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We study the modulational instability of Stokes waves without the infinite depth of a fluid. However, it is known that
the traditional assumption as to the movement of a mean flow the average values induced by waves tend to zero at
with the group velocity of the first harmonic. We have shown kh ! 1, and the application of the above-mentioned
that the well-known limit kh = 1:363, where h is the fluid depth
and k is the wave number, for the transition between the states assumption about the velocity of average values is
of modulationally stable and unstable fluids in the case of weakly not necessary. Recently, the first experimental works
nonlinear waves can be obtained without this assumption. This concerning intermediate depths appear [9, 10], and the
limit is shown to be shifted to greater kh, as the nonlinearity physical mechanism of a roque wave phenomenon [11]
is strengthened. It is also shown that the disappearance of the
modulational instability (restabilization) for small wave numbers is actively studied, in particular on the basis of the
of a perturbation, which was predicted on the basis of the Zakharov modulational instability and long-time evolution of the
equations and numerical calculations of the exact equations, does instable Benjamin  Feir mode [12]. Therefore, the
not follow also from a weakly nonlinear theory, provided that the development of the theory in the case of finite-depth
above assumption is not used.
fluid layers seems to be actual.

2.
1.

Study of the Modulational Instability of
Stokes Waves without the Assumption

Introduction

as to the Mean Flow Motion
with the Group Velocity

As well known, the envelope of a packet of rapidly
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1.363. This result is obtained theoretically in [1] by
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analyzing the interaction of a harmonic perturbation of
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time and space, satisfy the system of coupled equations

in [2] within the method of averaged Lagrangian, and

[3, 13, 14]

in [3] firstly as a consequence of the application of
the criterion for the existence of soliton solutions to a

o

nonlinear Schr dinger equation (NSE) obtained in [3]
and, secondly, by examining the instability increment of
a perturbed Stokes wave as the solution of this NSE.
All three works used the assumption (directly in [3]
and indirectly in [1] and [2]) that the mean flow (zero
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In the present work, we have solved the problem
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Fig. 1. Coefficients of nonlinearity: 1  Qe, 2  Q. The horizontal
asymptote corresponds to the case of the infinite depth
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Qe(kh) and Q(kh) are presented in
e changes a sign
Fig. 1. It is essential that Q contrary to Q
from the positive to negative one at kh=1.363. Since the
The dependences
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at
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and
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kh < 1:363:
examination
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(non)stabilities of Stokes waves on the basis of the
homogeneous solution of the NSE, namely the Stokes
wave, it was found [3] that the imaginary part of the
perturbation frequency (the instability increment) is
is
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t in

(2) increases the

perturbing wave by two. But this allows one to avoid the
(3)

use of ansatz (3). Therefore, just this approach is applied
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in this work. System (1), (2) has the trivial solution,
namely a Stokes wave
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Lagrangian in [2, Eq. (56)]. To simplify the analysis of
solutions of the fourth-order equation of for
assumption of small
[2], and the relation

in the
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={ = cg was imposed on the third

term. The quadratic equation obtained in such a way
has the solutions whose imaginary part does not exist
for any wave vectors of the perturbation at

kh < 1:363:

Thus, the analysis of the behavior of solutions of the
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Taking into account (8), we get

4

Substituting it in (7), we obtain the linear system of
algebraic equations

approximation. But it
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Fig. 2. Dependence = b on {b for various
indicated on curves, for A^0 = 0

kh

, whose values are Fig. 3. The same as in Fig. 2 for Ab0 = 0:1
or

where we denote

 = 2(2P 2 {b 2 P Qe):
kh

Let us find

= < b + i= b

b



and

{b , at which the solutions

=b

and, hence, a homogeneous Stokes wave is unstable to a
harmonic perturbation with wave vectors
we will deduce the equation for

{b . To this end,

= b : Such an equation

is a resultant of the system of two nonlinear equations

< b and = b in the variable = b , which originate after

the substitution of (12) in (11). Executing some algebraic
transformations in the general case of the fourth-order
equation for the variable

b

, we obtain an equation

for the imaginary part (the above-mentioned resultant).
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In

and
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in the unnormed form (like in [3]) for the comparison

methods in [1] and [2]. It is also the coefficient of a NSE

b0l Abl0 = 0:

Let's start from (13) at small
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(Fig. 1.) Just this expression was obtained by other

given in Appendix.
under
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of Eq. (11) can have the nonzero imaginary part

for



2 2 2
(= )2 = {2 {2 p2 2p qe + !k 3 c22 c2 A20
0 g

g

Fig.
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the

imaginary

frequency of a harmonic perturbation

=b

part

of

the

(14) vs the

wave number of a perturbation

{b

(14). In the case of great

(the upper curve), the

kh

according to formula

result coincides with the well-known one for the infinite
depth. The lowest curve (

kh = 1:37)

demonstrates

the disappearance of the modulational instability at



approaching

;

(14)

kh = 1:363:

2) To analyze the imaginary part

Ab =
6 0

=
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at arbitrary

(small, but not infinitesimal), we used the
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analytical solution (13) with account of terms

O(Ab2 ) in



it,

b22 Ab02 ((= b )2 )2 + [b12 Ab02 + b11 Ab0 + b10 ](= b )2 +
+[b02Ab02 + b01 Ab0 + b00 ] = 0;

=

b

vs

{b

0

for the same cases

= 0:1 and, in addition, at
kh = 1:32: Our calculations show that the disappearance
of the instability namely at kh = 1:363 is intrinsic only
b ! 0 (the infinitesimal amplitude
to the special case A
b = 0:1,
of an unperturbed homogeneous wave). For A
the instability disappears already at kh = 1:37: The
b was underlined in [1]
restriction by only infinitesimal A
as in Fig. 2, but at

and was taken into account in [2] upon the derivation

kh = 1:363.

of the instability limit

But we have first

demonstrated analytically the displacement of this limit
to the side of greater

kh

with increase in

Ab.

on the basis of the exact equations of motion of the ideal
fluid [22, 23].

Conclusion

Without the use of the additional assumption as for a
motion of the mean flow with the group velocity of the
first harmonic, the performed analysis has shown that
a) the limit of the modulational instability of Stokes
waves,

kh = 1:363,

at

A0

!0

coincides with that

obtained in the theories which use ansatz (3);

kh = 1:363 at A0 ! 0;
c)

the

phenomenon

fundamental

wave

for

A0

of

kh

shifts to
the

small

greater than

restabilization
wave

numbers

of

a

of

a

perturbation, which is known in more nonlinear theories
[4, 6, 2426] and from the numerical calculations of the
exact hydrodynamic equations of the ideal fluid, does
not appear in the weakly nonlinear theory studied here.
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