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Formulae describing the single-nucleon-transfer reactions taking

into account the many-nucleon structure of nuclei have been

obtained in the framework of the distorted-wave approximation

using the wave functions of the relative motion of particles

in the eikonal approximation. The calculations of the angular

distribution of deuterons in the
4
He(p,d)

3
He reaction at Ep = 770

MeV point to a certain role of multiple scattering effects and a

large sensitivity of the observable characteristics to the details of

the nuclear structure.

1. Introduction

When high-energy nucleons and nuclei collide with other
nuclei, rather complicated processes besides elastic and
inelastic scattering may take place, being accompanied
by a redistribution of the particles in the colliding
systems. They include, for example, nucleon-transfer
reactions, where one or several nucleons are transferred
from one system to another. The simple examples
of the inelastic processes with particle redistribution
are the stripping (d,p) and pick-up (p,d) reactions.
Those reactions have been used for a long time as a
spectroscopic method for studying the characteristics
of nuclear states at low energies. The analysis of such
reactions is based mainly on the distorted-wave Born
approximation (DWBA), where the direct mechanism
of nucleon transfer or its generalizations, where the
coupling of channels is considered, dominate. In the
simplest case, it may be a two-step process, whose
essence lies in exciting the initial or final nucleus.

The single-nucleon pick-up reactions, A(p,d)B, are
characterized at intermediate energies by a significant
value of the momentum transferred. Here, they are
similar to the (�+,p) and (;p) reactions, where a single
nucleon also leaves a nucleus, with the latter obtaining
a large momentum. Therefore, it is natural to expect for
the (p,d) reactions at high energies to give information
of a new type concerning the nuclear wave functions,
e.g., about their high-momentum components and the
nucleon-nucleon and nucleon-nucleus interactions, and
to be a good means for the determination of details of

the nuclear structure, in particular, the effects of the
fragmentation of the hole states caused by a residual
interaction. In addition, the experimental spectra of
(p,d) reactions at energies of 700�800 MeV at nuclei
12C, 16O, and 28Si [1], when comparing them with
the spectra obtained at energies of protons less than
200 MeV, showed that a number of new states, which
are occupied very slightly at low energies, are excited
with a great probability in that reaction, which is related
either to a change of the mechanism of their excitation
or to the involving of the �-meson degrees of freedom
of the nucleus. At high energies, the reaction appears
much more sensitive to the D-wave of a deuteron wave
function than to the S -wave, contrary to the case of low
energies.

The situation became rather dramatic, when an
attempt to describe the angular distribution of deuterons
in the 4He(p,d)3He reaction at 770MeV was made [2]. As
the researches, careful enough, showed [2,3], the DWBA
method with the use of the wave functions of helium
nuclei, which are consistent with the charge formfactors,
was unable to reproduce the experimental data even
qualitatively. This testifies to that the mechanism of
the (p,d) reaction at energies of about 700�800 MeV
is not clear enough yet. In particular, the behavior of
the reaction excitation function [4, 5] suggests that the
simple pole-involved mechanism of single-nucleon pick-
up does not dominate in this energy region, at least for
light nuclei. Therefore, a number of other mechanisms
of the reaction, which contain some other processes
with the participation of intermediate �-mesons [5, 6],
were proposed. The introduction of intermediate �-
mesons makes the redistribution of the large transferred
momentum over the motions of many nucleons in the
bound nuclear system possible. Nevertheless, as will be
shown below, this can be achieved also through the
mechanism of multiple scattering.

The mechanisms, taking into account the
participation of �-mesons or based on the triangular
diagram, allow the behavior of the reaction excitation
function to be explained qualitatively. Nevertheless,
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for the quantitative calculations of the corresponding
cross-sections, the detailed knowledge of amplitudes and
vertices of a number of processes involving �-mesons,
which are known badly, is necessary. Therefore, the
analysis of the (p,d) reaction with the help of such
mechanisms was not carried out in this work. The
calculations of the energy dependences of the cross-
section of the (p,d) reaction at high energies and
a comparison of the obtained results with the data
of [4, 5] would be crucial for the establishment of its
mechanism.

At high energies, obviously more natural are the
approaches based on the Glauber�Sitenko diffraction
theory of multiple scattering. The theory of the
stripping (d,p) and (d,n) reactions in the diffraction
approximation was proposed in [7, 8], where the
expressions for the energy spectra and angular
distributions of the nucleons formed were obtained.
Those formulae correspond to the cross-sections summed
up over all the states of the final nuclei being formed,
which reduces, to some extent, the value of those
approaches.

The diffraction theory of the processes with particle
redistribution has been formulated for the first time
in [9], where the formula for the cross-section of
the stripping reaction, at which one of the particles
included into the bombarding system is captured by
the scattering center, was derived. The cross-section
of the process was determined from the reduction of
the flux density of captured particles. It corresponds to
the integral value of the cross-section summed up over
all the final states of a captured particle. This theory
was applied in [10] for the description of the angular
distribution of deuterons in the 4He(p,d)3He reaction at
Ep = 770 MeV. In so doing, a hypothesis about the
peripheral character of the reaction mechanism had to

be introduced for the theory to agree with experiment.
The same reaction was investigated in [11] with the help
of the method of eigenstates. The concept of eigenstate
has been introduced for the first time in [8, 12], when
considering the processes of diffraction interaction of
deuterons with nuclei. This method was widely used
further, when considering the diffraction dissociation of
hadrons and the processes of creation of mesons.

The purpose of the present work is to extend the
techniques of the multicenter eikonal approximation [14]
onto the reactions with particle redistribution and to
consider, as an example, the pick-up reaction (p,d)
discussed above. The results of numerical calculations
obtained with the use of the theory developed by us are
compared with the experimental data on the angular

distribution of deuterons. The method of analysis of
the pick-up reaction, suggested below, is, in essence,
the DWBA-method, in which the distorted waves take
into account the many-nucleon structure of nuclei
and are expressed through the free amplitude of the
NN -scattering similarly to how the many-nucleon T -
operator is constructed in the Glauber�Sitenko theory.
But, contrary to [13], the longitudinal component of
the transferred momentum is taken into account more
correctly in the expressions connecting the distorted
waves with the free amplitude of the NN -scattering,
which appears very essential in the case of the reactions
under study.

2. Eikonal Model of the Pick-up Processes

Consider the process of neutron pick-up by a proton
in the nuclear reaction A(p,d)B. Let the bombarding
proton have the coordinate rp, let the neutron, which is
picked up from nucleus A and, binding to the proton,
creates a deuteron, have the coordinate rn, and let the
residual nucleus B = A � 1 can be in both the ground
and excited states. In the DWBA, the matrix element of
the transition operator is written as

=f i = ( 
(�)

f ; Vn p'
(+)
i ); (1)

where Vn p is the operator of the proton-neutron
interaction and the distorted wave functions satisfy the
following operator equations:

'
(+)
i = �i +

1

Ei �Hi + i0
Vp'

(+)
i =

= �i +
1

Ei �Hi � Vp + i0
Vp�i; (2)

 
(�)

f = �f +
1

Ef �Hf � i0
Vd 

(�)

f =

= �f +
1

Ef �Hf � Vd � i0
Vd�f : (3)

Here, Vp and Vd are the operators of interaction of
the residual nucleus with the bombarding proton and
a deuteron which is formed, respectively:

Vp =

BX
j=1

Vp j(rp � rj); Vn =

BX
j=1

Vn j(rn � rj);
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Vd = Vn + Vp: (4)

They are assumed independent of spin.
We emphasize that the distortion of the incident

waves in Eq. (2) is not induced by the initial nucleus
A as a whole but only by its core B, whereas the
usual DWBA-calculations suppose the distortion to be
connected only to the elastic scattering by the whole
initial nucleus. It is obvious that, for such a light nucleus
as 4He, this assumption is not justified. The channel
wave functions for the given reaction,

�i = (2�)�3 exp(ikprp + ikARA) �JAMA
(rn; �)� 1

2
�p
;

�f = (2�)�3 exp(ikdRd + ikBRB)�

��JdMd
(rp; rn)�JBMB

(�); (5)

satisfy the equations

Hi�i � (HA +KA +Kp)�i = Ei�i;

Hf�f � (HB +Hd +KB +Kd)�f = Ef�f : (6)

Here, H 's are the internal Hamiltonians of the nuclei,
K's are the operators of kinetic energy, and � =

(r1 : : : rB) is the set of coordinates of the nucleons of
the residual nucleus.

At the energies of bombarding protons and formed
deuterons considerably larger by the absolute value than
those of the corresponding channel interactions and
when the wavelengths of the proton and deuteron are
much less than the nucleus size, it is possible to take
advantage of the eikonal solutions of Eqs. (2) and (3)

'
(+)
i = �i

BY
j=1

exp

(
�
i

vp

zp�zjZ
�1

Vp j(bp � bj ; �) d�

)
;

 
(�)�

f = ��f

BY
j=1

exp

(
�
i

vd

1Z
zp�zj

Vp j(bp � bj ; �) d��

�
i

vd

1Z
zn�zj

Vn j(bn � bj ; �) d�

)
; (7)

where vp and vd are the relative speeds of the proton
and deuteron, respectively. Since the small angles of the

deuteron escape are considered, the eikonal trajectory of
motion (the z -axis) in Eq. (7) can be chosen along the
direction of the momentum kp.

Using the representations, containing the converging
and diverging distorted waves with the asymptotics
of type (7), for the amplitude of the elastic NN -
scattering, it is possible to get rid of the potentials
VN j and to express the exponential factors in (7), by
means of the inverse Fourier transformation, through
the experimental values for the amplitudes of the free
NN -scattering. Then the distorted waves are of the form

'
(+)
i = �i

BY
j=1

h
1� !(+)(rp � rj)

i
;

 
(�)�

f = ��f

BY
j=1

h
1� !(�)(rp � rj)

i h
1� !(�)(rn � rj)

i
;

(8)

where !(�) are the generalized nucleon-nucleon profile
functions. In the case of the conventional Gaussian
parametrization of the elementary amplitude of
scattering, we get

!(�)(r� rj) =
1

2
!(b� bj)

�
1� erf

�
z � zj

2
p
a

��
; (9)

where !(b) is the ordinary profile function of a nucleon
in the Glauber�Sitenko theory connected to a transverse
part of the free amplitude of the NN -scattering by the
two-dimensional Fourier transformation:

!(b) = !0 exp

�
�
b2

4a

�
; !0 =

�

8�a
(1� i�): (10)

It should be emphasized that the profile function !(b)

is caused exclusively by the transfer of a transverse
momentum. The appearance of the longitudinal
(dependent on z ) part in the profile !(b) is related
to the explicit account of the longitudinal component
of the transferred momentum in the amplitude of the
NN -scattering, and, in the framework of the eikonal
approximation, corresponds to the account of the �off-
shell� effects in the scattering amplitude.

Using expressions (5) and (8) as the wave functions,
let us separate the Æ-function, which corresponds to the
momentum conservation law, from Eq. (1):

=f i = (2�)�6
Z BY

j=1

drjdrpdrn�
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� exp (ikprp + ikARA � ikdRd � ikBRB) �

���JdMd
��JBMB

Vnp
(rp; rn; �)�

��JAMA
� 1

2
�P
Æ

0
@ 1

B

BX
j=1

rj �RB

1
A dRB ; (11)

where the distortion operator 
 is connected to the
generalized profile functions of nucleons by the relation


(rp; rn; �) =

BY
j=1

h
1� !(+)(rp � rj)

i
�

�
h
1� !(�)(rp � rj)

ih
1� !(�)(rn � rj)

i
: (12)

Passing in Eq. (11) to the relative variables r0 = r�RB

and integrating over RB , we obtain

=f i = (2�)�6
Z BY

j=1

dr
0

jdr
0

pdr
0

n exp

"
i

�
kp �

kd

2

�
r

0

p+

+i

�
kA

A
�
kd

2

�
r

0

n + i (kp + kA � kd � kB)RB

#
�

���d�
�
BVnp�A�pÆ

0
@ 1

B

BX
j=1

r
0

j

1
A dRB �

� Æ (kp + kA � kd � kB)Tf i: (13)

When integrating over the coordinate RB, we take into
account that the wave functions of the nuclei, as well
as Vnp and 
, depend only on the relative coordinates,
i.e. that they are translation-invariant. As a result, we
obtain the following expression for the T -matrix element
on a momentum surface in the center-of-mass system
(kA = �kp, the primes are omitted):

Tf i = (2�)�3
Z
drpdrn exp (iQprp + iQnrn)�

���dVnp
Z BY

j=1

drjÆ (RB) �
�
B
�A�p; (14)

where

Qp = kp �
kd

2
; Qn = �

kp

A
�
kd

2
: (15)

are the momenta transferred. All the coordinates in
expression (14) are reckoned from the center of masses
of the residual nucleus B. For the simplification of Eq.
(14), we will use the condition that the eigenfunctions of
the core �JBMB

compose a complete set. Then

Tf i =

Z
drpdrn

(2�)
3
exp (iQprp + iQnrn) �

�
JdMd

Vnp�

�
X
J

0

B
M

0

B

Z BY
j=1

drjÆ (RB) �
�
JBMB

�

�
�J0

B
M

0

B

�
J

0

B
M

0

B

JAMA
(rn)�1=2�P ; (16)

where the overlapping function for the core wave
function and the wave function of the target nucleus,
which has the meaning of the wave function of a
captured neutron, is introduced:

�
J

0

B
M

0

B

JAMA
(rn) =

Z BY
j=1

drjÆ (RB)�

���
J

0

B
M

0

B

(r1:::rB)�JAMA
(r1:::rB ; rn): (17)

The contribution of each final state of the residual
nucleus into the basic state of the initial one is defined
by the structure factor

S
J

0

B
M

0

B

JAMA
=

Z
drn

�����J0

B
M

0

B

JAMA
(rn)

����
2

: (18)

Let us transform expression (16) by introducing the
notation

F JBMB

J
0

B
M

0

B

(rp; rn) =

Z BY
j=1

drjÆ (RB)�

���JBMB

(rp; rn; r1:::rB)�J0

B
M

0

B

: (19)

This function describes the distorting action of the core
on the motion of the bombarding proton and departing
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deuteron. In the plane-wave approximation, it equals
ÆJBJ

0

B

ÆMBM
0

B

. Then we get

Tf i =

Z
drpdrn

(2�)
3
exp (iQprp + iQnrn) [Vnp�JdMd

(r)]
y�

�
X
J

0

B
M

0

B

F JBMB

J
0

B
M

0

B

(rp; rn)�
J

0

B
M

0

B

JAMA
(rn)�1=2�P =

=
1

(2�)6

Z
dkD�

JdMd
(Qp � k)

Z
drpdrn�

� exp [iQrn + ik(rp � rn)]�

�
X
J

0

B
M

0

B

F JBMB

J
0

B
M

0

B

(rp; rn)�
J

0

B
M

0

B

JAMA
(rn)�1=2�P ; (20)

where Q = Qp +Qn = A�1
A
kp � kd and

DJdMd
(k) =

Z
dr exp (�ik � r)Vnp (r) �JdMd

(r) =

= � (2�)
3=2

�
"d +

k2

M

�
�JdMd

(k) : (21)

Here, "d = 2:224MeV is the binding energy of a deuteron
and M is the nucleon mass. The Schr�odinger equation
is applied to get rid of the potential Vnp. Using the
expansion of a plane wave into the series of partial waves
and separating the spin variables, the Fourier transform
of the deuteron wave function can be written down as

�1Md
(k) = (2�)

�3=2

Z
dr exp (�ik � r) �1Md

(r) =

=
X
�d

�1�d

X
lm

(�i)
l
C1Md

lm 1�d
Ylm

�
k̂
�
'l (k) ; (22)

'l (k) =

�
2

�

�1=2
1Z
0

dr r2jl (kr)'l (r) : (23)

As a result, we obtain

D1Md
(k) =

X
�d

�1�d

X
lm

C
1Md

lm 1�d
Dlm (k) ;

Dlm (k) = � (2�)
3=2

�
"d +

k2

M

�
(�i)l Ylm

�
k̂
�
'l (k) :

(24)

We will indicate below how the effects of
antisymmetrization of the wave functions (5) are to be
taken into account. As the distorting operator
 does not
depend on the operators of the isotopic spin of nucleons,
the procedure of antisymmetrization between protons
and neutrons can be avoided. It is more convenient
to consider protons and neutrons as different particles
and to carry out the antisymmetrization of the wave
functions and the reaction amplitudes separately for the
coordinates of protons and neutrons. The effect of such
an antisymmetrization, provided that the exchange part
of the reaction amplitude being small in the forward
direction is neglected, is reduced to the multiplication of
the amplitude obtained above (20) by a factor of

p
N ,

where N is the number of neutrons in the initial nucleus
(A = N +Z), because each of them can be captured by
a bombarding proton.

The differential cross-section of the reaction in
the center-of-mass system (CMS), i.e. the angular
distribution of deuterons that are formed, is equal to

�
d�

d


�
cm

=
kd

kp

1

2JA + 1

X
MA

1

2

X
�P

X
MdMB

jFf ij
2

; (25)

where the reaction amplitude is connected to the element
of the T -matrix on the momentum surface by the
relation

Ff i = � (2�)
2
(�i�f )

1=2
Tf i: (26)

where �i and �f are the reduced relativistic masses in
the channels.

3. 4He(p,d)3He Reaction

Let us apply the formalism developed above to the
description of the 4He(p,d)3He reaction of a neutron
pick-up by a proton. The internal nuclear wave
functions are chosen antisymmetric with respect to
the rearrangements of proton (1,2) and neutron (3,4)
coordinates:

�� = '�(r1:::r4)�00(1; 2)�00(3; 4); �p = � 1

2
�P
;

�� = '� (r1:::r3)�00(1; 2)� 1

2
��
(3);
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�d =
X
l=0;2

'l(r)
X
m;�d

C1Md

lm 1�d
Ylm(r̂)�1�d : (27)

The spin overlapping of those functions has the following
form:

(�d�� ;���p) =
1p
2
(�1)1=2� ��'��'�

X
lm

'�l (r)Y
�
lm(r̂)�

�
X
�d

C1Md

lm 1�
d

C
1�d
1

2
�p

1

2
��

�

: (28)

Then, the element of T -matrix (14), taking into account
the antisymmetrizing factor

p
2 (as there are two

neutrons in a 4He nucleus), can be written down as
follows (the insignificant phase multiplier is omitted):

Tf i =
X
lm

Tlm
X
�d

C1Md

lm 1�
d

C
1�d
1

2
�p

1

2
��

�

: (29)

Here, the partial matrix element, corresponding to
the transition into the deuteron state with quantum
numbers l and m, is determined as

Tlm =
1

(2�)3

Z
drpdrn exp (iQprp + iQnrn)D

�
lm(r)�

�
Z BY

j=1

drjÆ(R� )'
�
�
'�; (30)

Dlm(r) =

�
�"d +

r2

M

�
'l (r) Ylm (r̂) :

Expression (30) is the exact result of the theory.
Nevertheless, its straightforward calculation is
connected to large technical difficulties. A number of
approximations, which simplify the calculation, are
made below. We will take into account the circumstance
that nuclei 4He and 3He do not have excited bound
states, and the contribution of the ground state of the
3He nucleus into the wave function of the 4He one is
close to unity, according to the estimations which have
been carried out by using formula (18). Therefore, when
summing up in (20) over the intermediate states J 0BM

0
B

of the core of nucleus B, it is possible to confine the sum
to only the ground state contribution. As a result, after
calculating the spin matrix element in (20) and taking
into account the factor

p
2, we obtain expression (29),

where the partial Tlm-matrix is reduced to

Tlm = (2�)�6
Z
dkD�

lm (Qp � k)

Z
drpdrn�

� exp [iQrn + ik(rp � rn)]F (rp; rn) � (rn) ; (31)

where the function F (rp; rn) is given by expression (19),
where the averaging is carried out over the ground state
of the residual 3He nucleus. This function describes
the distorting action of the 3He nucleus, which is
in its ground state before and after the reaction, on
the motions of the bombarding proton and escaping
deuteron.

At last, we will use the zero-radius approximation,
which is verified by standard DWBA-calculations [3,
15] under the conditions of the experiment considered
below. The experimental data, obtained in [2] for the
4He(p,d)3He reaction at a proton energy of 770 MeV
and the angles of the deuteron escape from 3 to 45Æ in
the CMS, correspond to the values of the transferred
momenta Qp and Q in the ranges of 2:2 � 3:5 and
2 � 4 Fm�1, respectively. The contribution of the S-
state of the deuteron wave function into the cross-
section is very small in this region in comparison with
that of the D-state. On the other hand, the function
Dlm (k) changes smoothly in this region in comparison
with the Fourier transform of the neutron wave function
�(rn). Therefore, the function Dlm(Qp � k) in (31) can
be factored outside the integral symbol at the point
k = 0. It is connected also to the following fact. In the
plane-wave approximation, the second integral in (31)
is proportional to Æ(k), and, taking the distortion into
account, its k-dependences will be characterized by a
sharp maximum at k � 0. It is easy to understand, if one
takes into account that the introduction of the distorting
factor F (rp; rn) results in the appearance of the smooth
dependence on rp (the eikonal phase) at the distances
of about the wavelength of a moving particle. At the
same time, the Fourier component of the function, which
varies smoothly, will be maximal at small values of the
momentum k. The adopted approximation considerably
simplifies calculations. As a result, we obtain

Tlm = (2�)
�3
D�
lm (Qp)

Z
dr exp (iQ � r)F (r) � (r) :

(32)

Carrying out the averaging over the initial magnetic
quantum numbers in (25) and the summation over the
final ones, we obtain

�
d�

d


�
cm

= (2�)
4
�i�f

kd

kp
�
3

2

X
l

1

2l + 1

X
m

jTlmj
2

: (33)
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On summing up in (33) over m with the help of the
relation

D2
l (Qp) �

1

2l + 1

X
m

jDlm (Qp)j
2
=

= 2�2

 
"d +

Q2
p

M

!2

'2l (Qp) ; (34)

the ultimate form for the differential cross-section of the
reaction is

�
d�

d


�
cm

=
3

4
�i�f

kd

kp
jI (Q)j2

 
"d +

Q2
p

M

!2 X
l=0;2

'2l (Qp):

(35)

In this expression,

I (Q) =

Z
dr exp (iQ � r)F (r) � (r) ; (36)

F (r) =

Z
dr1dr2dr3Æ (R� ) j'� (r1r2r3)j2�

�
3Y

j=1

h
1� !(+) (r� rj)

ih
1� !(�) (r� rj)

i2
;

� (r) =

Z 4Y
j=1

drjÆ (R� ) Æ (r� r4 +R� )�

�'�� (r1r2r3)'� (r1r2r3r4) : (37)

The nucleon-nucleon profile functions !(+) and !(�)

correspond to the energies of the entrance (770 MeV)
and exit (496 MeV) channels, respectively. In the
calculations, we used the parameters of the NN -
amplitudes averaged over the protons and neutrons.
This does not affect the results substantially, but
strongly simplifies calculations.

4. Numerical Calculations of the Angular

Distribution of Deuterons in the
4He(p,d)3He Reaction

Specific calculations of the angular distributions of
formed deuterons were carried out for an energy of

bombarding protons of 770 MeV. The spatial parts of
the internal wave functions of the ground states of nuclei
4He and 3He were taken as the superpositions of the
Gaussians:

'� = N�

8<
:exp

2
4��1

2

4X
j=1

(rj �R�)
2

3
5 �

�D� exp

2
4��2

2

4X
j=1

(rj �R�)
2

3
5
9=
;

'� = N�

8<
:exp

2
4��1

2

3X
j=1

(rj �R� )
2

3
5 �

�D� exp

2
4��2

2

3X
j=1

(rj �R� )
2

3
5
9=
; : (38)

whereN� and N� are the normalizing factors. The radial
wave functions 'l (r) for a deuteron were taken in the
form

'0(r) = NS exp
�
�


2
r2
�
; N2

S = 4�
�
�

�3=2
PS ;

'2(r) = ND r
2 exp

�
�
Æ

2
r2
�
; N2

D =
16�

15
Æ2
�
Æ

�

�3=2

PD ;

(39)

where PS and PD are the weight factors of the S - and
D-waves, respectively, in the ground state of a deuteron.
In accordance with (23),

'0 (k) =
NS

3=2
exp

�
�
k2

2

�
;

'2 (k) = ND
k2

Æ7=2
exp

�
�
k2

2Æ

�
: (40)

The parameters of the phenomenological functions
(38) and (39) were found in [16], provided that they can
serve as a basis for the description of charge formfactors
of nuclei in a wide range of the transferred momenta :

�1 = 0:85 Fm�2; �2 = 0:93 Fm�2; D� = 1:1;
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�1 = 0:70 Fm�2; �2 = 2:24 Fm�2; D� = 1:9;

1 = 0:19 Fm�2; Æ2 = 1:49 Fm�2; PD = 0:07: (41)

The parameters of the NN -amplitudes, averaged over
the protons and neutrons of the nuclei, for the energies
of the entrance and exit channels were taken from [13]
(see the table). The same parameters were used in
[11], when interpreting the same 4He(p,d)3He reaction
with the help of the method of eigenstates. Those two
absolutely different approaches happened to give equally
good descriptions of the experimental data without using
any additional fitting parameters for this purpose.

The wave functions, which are given by a realistic
Hamada-Johnston NN -potential [17] possessing a rigid
repulsive core, were also used for the deuteron in
calculations. The approximations of the S - and D-wave
parts of those functions as superpositions of exponents
are presented in [18]. For the general reasons, it is
clear that the rigid core in the NN -potential should
result in the most correct values of the large-momentum
components in the momentum spectrum of the deuteron
ground state, which is very important for the reaction
under consideration.

It is convenient to calculate the radial wave function
of the captured neutron �(r) (37) in model (38) by
introducing, instead of the coordinates r1 : : : r4, the
Jacobi coordinates

x1 = r2 � r1; x2 = r3 �
1

2
(r1 + r2)

x3 = r4 �
1

3
(r1 + r2 + r3) ; R� =

1

3
(r1 + r2 + r3) :

Using them, it is easy to obtain that

� (r) =
�
2
p
3�
�3
N�N�

(h
(�1 + �1)

�3�

�D� (�1 + �2)
�3
i
exp

�
�
3

8
�1r

2

�
�

�D�

h
(�2 + �1)

�3 �D� (�2 + �2)
�3
i
exp

�
�
3

8
�2r

2

��
:

(42)

Parameters of the 4He(p,d)3He reaction channels

Channel �, mb � a, Fm2

Entrance, 770 MeV 44 �0:2 0.071

Exit, 496 MeV 34 0.4 0.036

The structure factor (18) which corresponds to this
function and to parameters (41) is close to unity, as was
emphasized above: S�� = 0:934.

As seen from the form of the distorting function
F (r) (37), it takes into account all the possible virtual
excitations of a 3He nucleus in the course of the
reaction. Since, as was already mentioned above, a 3He
nucleus has no excited bound states which can make an
appreciable contribution to the reaction cross-section, it
is natural not to take their contribution into account.
In addition, it is seen from expression (12) for 
 that if,
for example, the neutron of the escaping deuteron excites
the 3He nucleus, the proton has to de-excite it for 3He to
be obtained ultimately in the ground state. It is obvious
that such processes will promote the destruction of the
deuteron; the higher the excitation of the nucleus due to
the large momentum transfers to different particles, the
more the probability of the destruction. Therefore, the
main contribution to the elastic rescattering of deuterons
will be made by the ground state of 3He. All the aforesaid
allows us to simplify the expression for the distorting
function and to write it in the form

F (r) = [1� f(r)]3; f(r) =

Z
dr1�� (r1)�

�
n
1� [1� !(+)(r� r1)][1� !(�)(r� r1)]

2
o
; (43)

where

�� (r) =

Z
dr1dr2dr3Æ (R� )

1

3

3X
j=1

Æ (r� rj)j' (r1 r2 r3)j2

(44)

is the single-particle mass density of the 3He nucleus.

For the selected model (38),

�� (r) �
3X
i=1

Ai exp
�
�Bir2

�
=

=

�
9�

2�1

�3=2

N2
�

(
exp

�
�
3

2
�1r

2

�
� 2D�

�
2�1

�1 + �2

�
�

� exp

�
�
3

4
(�1 + �2) r

2

�
+D2

�

�
�1

�2

�3=2

exp

�
�
3

2
�2r

2

�)
:

(45)
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Let us calculate now the value of f (r) (43). Using
the explicit expressions for the profile functions (9), we
can write

f (r) =

Z
d2b1dz1

3X
i=1

Ai exp
�
�Bi

�
b21 + z21

��
�

�
5X

j=1

Cj exp
h
�Dj (b� b1)

2
i
fj (z � z1) (46)

where the parameters Ai and Bi are those from Eq. (45),
while the coefficients Cj , Dj and the functions fj are as
follows:

C1 =
1

2
!0 i; C2 = !0f ; C3 = �

1

4
C2
2 ;

C4 = �C1C2; C5 = �C1C3;

D1 =
1

4ai
; D2 =

1

4af
; D3 = 2D2;

D4 = D1 +D2; D5 = D1 + 2D2;

f1 = 1 + erf

�
z � z1

2
p
ai

�
; f2 = 1� erf

�
z � z1

2
p
af

�
;

f3 = f22 ; f4 = f1f2; f5 = f1f3:

Subscripts i and f of the quantities !0 and a serve
to indicate the energy, at which those quantities are
taken (i for the initial energy and f for the final one).
Integrating in (46) over the transverse coordinate b1, we
write down ultimately that

f (b; z) =

3X
i=1

5X
j=1

AiCj
�

Bi +Dj

�

� exp

�
�

BiDj

Bi +Dj
b2
�
Zij (z) ; (47)

where the definition

Zij (z) =

1Z
�1

dz1 exp
�
�Biz21

�
fj (z � z1) (48)

is introduced.

The quantity I (Q), defined by integral (36), is
estimated numerically in the cylindrical system of
coordinates as

I (Q) = 2�

1Z
0

db bJ0 (Q?b)�

�
1Z

�1

exp (iQz � z)F (b; z) � (b; z) �
4X

�=1

I� (Q) ; (49)

where the four terms in the last part of the equality
correspond to the four terms in the expansion of the
quantity F = 1� 3f +3f2� f3 in (44) into the series in
the multiplicity factor of scattering. The term with � = 1

in cross-section (35) is related to the plane-wave Born
approximation (PWBA). In the language of Feynman
diagrams, it corresponds to the pole one. In the pole
approximation, the cross-section is proportional to the
square of the Fourier transform of the neutron wave
function � (Q)�
d�

d


�PWBA

cm

= 3��i�f
kd

kp

X
l=0;2

D2
l (Qp) �

2 (Q) ; (49a)

and, as will be seen below, is generally determined by
the behavior of this function.

Fig. 1,a shows the Fourier transform of the wave
function of a picked up neutron (43) �(Q) with
parameters (41) (the solid curve) and with parameters
found from the analysis of the elastic scattering of 1-GeV
protons by nuclei 3;4He (the dashed curve). In the latter
case, for 4He, these parameters coincide with (41) and,
for 3He,

�1 = 0:45 Fm�2; �2 = 3:69 Fm�2; D� = 2:7: (50)

The small difference of the neutron functions for
these collections of parameters and their rather sharp
change (almost by three orders of magnitude) in the
experimental region Q = 2�4 Fm�1 located to the right
of the minimum in Fig. 1,a call attention to themselves.

The importance of the deuteron D-state is seen from
the comparison of the functions D0(Qp) and D2(Qp)

(34) represented in Fig. 1,b for the potential from [17]
and in Fig. 1,c for model (39) with parameters (41).
As seen from these figures, the contribution of the D-
state exceeds that of the S -state in the region Qp =

2:2�3:5 Fm�1, which corresponds to the experiment. It
differs sharply from the situation at low energies, where
Qp < 1 Fm�1, and the contribution of the D-state is
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Fig. 1. (a) Fourier transform of the neutron wave function �(Q)

(42), (b) the dependence Dl(Qp) (34) for the Hamada-Johnston

potential [17], (c) the same as in (b) but for the Gaussian model

of a deuteron (39)

small. The prevalence of the D-state points to the
necessity of using the exact wave function of a deuteron.

The smoothness of a variation of the function
Dl(Qp) in the indicated interval, in comparison with the
change of a neutron wave function, serves a convincing
confirmation of the zero-radius approximation made
above and means that the reaction cross-section is
defined mainly by the behavior of the neutron wave
function.

In this connection, the experiment at an energy of
500�600 MeV, when the region, where �(Q) is zero

Fig. 2. Comparison of the calculated and experimental cross-

sections of the reaction. See the explanations in the text

would fall into the kinematically allowable region,
would be rather interesting. In this case, the angular
distribution of deuterons would have an essentially
anomalous behavior in comparison with that at lower
or higher energies and would make possible the more
exact determination of the zero of the neutron function.
This position, in turn, is closely connected to the
corresponding zero of the formfactor of the initial nucleus
and, to a lesser extent, with that of a residual one.

In Fig. 2, the calculated angular distributions of
deuterons in the 4He(p,d)3He reaction at an energy
of protons of 770 MeV are shown together with the
experimental data [2]. Fig. 2,a displays the contributions
of various terms of expansion (49a) in the increasing
multiplicity of the rescattering of a bombarding proton
and the nucleons of an escaping deuteron by the
residual nucleus to the cross-section. The microscopic
function of a deuteron [18] and the model functions
(38) of a helium nucleus with parameters (41) were
used. The dotted curve 0 corresponds to the PWBA
(49a) [� = 1 in (49)]. It is seen that only a pole
mechanism of the reaction cannot explain a value
of the cross-section in the region � > 30Æ and
results in a strongly underestimated value of the
cross-section there. The dashed curve 1 takes into
account the single scattering (� = 1 and 2), the

228 ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 3



MULTICENTER EIKONAL APPROXIMATION

dash-dotted curve 2 corresponds to the single and
double scatterings (� = 1; 2 and 3), and the solid
curve 3 takes into account all the three multiplicities
of the rescattering. Only the complete account of all
the distorting rescatterings allows us to describe the
experiment quantitatively correctly. The interference of
the terms of different multiplicities of scattering results
in a considerable diffraction structure in the angular
distribution. Contrary to the elastic scattering in the
region of small angles, the important role of the terms
of the multiple scattering is seen, which is connected to
large momenta transferred even at the zero angle of the
escape of a deuteron.

In Fig. 2,b, we present the dependences of the cross-
section on the parameters of the 3He wave function.
The parameters correspond to those for the two neutron
functions in Fig. 1,a. The solid curve is the same as
in Fig. 2,a, and the neutron function represented in
Fig. 1,a by the solid line corresponds to this cross-
section. Letter S marks the contribution of the S -
state of a deuteron to this cross-section. The dashed
curve is obtained for parameters (50), which describe
well the formfactor of 3He up to the region of the
second maximum and the cross-section of the elastic
scattering of protons. But, due to a lack of high-
momentum components, the value of the reaction
cross-section becomes underestimated. As shown in
[19], the contribution of high-momentum components
is not so important for the elastic scattering even
at the backscattering, contrary to the reaction under
study.

Fig. 2,c illustrates the sensitivity of the reaction
cross-section to the parameters of the model wave
function of a deuteron (39). The dashed curve
corresponds to values (41) for the parameters , Æ; and
PD; the dash-dotted curve does to  = 0:17 Fm�2,

Æ = 0:79 Fm�2, and PD = 0:07. Parameters (41)
were used for a helium nucleus. At those values of
the parameters, the deuteron formfactor still agrees
well with the experiment, whereas the reaction cross-
section appears rather sensitive to the presence of the
high-momentum components in the wave function of a
deuteron and, owing to their lack in the given collection,
is underestimated.

From Fig. 2,d, we see the importance for the
dependence of the amplitude of the elasticNN -scattering
on the longitudinal component of the transferred
momentum qz to be taken into account for the
quantitative description of experiments. The dashed
curve represents the results of calculations of the cross-
section with the use of the profile functions of the

standard diffraction theory: !(�)(r) = !(b)�(�)(z), for
which a = 0 in the square brackets in the general
expression (9). The solid curve is the same as in
Fig. 2,a.

Thus, we can draw conclusion that the mechanism
of multiple scattering is defining in the ensuring of
large momenta transferred, and the correct contents of
the high-momentum components in the wave functions
are necessary for the quantitative description of the
reaction cross-section. The developed formalism and
the analysis carried out show that the research of
the single-nucleon pick-up reactions in the range of
intermediate energies can serve as quite a sensitive
means for the determination of details of the
structure of nuclei, their wave functions in the region
of zeros of the formfactors, and the momentum
distribution of nucleons in nuclei. As shown above,
the observed behavior of the angular dependences of
the reaction cross-sections can be explained, in the
main features, not only by meson-exchange currents
or intermediate isobars, but also by the effects of
multiple rescattering of nucleons in the initial and final
states.
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ÁÀÃÀÒÎÖÅÍÒÐÎÂÅ ÅÉÊÎÍÀËÜÍÅ ÍÀÁËÈÆÅÍÍß

Ó ÐÅÀÊÖIßÕ Ç ÏÅÐÅÁÓÄÎÂÎÞ

Â.Â. Äàâèäîâñüêèé, À.Ä. Ôóðñà

Ð å ç þ ì å

Â ðàìêàõ ìåòîäó ñïîòâîðåíèõ õâèëü ç âèêîðèñòàííÿì õâèëüî-

âèõ ôóíêöié âiäíîñíîãî ðóõó ÷àñòèíîê â åéêîíàëüíîìó íà-

áëèæåííi îäåðæàíî ôîðìóëè äëÿ îïèñó ðåàêöié îäíîíóêëîí-

íîãî ïåðåäàâàííÿ ç óðàõóâàííÿì áàãàòîíóêëîííî¨ ñòðóêòó-

ðè ÿäåð. Ðîçðàõóíêè êóòîâîãî ðîçïîäiëó äåéòðîíiâ â ðåàêöi¨
4
He(p,d)

3
He ïðè Ep= 770 ÌåÂ âêàçóþòü íà ïåâíó ðîëü åôåêòiâ

áàãàòîðàçîâîãî ïåðåðîçñiÿííÿ i âåëèêó ÷óòëèâiñòü ñïîñòåðåæó-

âàíèõ õàðàêòåðèñòèê äî äåòàëåé ñòðóêòóðè ÿäåð.
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