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A systematic procedure based on the BornGreenYvon (BGY)
hierarchy is developed to find the higher order correlation
functions and the interaction potential of strongly coupled,
charged dust particles in the liquid phase, in terms of their
measurable structure factor. The possibility to describe the gasliquid transition of dusty plasmas in the framework of percolation
theory is discussed.

like charge has also been discussed. But dusty plasmas
also offer the unique possibility to measure the pair
correlation function (or the structure factor) of dust
particles

with

great

accuracy, contrary to

ordinary

or charged fluids where neutron or x-ray scattering
techniques are required. These also have problems with
measurements at long wavelengths, strictly related to
the long-range behaviour of the interaction potential.
Therefore, in this work, the usual method of fluid

Introduction

theory will be turned upside down: it will be assumed
that the dust-dust interaction potential is unknown,

Dusty plasmas can be very different physical systems

while

in different parameter regimes. One basic parameter is

from measurements, and a theory is presented to find

the coupling constant

the

dust

pair

correlation

function

is

known

, the ratio of mean potential

the interaction potential and higher order correlation

energy to kinetic energy. Although the potential of dust-

functions from structure data. A test of the theory and

dust interaction in dusty plasmas is still not known, it

of the truncation of the kinetic hierarchy will also be

is believed that

given, again in terms of structure data.

can be larger than

1

in some cases,

which corresponds to a strongly coupled system of dust

Finally the possibility to describe the gas-liquid

particles: dust liquid and dust crystal. In the opposite

transition

case,

percolation theory will be discussed.

 1, the system can be treated with the methods

of

dust

particles

in

the

framework

of

of kinetic theory [15], but these methods are not valid
for strongly coupled systems.
Dusty

plasmas

in

the

strongly

correlated

but

disordered phase (liquid) can provide a test for theories
of simple liquids, due to the unique possibility to follow
the kinetic processes and obtain accurate measurements
of their structure.
All current theories of simple liquids start from the
assumption of a pair potential of interaction and develop
approximations for the two- and three-body correlation
functions, which can be used then to calculate the
thermodynamic quantities [6]. The approximate models,
like PercusYevick, Hypernetted Chain, Mean Spherical
Model, have no sound theoretical basis, as is the case
for the kinetic theory of gases, where a small parameter
allows the truncation of the hierarchy of kinetic
equations, and their justification relies only on the
comparison with experimental results.

1.

Structure and Forces

Here,

the

static

equilibrium

properties

of

strongly

coupled, charged dust particles are considered in the
framework of the BGY hierarchy [7], assuming that
plasma particles (electrons and ions) contribute to the
screening of dust particles and to the overall neutrality
in the form of a superposition of screening clouds around
grains at the positions

fRg = (R ; :::::; RN ) in the form

p ;

Ri);

X (r
(r fRg) =

where

i

p



1

(1)

is the plasma charge density. In this case, the

X (r

total electrostatic potential can be written as

(r; fRg) =

In dusty plasmas, on the other hand, due to the

u(r)

i

u

Ri);

(2)

absorption of electrons and ions on dust, the dust-dust

where

interaction potential is not known and the possibility

particle. This

of a long-range attraction between dust particles of

intergrain separation is larger than the screening length,

110

is the screened potential around one dust
assumption could

be

valid

when

the
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and it allows us to treat the dusty plasma as a onecomponent system of dressed dust particles. The

n-

g (n) can be defined in terms
(n)
of the potential of mean force W
as
particle correlation function

(n)
g (n) (R1 ; :::::; Rn )  e W (R1 ;:::::;Rn) ;

1

where

= kB T ,

@ R1

W

=

@

(n)

the thermal energy of the system,

@ R1

:::

e

E (fRg d

and higher order correlations beyond the zero-order
approximation and therefore of greater validity in the
be found in [9], where this method was first proposed for
liquid metals. First, we notice that, using the zero-order
results (7)(10) in the force equation considered now

Z(()

first-order result

Rn

u(r) gives the

as an equation for the unknown potential

(R1 ; :::::; Rn ) =

Z Z
ln

S (k ) is easily measurable in dusty plasmas, the

strongly coupled regime. The detailed calculation can
(3)

and the potential of mean force is defined as

@

Since

present results allow us to find the interaction potential

1

u1 (r) =

+1 ::::dRN ;

ln g(r) +

(4)

E (fRg) is the total interaction energy of
N particles at the positions R1 ; :::::; RN .

which

expresses

the

1

Sk

83 nd

potential

1)2 eikr dk

entirely

in

(12)

terms

of

the

structure data. This first-order result coincides with

It can be shown that an exact relation between the

hypernetted-chain (HNC) equations. To the next order,

where

system of

pair correlation function

g (r) (r

R

12

=

and the three-body correlation function

jR

g

1
(3)

Rj

2 )

can be

established using the potential of mean force, in the form
of the so-called force equation

@

@ R1

+nd

W (r) =

Z

where

@

@ R1

first

the

(5)

definition (3) lead to the following general form for the

g (r) = e u(r) e A(r) :

(6)
can be calculated, in principle,

 (r) and potential u(r) are
known. To the lowest order A = 0, it is
if the local screening density

g0 (r) = e

u(r) ;

(7)

W0 (r) = u(r);

(8)

W0(3) (R1 ; R2 ; R3 ) = u(R12 ) + u(R13 ) + u(R23 );

(9)

and the Kirkwood superposition form follows for the
three-body correlation function as

g (R1 ; R2 ; R3 ) = g (R12 )g (R13 )g (R23 ):
(3)
0

(10)

Below, we use the force equation (5) to find the next
order corrections and the unknown interaction potential

Z (()

in terms of quantities related to the dust structure factor

S (k ) = 1 + nd

gr

the

Kirkwood

superposition

g (3) (R1 ; R2 ; R3 ) = g (R12 )g (R13 )g (R23 )ef (R13 ;R23 ) :

1;
T (k; k0 ) = (S (k0 ) 1) (S (jk + k0 j) 1) ;

1) eikr dr:
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(11)

f

the function

f (R; R0 ) =

pair correlation function:

A(r)

to

T (k ) = S (k )

is the dust density. Assumptions (1), (2) and

Here, the function

correction

approximation (10) is found as
(13)

Introducing the notations

u(r)+

g (3) (R1 ; R2 ; R3 ) @
u(R13 )dR3 ;
g (r)
@ R1
nd

the results from both the PercusYevick (PY) and

=

1

(83 nd )2

Z

(14)
(15)

is given by

T (k )T (k 0 )T (k; k0 )e ikR e ik R dkdk0 ;(16)
0

0

being again entirely expressed in terms of the dust
structure factor. Using this result in the force equation
leads then to the second-order potential, beyond the PY
and HNC approximations,

Z

u2 (r) = u1 (r)

1

(2nd)3

T (k )T (k 0 )F (k; k0 ; r)dkdk0 ;

(17)

where

F (k; k0 ; r) = T 2 (jk + k0 j)eik r
T (jk + k0 j)
The

Z

0

T (k 00 )T (jk + k0 + k00 j)eik r dk00 :

iterative

00

procedure

principle, and the

question,

can

be

carried

as usual

with

(18)

out,

in

strongly

coupled systems, concerns the convergence: there is
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no small parameter that allows the truncation of the

2.

Percolation Theory

BGY hierarchy. But dusty plasmas can perhaps provide,
for the first time, a check of second-order results. In
fact, it is possible to express [8] the difference between

g

(3)

and the superposition value (10) in terms of the

isothermal pressure derivative of

S (k )

(the isothermal

compressibility in the long- wavelength limit): if this
quantity can be measured in strongly coupled dusty
plasmas, it will provide an essential test for the present
first-order result (13) for the three-body correlations
and, consequently, for the second-order result for the

Z

Z
kr r

interaction potential. But it can also be shown that the
quantity

H (k ) = n2d

e i

d

the

gas-liquid transition

(19)

of

simple

of the formation of an infinite

liquids

in

terms

physical cluster of

particles (percolation) at the transition point [12]. If
some attraction between dust particles exists, it would
then be possible to apply percolation theory to the dust
liquid transition. Since, in dusty plasmas, it could be
possible to see, measure, and follow the development
of physical clusters, these systems could provide a new
unique test for the theories of percolation.
Percolation

H (r; s)ds;

lattice

theory

systems,

such

was

originally

as the

Bethe

developed

lattice

and

for
the

ferromagnetic Ising model, and extended to fluids by

where

Hill [13] who introduced the idea of physical clusters

H (r; s) = g (3) (r; s)

g0(3) (r; s);

(20)

can again be entirely expressed in terms of structure data

Z

[9], if the assumption

H (k ) =

1

T (k )
83nd

(83 nd)2
where

Z

exp(f ) ' 1 + f

is made in (13), as

T (q ) (T (jk + qj) + T (jk
2

qj)) dq

T (q )T (q 0 )T (jq + q0 j)G(k; q; q0 )dqdq0 ;(21)

Z

G(k; q; q0 ) =

1

T (q 00 )T (jq + q00 j)T (jq + q0 + q00 kj)dq00 +
83 nd
+T (q) (T (jq kj) + T (jq + q0 kj)) + T (jk + q0 j)+
+T (jk q q0 j):
(22)

=

For a long time, attempts have been made to interpret

Thus, structure data can allow us to check difference
(20) and provide a test for the present result (13)
for the three-body correlations and therefore for the
interaction potential. Most important, measurements at
long wavelengths can be done in dusty plasmas and these
can provide information on the long-range behavior of
the dust-dust interaction. It has been postulated that a
long-range attraction between negatively charged dust
particles is possible due to the over-screening by ion
fluxes to the dust surfaces [10]. The comparison of
structure data with a solution of the Mean Spherical
Model with an attractive tail also seems to suggest the
presence of long-range attraction [11], but the result

n

of interacting particles:

particles belong to the same

cluster if they are pairwise bound in the phase space(the
negative total energy). Series expansions for the average
number and the size of physical clusters of particles,
in the framework of Mayer's diagrammatic expansions,
were given in [14]. The theory of the pair connectedness

P (ri ; rj ) was developed in [15]. This is defined such that
n2 P (ri ; rj )dri drj
is the probability that particles

dri

elements

and

drj

i

and

j

are in volume

and are physically bound, i.e.

belong to the same physical cluster, in a system of

N

particles in volume

V

with density

n = N=V

and

potential energy given by Eq.(2). The activity and
density expansions, a relation of the OrnsteinZernicke
type, and the PercusYevick approximation have been
given for the pair connectedness [15] in analogy with the
results for the pair correlation function.
In analogy with the theory of simple liquids, where
the long-wavelength limit of the structure factor gives
the system's isothermal compressibility, it was shown
[15]

that

the

transform

of

long-wavelength
the

pair

the critical percolation density
function of temperature

limit

connectedness

T ),

np (T ):

of
is

the

Fourier

related

to

the density (a

where an infinite physical

cluster of particles appears in the system, is possibly
related to the point of the gas-liquid transition

ng (T ).

is still controversial due to the approximations in the

The formalism of the pair connectedness allows a

models. The use of the present theory to extract the

description of both percolation and condensation in the

potential from structure data could help resolve this

pressure-density plane to find the relationship between

problem.
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np (T ) and ng (T ): on a given isotherm, is np (T ) lower or
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higher than

ng (T )?

In other words, does the formation

in laboratory experiments and the present results should

of an infinite physical cluster of particles (percolation)

be used with data from microgravity experiments or be

occur before, after, or simultaneously with condensation?

extended to include the effects of external fields.

In the framework of the theory developed in [15], it is
possible to express the mean cluster number and size as
functions of the thermodynamic variables of the system
(assuming the interaction potential is known) and to
study the behavior and the distribution of physical
clusters and the occurrence of percolation. The results
depend, of course, on the level of approximation and,
as stated before, there is no check of their validity. In
ordinary fluids, clusters cannot be seen to test the
theory. Dusty plasmas offer the possibility to actually
see the clusters formed in the system and to follow their
dynamics and development as the system approaches the
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Conclusions
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Dusty plasmas in the strongly coupled disordered phase

10.

(liquid) can provide a test for the established theories
of simple liquids and charged fluids and for the theory
of percolation.
The unique possibility to follow the kinetic processes
in

these

systems

and

to

accurately

measure

their

structure as well as the size and distribution of physical
clusters of dust particles, may allow one to find the
dust-dust interaction potential and the three-particle
distribution function from structure data and to test the
truncation of the kinetic hierarchy and the validity of
the Kirkwood superposition approximation, which is the
basis for most of the current models of liquids.
If the dust-dust interaction has an attractive tail,
the

results

of

percolation

theory

could

be

applied

to dusty plasmas as they approach the condensation
point, and these results could be tested against the
measurable distribution of

physical clusters of dust

particles, providing tests for the theoretical models.
It should be pointed out that the theories discussed
in

the

present

work

are

referred

to

infinite

free

systems. Dusty plasmas are often electrically confined
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ÊÎÐÅËßÖI I ÑÈËÈ Ó ÑÈËÜÍÎÂÇÀÌÎÄIÞ×IÉ
ÇÀÏÎÐÎØÅÍIÉ ÏËÀÇÌI
Ó. äi Àíãåëiñ

Ðåçþìå
Ñèñòåìàòè÷íó ïðîöåäóðó, îñíîâàíó íà BGY-i¹ðàðõi¨, çàñòîñîâàíî äëÿ çíàõîäæåííÿ êîðåëÿöiéíèõ ôóíêöié âèùîãî ïîðÿäêó
i ïîòåíöiàëó âçà¹ìîäi¨ ñèëüíîçâ'ÿçàíèõ çàðÿäæåíèõ ïîðîøèíîê
ó ðiäêié ôàçi ó òåðìiíàõ âèìiðþâàíîãî ñòðóêòóðíîãî ôàêòîðà.
Îáãîâîðþ¹òüñÿ ìîæëèâiñòü îïèñàòè ïåðåõiä ãàçðiäèíà çàïîðîøåíî¨ ïëàçìè â ðàìêàõ òåîði¨ ïåðêîëÿöi¨.
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