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We consider pair correlations in a liquid multicomponent finite-

size system with the geometry of a plane-parallel layer. For this

system, we find the general expressions for the pair correlation

functions of density fluctuations. We also investigate the influence

of a space limitation on the correlative behavior of the system at

the critical region. The results are compared with those that

exist for binary and pure liquids, and their applicability is briefly

discussed.

1. Introduction

This paper is devoted to the investigation of a
multicomponent finite-size liquid with the geometry of
a plane-parallel layer. Namely here, we find the pair
correlation functions of density fluctuations, simplify
these expressions in the case where the system is at the
close vicinity of the critical state, and then make some
predictions about the critical parameters of a finite-size
multicomponent system. It is necessary to accentuate
that this problem has not been investigated well enough
so far, meanwhile some interesting data were received in
investigating the multiphase behavior and equilibrium
state [1, 2] and predicting the critical points [3].

On the other hand, the significant results were
obtained [4, 5] in studying the critical phenomena and
phase transitions in the recent years, especially for one-
component and binary liquids [6, 7], simple ferromagnets
[8] and so on. There is also a set of results allowing
us to conclude that the liquid-liquid phase separation
in multicomponent systems is relevant to the Ising
model [6, 9]. A great progress was made in studying
the critical phenomena and phase transitions in finite-
size systems as well [10�15]. For these purposes, the
finite-size scaling techniques were developed (see, as a
review, [15]). Many interesting results were obtained
for confined liquid mixtures by combining a number of
methods and approaches [14�16].

The theoretical analysis of critical phenomena and
statistical properties for multicomponent liquid systems
is based mainly on the geometric approach that was

developed for the general case of a liquid with N

components in [17] and in the pioneering work [18].
These results are in the core of the isomorphism
hypothesis [6] that is, in turn, a very productive method
for studying the complex liquid systems. Nevertheless,
the information about the density (concentration)
fluctuation correlations in multicomponent systems,
mostly confined, is limited.

2. Correlation Functions

To find the pair correlation functions of density
fluctuations, we use the Ornstein�Zernike (OZ) system
of integral equations

Gij(~r1; ~r2) = Fij(~r1; ~r2)+

+

NX
k=1

h�ki

Z
Fik(~r1; ~r3)Gkj(~r3; ~r2)d~r3: (1)

Here, Gij(~r1; ~r2) and Fij(~r1; ~r2) are the pair and direct
correlation functions of density fluctuations related to
the components of numbers i and j (i; j = 1::N). They
depend on the position ~r1 and ~r2 of correlating points.
The number of components is N , and h�ki is the average
density of the component with index k. The integration
has to be made over the volume of the system.

To simplify a further analysis, we assume that one
particle is placed at the middle of the layer, i.e. we
consider correlations in respect to the middle point of
the system. In this case, correlation functions have one
argument only. Moreover, we normalize the correlation
functions with respect to the densities as follows:

Gij(~r) =
gij(~r)p
h�iih�ji

; (2)

Fij(~r) =
fij(~r)p
h�iih�ji

: (3)
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Then Eq. (1) can be presented as a matrix integral
equation [19, 20]. Namely, we have

ĝ(~r) = f̂(~r) +

Z
f̂(~r�)ĝ(~r � ~r�)d~r�: (4)

In Eq. (4), elements of the matrices ĝ(~r) and f̂(~r) (their
rank isN) are the pair gij(~r) and direct fij(~r) correlation
functions, respectively.

We consider a system with short-range interactions.
For such a kind of systems, the direct correlations are
localized in small (in comparison with the correlation
length and linear size of the system) regions. So, we
can make integration over the localization region of
direct correlation functions. This allows us, in turn,
to transform the integral equation (4) to a differential
equation [19, 20]. Making the Taylor expansion for the
pair correlation functions, we get

ĝ(~r) = f̂(~r) + Âĝ(~r) + B̂r2ĝ(~r); (5)

where the following spatial moments of the direct
correlation functions were used:

Â =

Z
f̂(~r)d~r; (6)

B̂ =
1

6

Z
f̂(~r)r2d~r: (7)

Let 2h be the layer thickness. We direct the z-axis
perpendicularly to the layer in such a way that the z-
coordinate changes from �h to h. We consider the zero
boundary conditions to satisfy the limiting transition to
the infinite system (when h ! 1). So we can present
the correlation functions as follows:

ĝ(�; z) =

1X
n=0

ĝ(n)(�) cos(
�(2n+ 1)z

2h
); (8)

f̂(�; z) =

1X
n=0

f̂ (n)(�) cos(
�(2n+ 1)z

2h
): (9)

This yields the next equation for the harmonics of
correlation functions:

ĝ(n)(�) = f̂ (n)(�)+

+(Â�
�2(2n+ 1)2

4h2
B̂)ĝ(n)(�) + B̂r2

�ĝ
(n)(�): (10)

Lastly, after the Fourier transformation, we have

(Êq2 +
�2(2n+ 1)2

4h2
Ê + �̂)ĝ(n)(q) = B̂�1f̂ (n)(q); (11)

where Ê is the unit matrix and �̂ = B̂�1(Ê �

Â). To find the asymptotic expressions for pair
correlation functions, we have to know direct correlation
functions. Nevertheless, we can use the same two-
moment approximation that was used above while
deriving the differential equation. Namely, we could
assume that f̂(q) = Â � B̂q2 for a spatially infinite
system. But it is easy to show that, in this case, the
second term with q2 yields the Dirac delta-function only
in the ~r-space in the final expression. So we can take an
expression for the matrix of direct correlation functions
like f̂(q) = Â that means, in turn, f̂(~r) = ÂÆ(~r).
This approximation was used in [20] while finding the
correlation functions for a binary mixture. So we have
f̂ (n)(�) = Æ(�)Â=h. Then Eq. (11) yields

q̂(n)(q) = (Êq2 +
�2(2n+ 1)2

4h2
Ê + �̂)�1

B̂�1Â

h
: (12)

If q2i are the eigenvalues of the matrix �̂ and

q2i(n) = q2i +
�2(2n+ 1)2

4h2
; (13)

then the matrix ĝ(n)(q) can be presented as

ĝ(n)(q) =
B̂�1Â

h

NX
m=1

�̂m

q2 + q2
m(n)

(14)

and the matrices �̂m are determined by the relations

�̂m =

NY
l=1;l 6=m

Êq2l � �̂

q2l � q2m
(15)

and

NX
m=1

�̂m = Ê: (16)

Finally, we find expressions for the pair correlation
functions in the form

ĝ(�; z) =

=
B̂�1Â

2�h

1X
n=0

NX
m=1

�̂mK0(qm(n)�) cos(
�(2n+ 1)z

2h
); (17)

where K0(t) is the Macdonald function. This expression
transforms naturally into the pair correlation functions
of a pure finite-size fluid [16] and a binary mixture [20]
if one stands N for 1 and 2, respectively.
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3. Critical State

It is known that the light scattering intensity in liquid
systems is determined mainly by the Fourier transform
of pair correlation functions [21]. So, in order to analyze a
near-critical state of the system, it is natural to consider
the matrix of pair correlation functions that is defined by
Eq. (14). We may expect that the critical state is realized
when one of the eigenvalues q2m(n) approaches zero.
We consider eigenvalues for the smallest harmonics,
i.e. n = 0. For the sake of simplicity, we denote the
eigenvalue approaching zero as �2�. This eigenvalue is
related obviously to the eigenvalue �2 of the infinite
system in such a way:

�2� = �2 +
�2

4h2
: (18)

A similar equation was firstly obtained in [16] for a one-
component confined system. From this equation, it is
clearly seen that the critical state is "shifted"in a finite-
size system as compared to the infinite one. Indeed,
even when �2 = 0 that means the critical state for the
infinite system, a finite-size system is not at the critical
state because �2� 6= 0. This obvious result is in good
agreement with numerous data for confined systems (see,
e.g., [7, 14, 15]). Here, we should mention that the
parameter �2 "below"the critical hyper-surface for the
infinite system has to be taken with the minus sign. So
the possibility for �2� to be zero still exists.

It is understandable that, at the close region of the
critical state for a confined system, we can restrict the
matrix of pair correlation functions with the term that
corresponds to the vanishing eigenvalue. This means
that, at the critical region, the pair correlation functions
are

Gij(�; z) � K0(���) cos(
�z

2h
): (19)

This result is quite similar for both simple and binary
fluids [16].

Equation (18) can be used to estimate the
dependence of effective critical parameters of the system
on its linear size h. But to do that, we should know
how the eigenvalue �2 (and �2� as well) depends
on the thermodynamic parameters of the system.
Namely, according to [17], a state of the N -component
system is characterized by a point in the (N + 1)-
dimensional space of thermodynamic variables. Then
the critical hypersurface is of dimension N � 1. Critical
divergences are characterized by scaling-like relations
when approaching this hypersurface. In other words,
we assume that the eigenvalue of the infinite system

�2 depends on the thermodynamic variable � as follows
[9, 17]:

�2 = �20
�� � �c

�c

�2�
: (20)

Here, �c is the critical value of the variable �, and �20 is
the amplitude that does not depend on �. The critical
index � of the infinite system depends essentially on the
way the hypersurface is being approached. This means
that the critical exponent depends on how we have fixed
the thermodynamic variables (all but �)[6, 17, 18].

Then the eigenvalue of a finite-size system is as
follows:

�2� = �20
�� � �c

�c

�2�
+

�2

4h2
: (21)

Nevertheless, we can assume that the dependence of
a finite-size system eigenvalue on the thermodynamic
variable is of the same form as that for the infinite
system, i.e.

�2 = �20
�� � ��c

��c

�2��
(22)

but with the critical parameter ��c and the effective
critical index �� to be changed (for the sake of simplicity,
we suppose that the amplitude �20 is not changed). Thus,
the critical parameters of a finite-size system are the
functions of its linear size, i.e. ��c = �c(h) and �� = �(h).

From these relations, we can estimate a shift of the
critical parameter. Namely, we take into account that
when � = ��c , then �2� = 0. This yields (in this case, we
take �2 with the minus sign):

�� �
�c(1)� �c(h)

�c(1)
=
� �

2h�0

�1=�(1)

� h�1=�(1): (23)

We have to draw attention that this is not a precise
relation but only the estimation of the shift in the
critical state of a confined system. This shift depends
on the linear size of the system (more precisely, on the
geometric factor K = h�0) as well as on the critical
index � of the infinite system. It is not surprising that
the dependence of the critical parameter on h is of a
scaling-law form. Fig. 1 shows this dependence.

The shift of the critical index is related to a shift
of the critical parameter and can be estimated at the
critical state of the infinite system as

�� �
�(h)� �(1)

�(1)
=

ln(1���)

ln(��)� ln(1���)
; (24)

where�� is the normalized shift of the critical parameter
from Eq. (23). The dependence of a critical index shift

466 ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 5



PAIR CORRELATIONS FUNCTIONS

200
400

600
800

1000

K

0.6 0.8 1 1.2 1.4 1.6 1.8 2

lambda

0

0.02

0.04

0.06

0.08

0.1

0.12

C
rit

ic
al

 p
ar

am
et

er
 s

hi
ft

Fig. 1. Dependence of the critical parameter shift �� on the

geometric factor K and the critical index �(1) of the infinite

system

on the layer thickness and on the critical index of the
infinite system is shown in Fig. 2.

It can be easily seen from Figs. 1 and 2 that shifts
are greater for thinner layers and bigger critical indices
�(1). It should be mentioned, nevertheless, that Eqs.
(23) and (24) are valid due to the obvious reasons only
for big values of the geometric factor K.

In Fig. 3, one can see how the critical index and
critical parameter shifts are related to each other
depending on the layer thickness and �(1).

It is notable that the critical index shift is much
smaller than a shift of the critical parameter for not very
strong divergencies, i.e. for small �(1).

4. Conclusions

Equation (17) for pair correlation functions that is
obtained above is the general equation to determine the
pair correlation functions for multicomponent systems.
On the other hand, at the critical state, that term in
Eq. (17) is important only, for which the eigenvalue
approaches zero. In this case, the pair correlation
functions of a multicomponent system formally coincide
with the pair correlation function of a one-component
system. This means that, at the close vicinity of
the critical state, a multicomponent system should
behave similarly to a one-component system when
thermodynamic variables are fixed �in the right way�
[6, 17, 18]. In this sense, our result does not contradict
to the existing data for complex mixtures. Defining
the �right way� for fixing the variables is, nevertheless,
beyond the scope of this paper. But in any case, Eq. (17)
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Fig. 2. Dependence of the critical index shift �� on the geometric

factor K and critical index �(1) of the infinite system
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Fig. 3. Dependence of the critical index shift in respect to the

critical parameter shift ��=�� on the geometric factor K and

critical index �(1) of the infinite system

gives the total structure of the pair correlation functions
in a multicomponent confined system. On the other
hand, the drawback of this method is that those
expressions were derived within the OZ theory and thus
may be valid only in the first order of the "-expansion
[6, 7].

The estimations for shifts of the critical parameters
(in spite of that they are not precise, but only are
estimations) can be useful in experimental researches,
especially when these shifts are not too big.
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ÏÀÐÍI ÊÎÐÅËßÖIÉÍI ÔÓÍÊÖI� ÒÀ ÊÐÈÒÈ×ÍI

ÏÀÐÀÌÅÒÐÈ ÁÀÃÀÒÎÊÎÌÏÎÍÅÍÒÍÎ�

ÏÐÎÑÒÎÐÎÂÎ ÎÁÌÅÆÅÍÎ�

ÐIÄÊÎ� ÑÈÑÒÅÌÈ

Î.Â. ×àëèé, Î.Ì. Âàñèëü¹â

Ð å ç þ ì å

Ðîçãëÿäà¹òüñÿ áàãàòîêîìïîíåíòíà ðiäêà ïðîñòîðîâî îáìåæåíà

ñèñòåìà ç ãåîìåòði¹þ ïëîñêîãî ïàðàëåëüíîãî ïðîøàðêó. Äëÿ öi-

¹¨ ñèñòåìè çíàéäåíî ïàðíi êîðåëÿöiéíi ôóíêöi¨ ôëóêòóàöié ãóñ-

òèíè. Äîñëiäæåíî âïëèâ ïðîñòîðîâîãî îáìåæåííÿ íà êðèòè÷íó

ïîâåäiíêó ñèñòåìè. Îòðèìàíi ðåçóëüòàòè ïîðiâíÿíî ç íàÿâíèìè

äàíèìè äëÿ îäíîêîìïîíåíòíèõ òà áiíàðíèõ ðiäèí.
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