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The “liquid metal + negative impurity” system is discussed. The
generalized microscopic Anderson model in the Hartree—Fock
(HF) approximation is used to describe the charge and magnetic
states of an impurity. The scattering of conduction electrons by
the charged impurity are included in the model Hamiltonian.
The solvation free energy of the charged impurity is obtained
through the connection with two-time Green’s functions and the
thermodynamical averages.

1. Introduction

Since the pioneering work of Anderson [1], the model
of localized impurity atom has been applied to different
systems [2], and the variety of solutions and methods
have been reported. Notable among them are the
solutions given by [3]|. In our previous papers [4,5] we
presented the generalized Anderson model to describe
the states of negative impurities in liquid metal. In those
papers, a solution in terms of Green’s functions was
obtained in the HF approximation. The limits of the
applicability of the proposed model to a description of
real systems are considered in [6].

The main aim of the present paper is to find the
analytical expression for the solvation free energy which
determines the excess free energy associated with the
insertion of an impurity atom in liquid metal. The
ground-state energy for the Anderson model of a dilute
alloy was derived in [8], and this analytical expression
agrees with experimental results [9]. Since the work of
Newns [7], the Anderson model has been applied to
chemisorption theory, and this expression has been used
to calculate the chemisorption energy as well [10].

The paper is organized as follows: in Section 1, we
consider a model Hamiltonian and the main processes
of scattering of conduction electrons. For the sake of
clarity, in the next section, we repeat some of the results
and equations of our previous paper [4]. The expressions
for a Green’s function was obtained in the self-consistent
HF approximation in the quasi-crystalline case. In the
final section, the solvation free energy is given in terms
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of an integral over the single-particle Green’s function
(GF) of a localized state following the scheme of [8].

2. Microscopic Model of the “Metallic Alloy +
Gaseous Impurity” System

Let us consider a separate gaseous impurity dissolved
in liquid alkaline metal. The liquid-metal phase will
be described within the framework of the electron -
ionic model which gives a satisfactory computational
description of electronic and structural properties for
such metals.

Let Rq,...,Ry be the coordinates of atoms of a
metallic alloy which accept arbitrary values in a volume
V. The impurity has a coordinate Ry. We selected
the following full model Hamiltonian in the coordinate
representation:

H = Ecl + Helfi + Helfel- (21)
The energy operator of the electron-ion interaction is
written as follows:

) B2
Hel—i:_% Z A+ Z Z V(ri—R,|)+

1<i<N 1<i<N 1<j<N

+ > Vollri = Ro ). (2.2)
1<i<N.
In this formula, rq,...,ry are the electron

coordinates of the metallic subsystem, the amount of
which coincides with the number of metal atoms due
to the one-valence of alkaline elements. It is assumed
that the electrons of the valence impurity shell remain
localized on the impurity.

The pseudopotentials V(|r; — R;|) and Vy(|r; — Rol)
describe the electron scattering on ions of the metal and
the impurity, respectively.

The first term in formula (2.2) is the operator of
kinetic energy of the free electron subsystem.
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The last term in (2.1) describes the energy of the
pairwise electron-electron interaction

2

~ 1 1 e
Helfelzf Z q)(‘ r; — rj D:i Z f
2 2 ‘ r; |

r
1<i#j<N 1<i#j<N ' °

The non-operator part E. describes the energy of the
classical ion-ion interaction.

In the representation of secondary quantization,
operator (2.1) with regard for only a certain class of
Coulomb electron-electron interactions has the following
form [4]:

ﬁ =FEq+ Z Z Ej CLI:U kot
keA o==*1

+ ) Eodd, doo+ Y Upiioghoo+
o==%1 o==+1

FXY Y (Vath s + V0 )+

keA qeANo=%£1

+ Z Z (Wk,O a:o- dOo + Wf«k,o da_a akU) +
keAo==%1

+ Z Z (Uk70 ’fLUI a]ta' dOo’ + Uﬁ,() da;_ Oko ﬁOo”) +
keA o#o!

153D D DIV AT

keA qeEA o,0'=%1

(2.3)

Here, axy(ay,) and do,g(daia) are the annihilation
(creation) Fermi-type operators for electrons in the
states {k,o} and {Rg, 0}, where o=+1 is the quantum
spin number which accepts two values according to two
possible orientations of the electron spin relatively to the
quantization axis. Ej = h?k?/2m is the energy spectrum
of electrons in the states @k(r), Eo is the energy of
the localized electron state vo(r), and n, = df d, is
the spin-depended occupation number operator for a
localized state.

The matrix elements V; and V4 characterize the
processes of elastic scattering of electrons on ions of the
metal and the impurity. Their explicit analytical forms
are as follows:

1 ) .
S TR y(g), Vg g=e R yy(g).

Vq:ﬁ 4 (2.4)
1<j<N

The formfactors of scattering pseudopotentials

= [ VO e, vola)= [ Vol e an
v 1%
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depend only on the modulus of the momentum
transferred q, due to the locality of the pseudopotentials
V(|r|) and Vo(|r|). The modeling of the proper electron-
ion interaction potential can be found in [6].

The processes of nonelastic scattering of electrons
caused by their transition from the state localized on
the impurity into the conduction band and vice versa
are described by the matrix element Wy . The term
> o Uongn_, in Hamiltonian (2.3) corresponds to the
Coulomb interaction between electrons of opposite spins
in the localized orbital, and the processes of elastic
and nonelastic scatterings of electrons on the charged
impurity are described by the matrix elements Fq g
and Ugq,o, respectively. Their analytical expressions were
derived in [4]. Actually, in Hamiltonian (2.3), only the
electrostatic effects including two electrons are taken
into account, and the processes of exchange character
are not considered.

3. Hartree—Fock Approximation

Following the Anderson’s initial paper [1], the Hartree—
Fock (HF) approximation was used to solve Hamiltonian
(2.3). The HF approximation includes the perturbation
Up only to the first order and should be valid for
sufficiently small Uy. Moreover, the HF solution is exact
when the hybridized terms in (2.3) are identically zero
[11].

The HF Hamiltonian obtained from (2.3) in [4] may
be written as

H” = Ha+ Y Byino + Eo.o oo+

k

+ 0) +
+ Z Z (Vq Oy, Ok—q,0 T VoE Vo, aqu,a> +
k aqa

+ Z (kao CLI‘T dOa‘ + kC) s
k

where

Eoo = Eo+Uo (o) + > Y Pao (0 pax—qo)+

k,q o’

+ 3 [Uko (67 _pdo.—o) + Ui (i _pa—0)] - (36)

k

The last expression defines the renormalized effective
impurity level.
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Now it is convenient to introduce a one-particle
Green’s function [12] defined by

ke (t) = —i(0]T axq (t)ag, (0)]0),

where |0) is the true ground state of the system. From
the equation of motion for the operators ay,, we get

~ d -
1)0) = GOl

or, by taking the Fourier transforms,

~ 1 -
<0|ai(~_a'[aka'7H]|0> = Tm/WGk,k(W)dw

C

(0lage, [,

(3.7)

Here, C' is the contour consisting of the real axis and a
semicircle at infinity in the upper half-plane. Let’s now
consider the matrix of one-particle Green’s functions:

(G MZow)) _
GM‘Q@@)@%O

_ [ {axolag,)),  ({axoldg,)),,
= + + : (3.8)
((doglaw ),  ((dooldhs)),,
In the same manner, we get the relations
1 ag
(01 oo, H)0) = 5= [ Wi g(w)d (39)
c
1 ag
(O0ln05]0) = 5— | L o(w)dw, (3.10)
c
1
(3.11)

Ol anr0) = 5 [ WM ()
C

From the equations of motion, we get the system of
equations for a Green’s function in the quasi-crystalline
approximation [4]. The equations for Green’s functions
[4] have been reduced to a closed form through the
Green’s function of localized electrons

L§o(w) = [w—E, — S (w)] ", (3.12)
where S7(w) = > |Q7|?/(w — Ex — Ap). For the Green’s
Kk

function My j(w), we get

My o) = —50__pg (o) (3.13)
’ w — Ek — AO ’
The one-particle Green’s function of conduction

electrons is as follows:
o (W)= Ok, K/ QF LG 0 (W) 1
kk w—Er—Ay  (w—Er—Ao)(w—FEp—NAg)’

(3.14)
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where the effective pseudopotential

ﬁ,o(“’) =

The constant Ag = v(0) + vo(0) — 2w (fg)e®r2/V.

Green’s functions (3.26)—(3.14) are needed to obtain
the average numbers (ng) of s-electrons (ng,) of
localized electrons per atom with spin ¢ and the mixed
averages (a)f _,do, o), (df _,ax, o).

The occupation number of the localized states
at absolute zero for alkali metals can be found by
integrating the density of states up to the Fermi energy:

Uk,0 (No—o) + Wi,o- (3.15)

Er
(r) = (A dos) = [ 65(E)dE. (3.16)
Here,
1 .
pg(E) = —;Im Lgo(E +ie), &—0, (3.17)

is the density of localized electron states for spin o.
The occupation number

Er
(o) = 3 (01 o) = / 7 (E) dE, (3.18)
k —00
where
1 :
pl(E) = —mlm¥ Gix(E+ig), e—0, (3.19)

is the density of collective electron states for spin o.
The mixed averages <a[:70d07_0> and <d5r7_0ak7_g> are
defined analogically in terms of the diagonal Green’s
function My o.

To calculate the density of states pg(E), we should
find the sum over the wave vector k. We use the relation

S7(E) = lim 2F _
e—0 E*Eka()‘FZ'E
PZ |Q * —mZm 20(E—Er—Ag), (3.20)
E—Ej,—Ag

where the symbol P denotes the Cauchy principal value.
For convenience, we introduce the notation

_ﬁZm 1?6(E — Ej, — Ao), (3.21)
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Q72

P AY E' dE’
PZE Er—Ao /

e 322
where AJ(E) is the weighted density-of-states function
with A to be its Hilbert transform. A{ can be neglected
[1], since it primarily leads to an effective level shift
which can be taken into account by the redefinition of
FEy. This effect can be significant for the investigation
of semiconductors or in systems with intermediate
valency, where the localized level lies near the edge
of the conduction band [13,14]. The energy shift was
investigated in [11]. The explicit expression for A(F) was
derived for a different form of the density of states po(E)
of the unperturbed conduction band. It was shown that
A(E) is negative in the lower half of the band and the
ratio A/A must be less than —m/2.

Taking into account the structure of the effective
pseudopotential (3.15),

AJ(E) = A(E)+B(E){n—q)*+27(E)(n_,), (3.23)
where (n_,) = (ng,—). The expressions

B(E) =m(U?)po(E), ~(E)=n({UW)po(E),

A(E) = n(W2)po(E) (3.24)

are slowly varying functions of E over the band, and
they can be treated as parameters evaluated at the Fermi
energy Ep [8,11]. Now it is convenient to introduce the
parameter z=(U/W) which characterized the intensity
of the scattering on a charged impurity. Using the
analytical expressions for the matrix elements Wy, Uy,
and P, as functions of the modulus of the momentum
transferred k, the parameters A, (3,7 were evaluated
in [4] at the Fermi energy.
Now the localized level width

AT = A1+ 2(R_,))2 (3.25)

has a new term associated with the processes of
nonelastic scattering of conduction electrons on the
charged impurity, which leads to the broadening of
a localized level. If z=0, we have reproduced the
Anderson’s results.

Neglecting the energy shift A{, L§ ,(£) becomes

1
E—E,+iA]’
The diagonal Green’s function of the extended states
(3.14) is

Lgo(E) = (3.26)

Q7 2Gg

o E: g (0) - 2
L B)=GE |1 s | (3.27)
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where G7 (9 = 1/(E—Ej,—Ao). The density of localized

states (3 17) has the Lorentzian form

1 AY
™ (E - E,)?

PG (E) = (3.28)

+(A7)>
Now we will determine the density of extended states

(3.19). We need to calculate the sum

. 7P anydAy

20 2~ (E — By — Ao +i2)? dE ~ "dE -

(3.29)
Using expression (3.27) for Gf ) (F) and taking the sum
over all k, we get

dAg
dE (E —

E-E,
Eq)? + (A7)*

p7(B) = po(E) + (3.30)

In view of (3.16), the occupation number of a
localized state with spin o is

1 E, — Ep }

(hy) = ;arcctg [AOHW (3.31)

In the quasi-crystalline approximation, expression
(3.6) for the renormalized effective localized level
becomes

E, = E% + AE*7, (3.32)

where we denote

EY = Ey + Up(f—y),

ZZ Pq 0 aka’ak‘7>+

Ej:o

+ 3 [Uko af,—odo.—o) + Uit (5 _pax, o))
k

The contribution from the term [4]
S5 Pacala ) — 2n?
k o

describes the energy shift associated with a homogeneous
distribution of electrons with the spin values opposite
to o.

Using the mixed averages [4], we get

o N/V

AE*? = —

UkQ_ 1o
/ > o, L ENE,
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Relations (3.20) and (3.31) yield

Ag
AET — 972 1y | Sin(ﬂ'<ﬁ70>)|’
s

AZ = Blig) +7 = 2A(1+ 2(0s).
So, the density of localized states (3.28) looks as

v 1 A(l+z(R_y))?
po(E) = — (E—EO—AE*)24A2(1 + 2(fi_q))*

(3.33)

At least, the number of localized electrons with spin o

is

Eo—Ep+Uy(n_g)+AE*®
A(1+2{(h_q))2

(hy) = %arcctg (3.34)
This equation generates two simultaneous equations for
(fy) and (N_,): the self-consistent solutions correspond
to the points of intersection of the curves. We note there
must be solutions, for which (7i,) # (fi—).

We introduce the parameter z=(Ep—Fy)/Up. If
x = 0, then the empty localized state is right at the
Fermi level. The condition x=1 puts Fy + Uy at the
Fermi level, which means that two electrons can occupy
the same localized state even at absolute zero, and we
never have a magnetic moment. We also introduce the
parameter y=Uy/A which measures the ratio of the
Coulomb integral to the width of the virtual state (i.e.
y compares the correlation between localized electrons
with the interaction energy of the localized states with
free electrons).

So, the self-consistent system of equations for finding
the charged and magnetic impurity states is

y(ng—x)—2z/m(14+2n+)In|sinmny|
(142zn)?

ni:larcctg ,
™

where ny = (). The effective impurity charge is

evaluated from the relation ¢=|e|Zcg, Zog=(ni+n_),

and the magnetic moment is defined by M=ugm,

m=(n;—n_). The obtained system of transcendental

equations has been solved in [4].

4. Solvation Free Energy

In order to present the ground-state energy for the
“liquid metal + impurity” system via the integral over
the single-particle locator Green’s function L§ ,(w), we
rewrite the Hamiltonian in terms of commutators [8] as

~ ~ 1 ~
H=Ea+ Y [Zai‘a[aka}+2d&[domH]Jr
o=%1 k
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1 o 1 o\
Jri(Eo*AEjE )”00+§ ;( ko) d&ako}

Now we use the GFs in terms of commutators (3.7),
(3.9 — 3.11). Then the ground-state energy of the “liquid
metal + impurity” system is

E = (0|H|0) = %Z/ [ZEG;k(E)_‘_
7 & k

+E + By — AE*? + S7(E)

: LgVO(E)} dE.

For the “pure metal + isolated impurity” system
infinitely separated, the ground-state energy is

~ 1
E© = (0|H®)|0) = 5 > / > EGY\(B)E + Eo,
T & k

where GZ V) = 1/(E — Ey,).
Now we arrive at the following expression for the
solvation free energy defined as AE=F—E(©):

_ +o o
ABE=L%" /[E+Eo AB*74S7(E) 1o oy
e

2mi 2

g a g
*Lo,o(E)EafES (E)} dE — Ey,

where we have used the propagator GF Gf \ (E).

Now let’s introduce LO(E) '=E—FE,—S°(E) and
define a proper Coulomb self-energy by the Dyson
equation
L§o(E) = L°(E) + LY(E)X° L o(E). (4.35)
The self-energy from the Dyson equation
Y7 =Up (i_y) + AE®
=Up(N_p) —22A/7(1 + 2z (1)) In | sin(m{f_y))]|. (4.36)
Then

B 0S(E) SHAES
ap=so 3 [ |pr
7 c

5 |L8.0(B)E—E.

The last expression can be rewritten as

AE =Y [AE]—AE*(i,)| — Eg—Up(R—o) (fig),(4.37)

g
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Fig. 1. Effective impurity charge Z.g=(n4++n_) vs (Er — Ep)/Up

(y=10)
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Fig. 2. Solvation free energy AE/Ug vs (Er — Ey)/Up (y=10)

where it is convenient to define a one-electron energy

change AEY by

1 d
E—=InL§(E)dE.

211
c

AES =

The contour C' is to enclose all the occupied eigenvalues.

Integrating by parts [7], we get

Er
1 A(l+ 2(f—_y))
AElT = Z ok Sl A Wt A
T / arctg [ E—-FE,

1300

x=(E-E,)/U,,

.8

204 Zeff x=0
——x=05
= x=1
L] - -
1,5 " ' . . . .
1,0 == " "
0,5 -
0.0 T T T T T T T T T T
0,0 0,2 0,4 0,6 0,8 1,0
z=<U/W>

Fig. 3. Effective impurity charge Zog=(n4++n_) vs z = (U/W),
(y=10)

AE/U
o2 0 x=0
e "~ —=—x=0.5
04 . .\.\- « x=]
. \
0,6 . '\
0,8 \
.
1,2 .
1.4 T T T T T T T T T T T
0,0 02 04 06 08 1,0
z=<U/W>

Fig. 4. Solvation free energy AE/Up vs z = (U/W) (y=10)

where we have used (3.21), (3.22). The one-electron
energy change AFEY{ and the thermodynamic averages
(h,) depend explicitly on the metal eigenstates |k)
only through the function A{. The detailed structure
of A] will have an important effect on the results.
We have obtained the analytical expressions for the
pseudopotential Q7 in [4] and estimate it at the Fermi
energy. It may be shown from Eq. (4.37) that AE—0
when A7—0 (see [7]). AE is always less than or equal
to zero.
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T T T T T T T T |
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7#_)/:72'41/(/0

Fig. 5. Occupation numbers n4,n_ vs 7A/Up

5. Conclusions

Using the Green’s function method, we have derioved
the self-consistent equations describing the charged
and spin-polarized impurity states. The effect of the
scattering of conduction electrons on the charged
impurity leads to the broadening of a localized level and
to the renormalization of the effective pseudopotential.
The solvation free energy of the charged impurity is
obtained through the two-time Green’s functions and the
thermodynamical averages. The qualitative graphical
dependence of the solvation free energy on the model
parameters is given. This is only the electron part of
the solvation free energy. In order to compare with
experimental data, one must include the classical ion-
ion interactions. A significant part of the solvation free
energy arises from the required expulsion of solvent
molecules from the region occupied by the harshly
repulsive molecular core of the solute. The excess of
solvation free energy associated with the insertion of
a spherical cavity into the hard-sphere fluid has been
calculated in [15].

The experimental measurements of AF referring to
a dilute solution with the small oxygen concentration
(from 0.0001 to 0.1%) in liquid metals are discussed
in [16]. For 0.0001% of oxygen impurities in potassium,
AE/n = —600 kJ/mol= —6.23 ¢V. The parameters
employed in our calculation were taken as follows. For
an oxygen atom, Uy = 562/8Tp ~ 10 eV, r, = 1.2 a.u,
and Ey = —1.46 €V relative to the vacuum level. The

ISSN 0503-1265. Ukr. J. Phys. 2005. V. 50, N 11

AE/U

T T T T T T T T 1
0,0 0,2 0,4 0,6 0,8 1,0 1,2 14
72/_)7:7[4‘/[]0

Fig. 6. Solvation free energy AE/Up versus mA /Uy

parameters A and z = (U/W) at the Fermi level for the
gaseous impurities O, C, Cl, and F were estimated in [4].
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BIJIbHA EHEPTI: )
COJIBBATAIIII I30JILOBAHOI
JOMIIIKU B IIPOCTOMY PIIKOMY METAJII

I0.K. Pydascokuii, . B. Ilonedinok, M.I. Kaanuwyk
PezomMme

PosrasiuyTro cucremy “pigkumii MeTasi + eJeKTPOHEraTUBHA J10-
mimka”. Jljsi omnmcy 3apsiioBOro Ta MAarHiTHOIO CTaHIB JOMiI-

1302

KM 3aCTOCOBAHO y3arajbHeHy MIKPOCKOIIYHY MOzeab AHuepco-
Ha B HabmmxkenHi Xaprpi—®Poka. lo momesnpHOro ramisibroHia-
Ha BKJIIOYEHO IIPOIECH IIPY2KHOI'O i HENPY>KHOI'O PO3CisHHSI €JIeK-
TPOHIB HpOBiIHOCTI Ha 3apsipkeHiit pomimmi. BinbHy enepriro
COJIbBaTAlll 3apsAMKEHOI JOMIIIKA OTPUMAHO dUepe3 3araJbHun
3B’s130K 3 ABo4YacoBuMHU MyHKIigMu ['pina Ta TepMoguHAMiYHUMNA

cepeaHiMU.
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