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It is shown that the problem of derivation of the antisymmetric
wave function (WF) of a system of identical particles can be
reduced to that for a system without a predefined permutation
symmetry, which considerably simplifies numerical calculations.
This approach is used to calculate the binding energies of nuclei
with A = 3  6, and the results are compared with the literature
data.

1.

Introduction

In the variational methods of solution of few-body
quantum-mechanical problems, the WF for a system
of identical particles is approximated by trial functions
which possess a necessary permutation symmetry and,
in turn, are obtained by a compulsory symmetrization
of some trial function [2]. Within this approach, an
arbitrary matrix element (ME) of the Hamiltonian of
a multiparticle system on functions with a permutation
symmetry is represented as a sum of MEs on functions
without permutation symmetry, where these functions
are subjected to the action of the particle permutation
operators. In general, the number of terms in this sum is
equal to the permutation symmetry group order which
is equal to N ! for a system of identical particles. This
fact puts serious restrictions on the number of particles
in systems under investigation, namely N  10, and
even N < 8 in the calculations with the use of personal
computers.
In this paper, we present the method that allows
us to abandon a compulsory symmetrization of trial
functions for a system with the interparticle interaction
potential that does not include spin (and isospin)
operators.
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2.

Standard Calculation Scheme for Light
Nuclei

Within the standard approach to the calculation
of many-nucleon systems, the following actions are
performed at each step of the expansion of the basis:
1. Choice of non-linear variational parameters, that
is, the choice of a trial spatial function without any
permutation symmetry.
2. Construction of a trial antisymmetric spin-isospin
function.
3. Calculation of ME of the Hamiltonian on
antisymmetric functions.
4. Calculation of a variation in the binding energy.
5. Steps 14 are performed as many times as
necessary until a certain threshold of the binding
energy variation is exceeded or a fixed number of
times.
6. Adding the best function to the basis and the
transition to the next iteration.
Let us consider step 3 in more details. The
antisymmetric function of the i-th iteration has a form

X [f ]
D X [f~]f~
^
 (;  )
i = f
f ;f (P )P 
g f
P 2N
0

(Ai ; r ; r ; : : : ; rN );
1

2
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(Ai ; r1 ; r2 ; : : : ; rN ) is the trial spatial function
[f~]
obtained at step 1,  f~ (;  ) is the spin-isospin
function, Df is the dimension of the irreducible
representation (IR) [f ], g is the order of the group N ,
[f ]f , [f~]f~ are the joined Young tableaux, and Ai are
where

non-linear parameters.
A ME of the Hamiltonian between two such functions
for a given interaction type has the form
X
hi j H^ j j i = h(Ai ; r1 ; r2 ; : : : ; rN ) j H^ j 
p1 ;p2

 j P^ P^ (Aj ; r ; r ; : : : ; rN )i
1

2

1

1

2

f
0f1 ;0f2 (P1
[ ]

1

P2 ):

(1)

^ P^ =
In the calculation of (1), we use the relation H
P^ H^ (see below), and other simple properties of the bases

and matrices of IR of groups [1].
From (1), it can be seen that we need to calculate N !
different MEs of the Hamiltonian on spatial functions.
In addition, we should perform this calculation with all
basis functions obtained in the preceding iterations and
carry out variations of the non-linear parameters, which
will lead to the multiple repetition of these calculations.
Thus, to obtain each next approximation, we need to
calculate N !mT MEs, where m is the basis dimension
at a given step of calculations and T is the number
of variations of non-linear parameters. Correspondingly,
the total number of MEs during the calculation of M
basis functions is

NM =

M (M + 1)
N !T:
2

(2)

Thus, the volume of calculations required for the
approximate solution of the Schrodinger equation is
proportional at least to the factorial of the number
of particles in the system, and this fact puts serious
restrictions on the increase of N .
3.

Non-symmetrized Basis Functions

Consider a system of N identical particles with a
pairwise interaction and a potential depending on
particle spatial coordinates only. In this case, the
Hamiltonian of the system
N
N
X
~2 X
H^ =
4
+
V (r )
(3)
2m i=1 i j>i=1 ij
commutes, as known, with all permutation operations of
the spatial coordinates of particles of the system [3]:
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=



X [f~]
f~



f

X [f~]
f~



f

D
(;  )Y [f ]f (r1 ; r2 ; : : : ; rN ) = f 
g

(;  )

X
P 2N

f
^
f ;0f (P )P y (r1 ; r2 ; : : : ; rN ) (5)
[ ]

be the exact antisymmetric WF of any steady state of
the system, where Y [f ]f (r1 ; r2 ; : : : ; rN ) is the spatial
part of the WF with the permutation symmetry
~
[f ]f , [f ]f~ (;  ) is the spin-isospin part of the WF
with the permutation symmetry conjugated to [f ]f ,
y(r1 ; r2 ; : : : ; rN ) is the spatial part of the WF without
any requirements as for its permutation symmetry.
As is the exact WF, it should obey the Schrodinger
equation

H^ = E :

(6)

Let us calculate the left-hand and right-hand sides of
(6), taking into account (4) and (5). We get

X [f ]
D X [f~]f~
^
 (;  )
H^ = f
f ;f (P )P 
g f
P 2N
0

^ (r ; r ; : : : ; rN )
Hy
1

2

X [f ]
D X [f~]f~
^
E = f
 (;  )
f ;f (P )P 
g f
P 2N
0

Ey(r ; r ; : : : ; rN ):
1

2

Thus,

Theoretical Prerequisites for the Use of

^ 8P^ 2 N :
H^ P^ = P^ H;

Here, N is the permutation group of N particles.
Next for the sake of definiteness, we assume that the
system under study consists of nucleons. Let

(4)

X [f ]
Df X [f~]f~
^
 (;  )
f ;f (P )P 
g f
P 2N
0

^ (r ; r ; : : : ; rN ) Ey(r ; r ; : : : ; rN )] = 0:
[Hy
1

2

1

2

(7)

Equation (7) can be valid in two cases where
1.

y(r1 ; r2 ; : : : ; rN )

is
an
eigenfunction
of
Hamiltonian (3) with the same energy, that is,

^ (r1 ; r2 ; : : : ; rN ) = Ey(r1 ; r2 ; : : : ; rN ):
Hy

(8)
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^ (r1 ; r2 ; : : : ; rN )
2. The expansion of the function Hy
Ey(r1 ; r2 ; : : : ; rN ) in functions that are
transformed by IRs of the group N does not
contain basis functions of the IR [f ].
Let us prove that statement 2 is false under condition

6= 0.

It follows from relation (4) that Hamiltonian (3) is
transformed as the IR [N ], i.e., it is symmetric with
respect to all permutations of the spatial coordinates of
all particles. Therefore, upon the action on the function
y(r1 ; r2 ; : : : ; rN ), it cannot change its permutation
symmetry. This yields that the permutation symmetry
^ (r1 ; r2 ; : : : ; rN ) Ey(r1 ; r2 ; : : : ; rN ) is
of the function Hy
the same as that of the function y (r1 ; r2 ; : : : ; rN ). Thus,
condition 2 would lead to = 0, which is not true.
We have shown that the function y (r1 ; r2 ; : : : ; rN )
from (5) is the eigenfunction of Hamiltonian (3) and
is not obliged to possess any predefined permutation
symmetry. But, from this function, we can obtain
a correct antisymmetric WF for a system of several
identical particles.
4.

Calculation of a Wave Function with the
Use of Non-symmetrized Bases

The main idea of the method consists in the calculation
of the function y (r1 ; r2 ; : : : ; rN ) by solving Eq. (8) with
the following transition to the WF of the system with
the use of an analog of formula (5) or any other means,
but not a direct calculation from (6), which is carried
out in the traditional calculation scheme.
While solving (6) by this method, it is necessary to
remember the following facts:
1. While solving Eq. (8), especially for A > 4,
it is very difficult to achieve such an accuracy of
calculations of the functions yi (r1 ; r2 ; : : : ; rN ), at which
the correspondence between the spectra of Eqs. (6) and
(8) will be clearly seen. However, we succeeded (see
Section 6) to attain a very good agreement of the results
T a b l e

1. Spectra of Eqs. (6) and (8) (in MeV)

Antisymmetric
63.709576
36.718315
...

Non-symmetric
116.684317
72.426629
67.890336
67.520421
67.445331
67.227146
67.139407
62.157451
...
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of calculations according to the proposed scheme with
the results of other authors.
2. Because an additional restriction is imposed on
WF with respect to y (r1 ; r2 ; : : : ; rN ) (antisymmetry),
the spectrum of Eq. (6) will be embedded in
the spectrum of Eq. (8). In other words, if
fyi(r1 ; r2 ; : : : ; rN )gi=1;2;:::;K is the discrete spectrum of
Eq. (8), some WFs i obtained with the use of formulas
of type (5) may turn out to be zero.
In a simple way, this fact can be exemplified by the
functions 0 and y0 (r1 ; r2 ; : : : ; rN ).
It is known that the WF of the ground state of
a system of non-identical particles has no nodes, that
is, y0 (r1 ; r2 ; : : : ; rN ) > 0 [3], and thus it can only
belong to a spatial basis function of the IR [N ]. While
trying to build the basis function of any other IR from
y0(r1 ; r2 ; : : : ; rN ), we obtain zero. For the systems of
nucleons, this results in that the energies of the ground
states of Eqs. (6) and (8) can be the same only for A4.
For A > 4, the ground state of Eq. (6) corresponds to a
certain excited state of Eq. (8).
Let us show this numerically using, as an example,
the calculation of a six-nucleon system with the potential
K 2. Table 1 shows the approximate values of the lowest
energy levels for non-symmetrized and antisymmetrized
solutions.
From Table 1, it can be seen that the difference
between the zero level of the antisymmetrized solution
(63.71 MeV) and the zero level of the non-symmetrized
solution (116.68 MeV) is much bigger than the
deviation of the former from the excited states (72.43,
67.89, . . . ). This shows that the zero level of the
antisymmetrized state corresponds to some excited level
of the non-symmetrized solution (most likely, beginning
from the second excited level).
5.

Calculation Scheme

The solution was carried out according to the following
scheme:
1. Problem (8) was solved by expansion in a Gaussian
basis of the following type [2]:
1
fKLM = KLM (u; x)e 2 x~Ax ;

where

KLM (u; x) = v2K +L YLM (^v); v =
A

NX1
j =1

uj xj = u~ x;

~ i A0 Gi ;
=G
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; ; and i are variational parameters, x are
the Jacobi coordinates, and Gi is the transform
matrix of the Jacobi vectors under the action of
a permutation with a number i 2 [1; 2; : : : ; N !]
acting on the coordinates of nucleons.
A0 u

The calculation of MEs was carried out, as in [2],
with the use of the integral transformation

fKLM =





1
BKL

Z

dt^YLM (t^)


d2K +L
g( ; t; u; x; A)
d 2K +L

;t

=0 =1

;

where

Calculation Results

Here, we present the solutions for the problem for several
nucleons with A = 3  6 with the use of nucleon-nucleon
potentials given in [5]. In addition, as in [5], we use

1
V (r) = (Vs (r) + Vt (r)):
2
It can be seen that all potentials (and especially
potential 2) result in the binding of the five-nucleon
system and a significant rebinding of the six-nucleon
system. This is related to the fact that, due to
restrictions on the interaction type (independence of
spin and isospin), this method cannot take into account
the main property of the nucleon-nucleon interaction,
namely, the dependence of the potential on the state of
interacting particles.
T a b l e

2. Model potentials

1
g( ; t; u; x; A) = e 2 x~Ax+ vt ;

N
1

Potential
Volkov [6]

4(2n + l)!
Bnl = n
:
2 n!(2n + 2l + 1)!!

2

Brink
Boeker [7]
Eikemeier
Hackenbroich [8]

To optimize the non-linear parameters, we applied
a stochastic method described in work [4]. At
each calculation step, the optimization was aimed
at the maximum decrease of the energy of a
certain level p (p 2 [0; : : : ; pmax ]). Moreover, p was
changed at each step. This approach allowed us to
obtain good approximations to first pmax +1 levels.
For different numbers of nucleons, we chose the
numbers of levels pmax = 0; 0; 2; 3 for N = 3; 4; 5; 6,
respectively. In other respects, the algorithms of
solution of the problem were the same for different
N , apart from the ground state parameters.
2. The transition y !
was carried out not
according to (5), but by the direct solution of (6)
with the use of non-linear parameters obtained at
the preceding step. That is, we carried out the full
solution of problem (6) according to the standard
scheme (see Section 2), apart from the variation of
non-linear parameters.
Thus, the solution of the Schr
odinger equation
according to the above-presented scheme requires the
calculation of M (M2 +1) (T + N !) MEs, which is much less
than the number of MEs in the standard calculation
scheme (2).
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6.

3

4

K2

T a b l e

Parameters

2
(r ) = 144:86e (r=0:82)
2
(
r=
1
:
6)
83:34e
(r=0:7)2
V (r ) = 389:5e
(
r=
1:4)2
140:6e
5
:5r2
Vt (r ) = 600e
2
2
70e 0:5r
27:6e 0:38r ,
2
5:4r
Vs (r ) = 880e
2
2
70e 0:64r
21e 0:48r
2
r
V (r ) = 37:32e
2
44:68e (r=2)

V

[5]

3. Binding energies (in MeV) of nuclei for the

model potentials of Table 2 (

Nucleus
T

4 He

A

=5

6 He

(L; S )J 

1 1+

(0; 2 ) 2

(0; 0)0+

(1; 1
)3
2 2

(0; 0)0+

Potential
1
2
3
4
exp.
1
2
3
4
exp.
1
2
3
4
exp.
1
2
3
4
exp.

~2 =M = 41:471

b , MeV
Other
works
8.465 [5]
8.46 [2]
11.645 [5]
7.047 [5]
8.397 [5]
8.481
30.42 [2]

E

This
work
8.46

11.65
7.04
8.40
30.40.
38.30
28.69
29.08
42.99
55.87
39.08
41.18
66.22
84.16
59.80
63.71

2

MeVfm )
K

1

30

50

28.295
43.00 [2]

120


66.25 [2]

250
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However, we have also developed a modification of this
method that does not suffer from this disadvantage and
now undergoes a numerical testing.

5.

Grinyuk B.E., Simenog I.V.

6.

Volkov A.V.

7.

Brink D.M., Boeker F.

The results obtained in this work show that the
problem of determination of the antisymmetric wave
function of a system of identical particles can be
reduced to a simpler, concerning a calculational aspect,
procedure of determination of the function without any
predefined permutation symmetry. This approach allows
us to considerably simplify the calculation of MEs of
the Hamiltonian and to get additional computational
resources that can be used for increasing the accuracy
of calculations.

8.

Eikemeier H., Hackenbroich H.H. //Z. Physik  1966.

1.

Ðåçþìå

7.

2.
3.
4.

Conclusions

Symmetry of Multielectron Systems.  Moscow:
Nauka, 1969 (in Russian).
Varga K., Suzuki Y. //Phys. Rev. C.  1995.  52. 
P. 28852905.
Landau L. D., Lifshitz E.M. Theoretical Physics, Vol.3. 
Moscow: Nauka, 1989.  P. 281288 (in Russian).
Kukulin B.I., Krasnopolski B.M. // Yad. Fiz.  1975.  22,
Iss. 6.  P. 11101120.
Kaplan I.G.

ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 5

N 1.  P. 2130.

 P. 127.

//Ukr. Fiz. Zh.  2000. 

//Nucl. Phys.  1965. 

74,

45,

N 1.  P. 3358.

//Nucl. Phys. A.  1967. 

N 4.  P. 412418; Nucl. Phys. A  1971. 
P. 407416.

91,

169,

N 1.

 195,
N 2. 

Received 01.06.04.
Translated from Ukrainian by M. Shendeleva

ÂÀÐIÀÖIÉÍÅ ÐÎÇÂ'ßÇÀÍÍß ÐIÂÍßÍÍß ØÐÅÄIÍÃÅÐÀ
ÄËß ËÅÃÊÈÕ ßÄÅÐ ÁÅÇ ÑÈÌÅÒÐÈÇÀÖI
ÏÐÎÁÍÈÕ ÔÓÍÊÖIÉ
Ï.I. Ãîëóáíè÷èé, Ñ.Ä. Êðèâîíîñîâ, Ò.Ì. Ñëåïi÷êî

Îïèñàíî ñïîñiá, ÿêèé äîçâîëÿ¹ çâåñòè çàäà÷ó çíàõîæäåííÿ àíòèñèìåòðè÷íî¨ õâèëüîâî¨ ôóíêöi¨ (ÕÔ) ñèñòåìè òîòîæíèõ ÷àñòèíîê äî áiëüø ïðîñòî¨ (â îá÷èñëþâàëüíîìó ïëàíi) çàäà÷i çíàõîäæåííÿ ôóíêöi¨ ñèñòåìè, ùî íå ìà¹ áóäü-ÿêî¨ íàïåðåä çàäàíî¨ ïåðåñòàâíî¨ ñèìåòði¨. Íàâåäåíî ðåçóëüòàòè îá÷èñëåíü åíåðãié çâ'ÿçêó ÿäåð ç A = 3  6, ùî áóëè ðîçðàõîâàíi çàïðîïîíîâàíèì ìåòîäîì, i ïîðiâíÿíî ¨õ ç âiäîìèìè ëiòåðàòóðíèìè äàíèìè.
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