
Here, p and A are constants; § = +1 conforms to a
massive scalar field, and f = —1 corresponds to a Higgs-
type nonlinearity.
The exact solutions have been obtained for positive
Einstein’s effective constant,

Ror = {1 — (as&/4m)2d?} ™1 > 0, (30)
provided that
A= (6/m)(2E)*Cr,  p? = dafE]C) . (31)
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3. Solutions with Material Scalar Field

3.1. Solution for £ >0, 8 = —1

The exact partial solution is obtained by quadrature:

a(n) = f1F~'/* coshu ,®(n) = Btanhu,

F'2dF 5 / du
) A
VSF3 + s Wi (u) coshu

t_ﬁ/L
e ) Wi(u)F3/2’

where f; = (w|¢)Y/4/(4m)2, B = (d4r/wle)/2 5 =
(Dy + 327%Cy + 24272C3)/6|¢); Dy is an integration
constant; s1 = (C1/3)8%; n = £1; Wi(u) = (D1 +
3272C5 tanh? u)'/2; and Wy (u) > 0.

Note that, in [7], the exact partial solutions with a
material scalar field and a “gravitational” one have been
obtained for D; = 3272C,. Here, we consider the other
meanings of the constant D;.

1.D; > 0. The investigation of solution (32) has
demonstrated that it describes nonsingular symmetric
cosmological models of two types:

(32)

]-) a|t~>j:oo ~ t4/3 ) q>|t~>j:oo ~+B ) (33)

2) alt—s 400 ~ exp(£Hit) , Pliy 100 ¥ B, (34)
where ¢ is the cosmological time (a(n)dn = cdt), Hy =
c(eC/3)'/? = 0.

It is easy to verify that models (33)—(34) are regular
due to the violation of the strong energy condition with
a scalar-torsion field. It is not difficult to show that, for
minima of the scale factor a(t) and for the asymptotics
a ~ t*/3 the contribution of the scalar-torsion field
dominates, while for a ~ exp(Hit) the contribution of
the perfect fluid which is the source of torsion dominates.

2.D; < 0. In this case, physically permissible models
do not exist.

3.D; = 0. It is not difficult to show that, in this case,
it is possible to express F' = F'(u) from (32) explicitly
F* = (1/2)(s1/9)' 2 (V (u) = V7' (w)), (35)
where V(u) = Dy(|tanh(u/2)[)", V2 > 1; Dy is an
integration constant; v = 3(1 + 3203 /4Cy)"/2(6¢)~1/2.

Note that there exist variable solutions for the scale
factor a according to the value of the parameter n.
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With n =41, the solution exists for Dy > 1
only for u > In[(1 + D;")/(1 — D;/")] and u <
—In[(1+ D;l/v)/(l - D;l/v)]. This solution describes a
nonsingular model with the asymptotics

alt—s+oo ~ exp(Hat), Plii00 = B,

alt— oo ~ exp(—Hzt), ®|i oo ~ Bmy, (36)
where H» = (30/2v)(D> — Dy'); Hy =
D72/“/)/(]_ + D2_2/’Y); my = Q(D;/’Y + D2—1/’Y)71'

It is not difficult to see that Hubble’s constant Hy can
take great values at £ > 1. As the models are considered
in the framework of the classical theory of gravitation,
they will be physically permissible provided that e < epy,
where ep; = ¢ /RG?. As a result, we get the restriction
on & € < 2(1+ 32C3/4Cy)ep;/3C1 (D2 — Dy )2

It should be noted here that Hubble’s constant Hj
does not reach Planck’s values for any &.

It is necessary to point out that, for a de Sitter-like
asymptotics, the contribution of two sources of torsion
dominates and reverse asymptotics are possible.

With n = —1 solutions exist for Dy > 1 at u €
(—00, 00) and for Dy < 1at — In[(1+D3/")/(1-DY")] <
w < I[(1+ Dy/")/(1 = Dy/7)).

The analysis has shown that, for n = —1, the singular
models of three types are possible. For all the types of
models at early times, the scale factor and the scalar
field behave identically as

o(l —

als—o ~ 13, B0 ~ 17, (37)
but, at the late times, the expansion laws are:

1) Dy <1

alt— 100 ~ exp(Hyt), Plt— 100 = Bmy, (38)
2) Dy =1

altosyo0 ~ 1%, Bl 400 ~ B, (39)
3) D2 >1

alt—s 400 ~ exp(Hat), Pltmtoo = B, (40)

where Hy = o(1 — Dg/v)/(l + Dg/w) as Hs does not
reach Planck’s values for any &, and the expression for
H, coincides with that from (36). Since solutions (38)—
(40) have been obtained in two cards, t € (—o0,0) and
t € 0,+00), reverse asymptotics are possible. It is not
difficult to show that, for ¢ — 0, there dominates the
contribution of the stiff fluid.
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Note that, for n = —1, Dy = 1, and v = 1,
the solution with an asymptotics of type (39) can be
expressed in elementary functions:

a(t) = (3271'26f02)1/6(1 + 902t2)1/2(c|t|)1/3,

®(t) = 30Bt(1 + 95°t%) /2, (41)

3.2. Solution for £ < 0, 8 = +1
The exact partial solution has the form of quadratures:

a(n) = BlF_1/2W{1/2(u), ® = Btanhu,

FU2dE / du
I W ’
VsES + 51 W21/2(U)W31/2(u) cosh? u

p= B / - du , (42)
¢ ) Wa(u)W3'*(u)F3/2 cosh® u

where Wy(u) = 1 + tanh®u, Wi(u) = Dy — 3272 x
Cy tanh®(u), Ws(u) > 0.

It follows from (42) that, for D; > 3272C,, this
solution describes nonsingular symmetric cosmological
models of two types:

1) altm+oo ~ exp(£Hit), ®listoo ~ Fexp(F3ot), (43)
2) )i +o0 ~ exp(£V2H 1), B|;i0o ~ £B. (44)

Note that the qualitative picture of the evolution of
models for £ >0, 8=—-1(D; >0)and £ <0, 8 = +1
(D; > 3272C5) is the same as for D; = 3272Cy with
these signs of ¢ and S [7].

4. Solutions with “Gravitational” Scalar Field

4.1. Solution for € >0, 8 = +1
The exact partial solution is obtained by quadrature:

a(n) = B1F /% cosh™' u, ®(n) = Bsinhu,

F1/%dF _2n/ du
VEFP + 51 Wy (u)’

t:ﬁ—cl/ " du , (45)
W, ' (u)F3/2 coshu
where § = (—D; +3272Cy + 2472 C ) (6/€]) ™, Wa(u) =
D + 327204 sinh® u.

Let us consider the possible models that admits
solution (45).

1.D; = 0. In this case, it is possible to present F' =
F(u) as

FY2 = (1/2)(s1/3)Y2(V (u) — V" (u)). (46)
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We note that, in this case, the restrictions on D, and
w are such that have been written out for the models with
a material scalar field (¢ > 0,D; =0,n = +1).

With n = 41, the solution admits only a singular
model with the asymptotics

—1/2
)

a|t—>0 ~ t1/2 ’ (I)|t—>0 ~ —t

a|t*>+oo ~ exp(H5t) N (§|t—>+oo ~ —Bm2 N (47)
where Hs = o(1 + D2_2/7)/(1 - DQ_Q/W); Dy > 1;my =
2(D;/A’ — D;l/v)_l. We note that reverse asymptotics
are possible. Since Hubble’s constant Hs takes great
values at £ <« 1, we get the restriction on &: & >
3C1 (1 + 3203 /4C) (26 py In® Dy) L.

As in the previous variant of the material scalar field
(as = +1), for n = —1, singular models of three types
are possible. For all the types of models at early times,
a(t) and ®(t) behave identically and are similar to ( 37).
But, at the late times, the expansion laws are
1)D2 <1

alt—s 100 ~ exp(|Hslt), ®lii00 ~ —B|mal, (48)
2) Dy =1
alis, ~ (to = 1)*7%, ®Blisr, ~ (to— ). (49)

It is worth to note that, in this case, the scalar-torsion
field creates the effect similar to a curvature [13], since
the evolution of model (49) is characteristic of one of the
closed types.

3) Dy >1

alest, ~ (to = )2, By, ~ (to — )12 (50)

It is easy to see that the evolution of model (50)
corresponds of one of the closed types.

Note that, for n = —1, Dy = 1, and v = 1,
the solution with an asymptotic of type (49) can be
expressed in elementary functions as

a(t) = B1(5/s1)Y8(1 + tan®(30t)) ~'/2(| tan(30t)|) /3,
®(t) = Btan(30t). (51)

2.D; # 3272C,. In this case, we have the singular

models (in two cards) with the asymptotics
a|t—>ﬁ:0 = Aa q)t—>ﬁ:0 ~ t7

alt—xt, ~ (Lo F t)1/2; Dl as, ~ £(to F t)fl/za (52)

where A = const.
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4.2. Solution for £ <0, f = —1
The exact partial solution has the following form:

a(n) = fF/* coshu, ®(n) = Btanhu,

FU2dE / du
) Y R R—
VEF3 + 51 W31/2(u) coshu

_ & du
b= ¢ /ng/?(u)FB/z' (53)

The analysis of solution (53) has shown that, for
D # 3272C4, the qualitative behaviour of a(t) and ®(t)
is the same and coincides with that in the models for
as=+1,£>0,8=-1,D; >0.

5. Conclusion

In this article, in the framework of the two-torsion ECT,
the exact partial solutions for spatially flat cosmological
models with a stiff fluid, nonminimally coupled scalar
field with nonlinear potential, and perfect fluid with
the vacuum equation of state have been obtained and
analyzed in the case of an arbitrary coupling constant &.

For the models with de Sitter-like asymptotics, when
the Hubble’s constant may grow up to Planck’s values,
the restriction on ¢ have been found.

In [7] in the framework of the one-torsion ECT, the
general exact solution for the spatially flat cosmological
model with a stiff fluid, when the torsion is generated
by a perfect fluid with the vacuum equation of state,
has been obtained. It has been shown that the following
asymptotics are true:

alt—t0 ~ (it)l/B; Alt—too ~ etot,

Thus, the analysis of the exact solutions that have
been obtained in this article shows that, as compared
with similar models in the ECT, the presence of a scalar-
torsion field leads to
— the slow—down of the initial cosmological evolution:
algsyo ~ t'/% for ay = =1, 6 >0, D; =0, Dy > 1
(n=+1).

— the slow-down of the late stages of the cosmological
evolution:

— altso0 ~ tY3 for ay = 41, € > 0, D; > 0 and

as=-—1,£<0.

— lt— 400 ~ exp(Ht), where H < o, for a; = +1,

E>0(¢<<1),D, =0,Dy >1 (n==1) and
Dy, <1 (n = —].).
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— the creation of the effect similar to a curvature for
as = —1,¢£ >0,D; =0,Dy >1(n = —1) and
D, # 3212C5.

— the speeding-up of the late stages of the cosmological
evolution: alt— 4o ~ exp(Ht), where H > o, for a; =
+1,£>0(>1),D; =0, Dy > 1 and € < 0 (V¢); for
as=—-1,6>0(£<1),D;=0,Dy>1(n=+1) and
Dy <1 (TL = —1).

— the removal of the initial singularity for ay = +1,
£€>0,D;,=0,Dy >1(n=+1) and D, > 0; for as +1,
¢ < 0. — the increase of the number of variants of the
cosmological evolution for ay = £1.
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IHTETPOBHI KOCMOJIOTTYHI MOJIEJI ¥V TEOPII
EMHIITENHA—KAPTAHA 3 IBOMA JIYKEPEJIAMU
KPYYEHHS

A.M. TIaniazmemos
Pesmowme

JIOoCTiIKYIOTBCS IPOCTOPOBO ILJIOCKI KOCMOJIOTiYHI Mozeni 3
HEeMiHIMaAJIbHO 3B’SI3aHUM CKAJISIDHUM II0JIEM, i1€aJIbHOI0 PiIMHOI0
Ta PiAMHOI0 ‘“PKOPCTKOr0” THIY y ABOTOPCiitHiN Teopii Enmreiina—
Kaprana. Ogep:kaHO TOYHI YaCTHHHI PO3B’SI3KU [JIsi JOBIJIBHUX
3Ha4YeHb CTaJso0l 3B’a3Ky. [lokazaHo, M0 B 3a1€2KHOCTI BiJi TUIIY CKa-
JISIDHOTO IOJIst MOXKJIMB] CHHTY/IspHI Ta Hecuurysisapai Mogemi. s
OTPUMaHUX PO3B’si3KiB 3HaNIeHO OOMEXKEHHsI Ha CTaJly 3B’SI3KY.
OOBroBOPIOIOTHCA eAKi HACTIIKK JTBOX J2Kepesl KPYUeHHS.
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