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A method that takes into account the influence of the crystal
lattice field on the radial wave functions of an activator ion
has been developed, with the electron density of lattice ions
being approximated by a Gaussian distribution. The radial wave
functions of a Tl ion embedded into KCI, KBr, and KI crystal
lattices have been calculated. The results of calculations confirm
the assumption made earlier about the existence of a new type of
chemical bonds. These bonds are caused by a change of the self-
energy of d-electrons, which belong to the activator ion’s electron
shell.

An assumption has been made in work [1], that the
closed shell of d-electrons in a Hg-like [nd'®(n + 1)s?]
ion gives a certain contribution to the energy of a
chemical bond. This additional energy of a chemical
bond is caused by the environment-induced variation
of the d-electron energy eigenvalue. The appearance of
a chemical bond of such a type, i.e. a non-directed d-
bond, can be considered as a process which consists of
two stages. The first stage comprises a reduction of the
distance between ions, e.g., TIT and Cl™, due to the
Coulomb interaction. The second stage is a perturbation
of the electron shell of each ion due to the influence on
the neighbor ion. This perturbation results in a reduction
of the self-energy of, mainly, d-electrons of the Hg-like
ion, which strengthens, from the viewpoint of the general
energy balance, the chemical bond between T1™ and Cl™
ions.

The assumption concerning the existence of a non-
directed d-bond, which hereafter is coined as isotropic
d-bond, has arisen when studying the processes of
formation of the complexes of Hg-like and halogen ions.
Since the electron spectra of those complexes and alkali-
halide crystals activated by Hg-like ions are practically
identical, the early quantitative calculations of a change
of the d-electron energy eigenvalue have been made
for an activator ion embedded into the crystal lattice
[2]. The thallium ion TI*, which possesses the 5d'%6s?
external electron shell and is a typical representative of
Hg-like ions, was selected as an activator.

In order to make allowance for the influence of
the lattice field on the radial wave functions of an
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activator ion, the model of a lattice of charged spheres
(LCS) has been proposed in work [2]. This model
takes into consideration both the lattice periodicity
and that ions are non-point objects, which has not
been accounted for in the previous model potentials
of crystals [3]. The analysis of the results obtained
from the calculations of the radial wave functions and
electron energy eigenvalues of a TIT ion with the
5d'96s configuration of the external electron shell in
the field of KCI, KBr, and KI lattices has confirmed
an assumption made in work [1] that, besides the
electrostatic interaction energy, an additional binding
energy, which arises due to a variation of the d-electron
energy under the influence of lattice ions, has to be taken
into account in the halide complexes of Hg-like ions.

It is known that the use of any model simplifies
calculations but makes results dependent on the features
of the model. In this connection, versatile estimations
of the model under consideration should be applied. In
particular, an attempt to estimate the energy of electron
affinity to an alkali-halide crystal in the framework of the
LCS model gave an unexpected result: the calculated
value of the affinity energy had an opposite sign in
comparison with the experimental one. In connection
with this circumstance, two tasks arose. First, the LCS
model has to be improved. Secondly, the calculations
of wave functions have to be carried out making use of
the amended model in order to check up, whether the
conclusion [1, 2] about the existence of a non-directed
d-bond is premature.

The LCS was simulated by hard spheres, the charges
and radii of which were equal to those of corresponding
ions, and the spatial arrangement corresponds to the
lattice structure. The potential Uy; inside every i-th
sphere, without regard for the potential created by other
charged spheres, was accepted constant and equal to the
potential on its surface Us; = +1/r;, where r; is the
radius of the corresponding sphere, the plus and minus
signs correspond to a cation and an anion, respectively
(hereafter, the atomic system of units is used: i = 1,
e = 1, and ¢ = 1). The potential Us(r) created by
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those spheres periodically changes along each coordinate
axis with a spatial frequency k = 7/a, where 2a is the
lattice constant. Taking only the first harmonic of the
lattice potential into consideration and averaging over
the sphere, we obtain

Uy (r) = Usosin(rrv/3/a)/(wrv/3/a) + (UYS), (1)
where
Uo = (rgt +751)/2 (2)

is the amplitude of the variable component of the
potential,

(USP) = (2 = 1)/ (rd +17) (3)

is the value of the Us(r) potential averaged over the
lattice volume, and r. and r, are the cation and anion
radii, respectively.

Besides the potential Ug(r), the potential U,,(r)
created in the center of every i-th sphere by all other
lattice ions is to be included. At the lattice sites, it
accepts the value of the Madelung potential U,,q. After
carrying out the procedure similar to what has been
applied to the Us(r) potential, we obtain

U (r) = Unmo sin(rrv/3/a)/ (xrV/3/a). (4)

With both the components of the lattice potential
being taken into account, its expression for a positive
test charge can be written down as

Ukr = Us(r)St - Um(r)a (5)

where the step function St(r) = exp [—log2 e=2(r—79)]
was introduced into formula (5) to switch off the
potential Ug(r) in the region r < r;, where it is rather a
rough approximation (r; = 0.136 nm is the radius of a
thallium ion [4]).

At r — oo, the lattice potential calculated in the
framework of the LCS model tends to the average bulk
value (ULCS). Therefore, for an electron, in view of
the sign of its charge, its potential (5) in KCl, KBr,
and KI lattices, according to Eq. (1), is positive if the
vacuum energy level is accepted zero. From the physical
point of view, the value of the crystal field potential at
r — oo must correspond to the value of the electron
affinity energy x taken with the negative sign. Although
there exist crystals, for which the electron affinity energy
is negative [5], but it is positive for the majority of
crystals and in particular for KCl, KBr, and KI. In
Table 1, experimental values of the electron affinity for
the KCl, KBr, and KI lattices are confronted with the
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corresponding values calculated in the framework of the
LCS model. The tabular data testify to that not only
a disagreement between experimental and theoretical
values of the electron affinity takes place for each crystal,
but also the directions of its variation in the series KCI
— KBr — KI are different.

One of the reasons of this discrepancy is that,
according to the LCS model, the potential inside every
sphere is assumed constant. In essence, it means that
the charge of every sphere is completely disposed on the
surface of the latter, which does not correspond to the
actual distribution of charge in ions.

An assumption about a Gaussian distribution of the
electron density in ions is closer to the reality. To take
this fact into consideration, we use the expressions

Pa(r) = pao exp(—r7d/r,) (6)
and
pe(r)= peg exp(—r?d/re), (7)

where p,o and pe, are the amplitudes of those
distributions for an anion and a cation, respectively. The
meaning of the parameter d will be disclosed below.
Let the total number of electrons be equal to N, in
an anion and to NV, in a cation. Then, the normalization
relations for the electron densities p,(r) and p.(r) are

oo

/exp(—r2d/ra)dr = N, (8)
0

and

/pc() exp(_rzd/rc)dr = N.. (9)
0

With the help of relations (8) and (9) and considering
the constant d as a parameter, one can find the
amplitude values p,o and p. of the electron density
distributions. The charge Q;(r) confined within the
sphere of radius r can be found with the help of the
formula

”

@) = [ plryr,

0

(10)

T able 1. Experimental xexp and theoretical xLcs, i-e.
calculated in the framework of the LCS model, values (in
eV units) of the electron affinity in KCl, KBr, and KI
crystals

| xka | kB ] KI
Xexp 0.5 [6] 0.9 7] 1.1 [8]
XLCS 2.6 -3.1 -34
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where the subscript ¢ corresponds to either an anion or
a cation.

The effective potential of the ion
UZ(T) = Uli(r) + Ugi(T) (11)

consists of two parts: the potential created by the
nucleus

Uli(T) = ZZ/T (12)

and the effective potential of the electron density

Usi(r) = /Qi(r)/r2dr. (13)
r

Here, Z; is the charge of the nucleus of the corresponding
ion. Knowing the effective potential, one can calculate
the function of the effective charge

Q" (r) = Ui(r)r.

The value of the effective potential, averaged over
the ion volume, is equal to

(14)

(U;) = 3(4nr?)* /Ui(r)47rr2dr, (15)
0

where r; is the radius of the corresponding ion.

Knowing the average value of the effective potential
for every ion, one can find its average value (U) over the
volume of the whole crystal as

(U) = ((Ue)ri + (Ua)ra)/ (re + 73),

where (U;) and (U,) are the average values of the
effective potential inside an anion and a cation,
respectively. By fitting the parameter d, the average
value of the potential (U) can be made equal to
the experimental value of the electron affinity in the
corresponding crystal lattice Xexp. In such a manner,
one can remove the discrepancy between the calculated
theoretically and measured experimentally values of the
electron affinity, which appeared, as mentioned above,
in the LCS model.

Knowing (U), we can determine the amplitude Ugo
of the variable component of the lattice potential as a
simple mean of deviations of the ion potentials averaged
within the sphere from the average bulk value

Ugo = (((Ue) = (U)) + ((U) = (Ua)))/2-

The obtained values (U) of the potential averaged
over the lattice volume and the amplitude of its variable
component Ugo should be substituted for (Us) and

(16)

(17)
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Uso, respectively, in formula (1). Such an account of
the lattice field eliminates the discrepancies between
the theoretical and experimental data concerning the
electron affinity energy.

Table 2 quotes the amplitude values of the variable
component of the lattice field potential and its average
value calculated in the framework of the proposed
model with the Gaussian distribution of electron density
(GDED) and, for comparison, the corresponding values
obtained in the framework of the LCS model.

In order to estimate how close the distribution of the
electron density of lattice ions obtained in the framework
of the given model is to the real one, we compared the
curve of the electron density distribution calculated for
a Cl7 jon in this work with the curve obtained for
the approximation, also by a Gaussian curve, of the
electron density of a Cl™ ion according to the data
of work [9]. Both plots practically coincide. Since we
intend below to take into account only the first harmonic
and to carry out averaging Egs. (1) and (4) over the
sphere, distributions (8) and (9) can be regarded as quite
satisfactory.

The method of calculations of the radial wave
functions was the same as that applied in work [2].
We calculated the radial wave functions of the ground
5d'%6s? state for a monovalent thallium ion surrounded
by one of the KCIl, KBr, and KI lattices. For this
purpose, we solved the system of Hartree equations
which took into account the potential created by the
lattice:

Z! = P?, (18)
Y'=(Y -Z+Y hiZi—13)/r, (19)
Y] = (Y- Zi)/r, (20)
Wi = (i + Li(li + 1)/r* = 2(Y +Y; — St)/r) Pi—

—2U3, P, (21)
P =W, (22)

T a b le 2. The amplitude values Usp of the variable
component of the lattice field potential and the average
values (U) of the latter, both in a.e.u., calculated for KCI,
KBr and KI lattices in the framework of the GDED and
LCS models

Value | Model KCI KBr KI
Uso GDED 0.573 0.509 0.468
LCS 0.345 0.333 0.321
(U) GDED 0.018 0.033 0.040
LCS —0.096 -0.112 -0.123
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Fig. 1. The radial wave functions of d- and s-electrons of the

ground 5d'96s2 state of the T1t ion surrounded by the KCl lattice

Here, the subscripts ¢ = 1,2 correspond to d- and s-
electrons, respectively; [; is the orbital quantum number
(4, = 2, I = 0); h; is the number of electrons in the
shell (hy = 10, ha = 2); ¢; is two times the eigenvalue
of the electron energy; P; is the radial wave function of
the corresponding electron; Y; and Z; have the meaning
of effective charges of the i-th electron shell for the
field potential and strength, respectively; ¥ means the
effective charge for the potential of the TIT ion; and
Z + 13 is the quantity calculated according to the data
of work [10] and used for accounting the effective charge
of the nucleus and the internal electrons of a thallium
ion. The functions in Egs. (18)—(22) correspond to the
following boundary conditions: Y (0) = 81, Y;(0) =
Zi(0) = 0, Y(00) = Yi(0) = Zio0) = 1, Pi(o0) =
P;(0) = 0. The radial wave function P;(r) has to possess
n; — l; — 1 nodes in the region 0 < r < co.

Potential (4) is created by all lattice ions, except for
the nearest one. This expression takes also into account
the potential created by the thallium ion at distances
that exceed the radius of the latter r;. Therefore, if
r > r;, the effective charge of the thallium ion should be
reduced by one. This circumstance is taken into account
by introducing the St(r) function into Eq. (21).

The integration of the system of differential
equations was carried out by the Torrance method [11],
starting from large r’s, where the radial wave function
can be approximated by an exponent.

The obtained radial wave functions are presented in
Fig. 1. The energy eigenvalues are quoted in Table 3.
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Fig. 2. Results of calculations of the radial wave functions of d-
electrons for the energy value ¢4 (1), £4+0.001 (2), and £4—0.001
(3); eq being the energy eigenvalue

Here, also for the sake of comparison, the energy
eigenvalues of the radial wave functions calculated in
the framework of the LCS model [2] are shown as well.

In Table 3, the electron energy eigenvalues of the
thallium ion are displayed with an accuracy to three
digits after the decimal point. Such an accuracy is
necessary because the radial wave functions of the d-
electron are very sensitive to relatively minor variations
of the electron self-energy. As an example, the radial
wave functions of d-electrons are depicted in Fig. 2 for
the electron energy eigenvalues increased and reduced by
0.001 a.e.u. As is seen from these plots, even such a minor
alteration in the energy eigenvalue results in violating
the boundary conditions, which are the “criterion” that
the solution is correct (it should be noted that the
radial wave function of a d-electron is also sensitive
to variations of the energy eigenvalues of s-electrons).
Such a strong dependence of the wave function of the d-
electron, which has a relatively large value of the orbital
quantum number (I = 2), on small variations of electron
energy eigenvalues correlates with the data of work [12].

T a b 1l e 3. The energy eigenvalues for d- and s-
electrons (eq and &, respectively), the Madelung energy
Umo, and the “total” energy of the ion V calculated in the
framework of the GDED and LCS models. All values are
presented in a.e.u.

Quantity GDED LCS|2]
RCl | KBr | KI KCI | KBr | KI
€4 1.328 1.349 1.367 1.226 1.234 1.260
€s 0.648 0.675 0.691 0.511 0.503 0.408
Unmo 0.295 0.281 0.265 0.295 0.281 0.265
14 7.583 7.701 7.791 6.935 6.954  6.977
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An estimation of the contribution made by the closed d-
shell to the chemical bond shows that this contribution
modifies the self-energy value already in the second digit
after the decimal point, so that such an accuracy can
be adopted satisfactory in the framework of the Hartree
model.

The radial wave functions, calculated in the GDED
model, were compared with those calculated in the
framework of the LCS model. It turned out that, in
both cases, those functions are practically identical.
Therefore, in this case, the conclusions made in work [2]
about the form of the wave functions, in particular,
about the compensation of the nepheloxetic effect, can
be considered proper.

If the energy -eigenvalues, calculated in the
framework of both models, are confronted, one can see
that the energy levels obtained in the GDED model are
situated below the corresponding levels in the LCS model
(see Table 3).

An increase, by the absolute value, of the d-electron
energy eigenvalue with the anion radius, like what takes
place in the LCS model, is preserved if the Gaussian
distribution of the electron density is taken into account;
it is also seen from Table 3. The behavior of the energy
eigenvalue of an s-electron is quite different. According
to the data of work [2], this value decreases as the
anion radius grows, but if the Gaussian distribution of
the electron density is taken into account, it increases
together with the anion radius. So, a conclusion can be
made that not only d-electrons contribute to the bond
energy, but s-electrons too, although the contribution of
the latter is considerably smaller.

The total bond energy consists of two components.
One of them is caused by electrostatic interaction of a
thallium ion with lattice ions and can be accepted equal
to the Madelung energy U,,o- The second component
stems from the energy variation of electrons of the
external shell. Therefore, the energy balance connected
to the formation of new complexes can be estimated by
the variation of the total ion energy

V = E + Upno, (23)

where 2E = 10e4 + 2¢ is the energy of the electron shell
calculated according to Koopman’s theorem [12].

Thus, the account of the Gaussian distribution of
the electron density in the lattice ions allows the
discrepancies with experimental data, which exist in the
LCS model, to be eliminated. The energy eigenvalues of
d- and s-electrons, calculated within the framework of
the GDED model, are larger by their absolute values
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than the corresponding values obtained in the LCS
model. Nevertheless, the assumption about the existence
of an isotropic d-bond is confirmed in both models. The
radial functions calculated in the framework of both
methods practically coincide. Therefore, we may assert
that the principal conclusions made on the basis of LCS
calculations remain valid. Moreover, they find another
sound confirmation in the GDED model.
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BHECOK 3AMKHEHOT OBOJIOHKMU d-EJIEKTPOHIB IOHA
TAJITIO Y XIMIYHUN 3B’A30K

EB.A. Oxpimenxo, /.FO. Cmapkos
Pesmowme

Po3pobieno MeTon BpaxyBaHHS BILIHBY IIOJIsI KPUCTAJIYHOI IpaT-
KH Ha pajiaiabHi XBuab0Bi MyHKHIIT akTHBATOPHOrO i0HA. Y 3ampo-
MOHOBAHOMY METOZi BHKODHUCTAHO HAOJIMIKEHHS TayCCOBOIO PO3-
MOy eJIEKTPOHHOI I'yCTHHH i0HIB rpaTku. Po3paxoBaHo paianb-
ui xputboBi dymkmii ioma T1t, BBeseHoro B kKpucTasgigni TpaTKHU
KCl, KBr ta KI. Pe3synpratu po3paxyHKIiB MmiATBEPIKYIOTb BH-
CJIOBJIEHE PaHillle MPUILYIIEeHHS PO iCHYBaHHsI HOBOI'O THUITY XiMid-
HOro 3B’a3Ky. lleil 3B’I30K 3yMOBJIeHHII 3MiHOIO BJIACHOTO 3HAYEH-
HsI eHepril d-eJIeKTPOHIB 3aMKHEHO! eJIeKTPOHHOI 00OJIOHKU aKTH-
BaTOPHOTO i0HA.
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