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The features of the thermodiffusion phenomena in binary liquid
mixtures spatially confined within small volumes of the cylindrical
geometry have been studied near their liquid�vapor critical point.
From this point of view, the formulae for the coefficients of
thermal diffusivity and diffusion and the thermodiffusion relation
which determine the width of the central component of the
Rayleigh line have been obtained and analyzed. It has been
shown that the thermodiffusion contribution to the generalized
diffusion coefficient grows when removing from the critical point
of a spatially confined binary mixture, contrary to the direct
diffusion contribution behavior. The calculations proved that the
value of the thermal diffusivity of a spatially confined system
can considerably exceed the relevant value in a large volume.
Naturally, the difference between the values of the thermal
diffusivity in small and large volumes decreases with increase
in the characteristic size of the system.

Studying the influence of the spatial confinement

of a system on the critical behavior of the

transport properties of a liquid represents the

indisputable theoretical and experimental interest.

First of all, it is connected to the large prevalence

of the systems possessing the confined geometry

in the nature. It is enough to recollect thin

surface layers, interphases, pores, biomembranes,

vesicles, synaptic fissures, and many other objects

of physical, biological, and other origins as

examples.

During some last decades, the phase transitions and

the critical phenomena in spatially confined systems

have been studied intensively on the basis of the

scale invariance (the scaling hypothesis) and the

renormalization-group approach ideas, numerical and

real experiments (see, e.g., works [1�7]). One of the

most promising methods for studying the complicated

problem of the critical behavior of individual liquids

and liquid mixtures is the method of dynamical light

scattering. This method allows the detailed information

concerning the equilibrium and transport properties of

a system to be obtained by analyzing the spectrum of

the critical opalescence of light [8�17]. In particular, the

width of the central component of the fine structure of

the Rayleigh line contains data about such transport

properties as the coefficients of diffusion, thermal

diffusivity, and so on.

This work aims at studying the features of running

the thermodiffusion phenomena in spatially confined

binary liquid mixtures near their critical points. To put

it more precisely, the work is devoted to obtaining the

formulae for the coefficients of thermal diffusivity and

diffusion and the thermodiffusion ratio which determine

the width �c of the central component of the Rayleigh

line for a binary liquid mixture spatially confined within

a small volume of cylindrical geometry, with the mixture

being near its critical point �liquid�vapor�.

In the system with given geometry, the correlation

length of order parameter fluctuations, which are the

deviations of the total mixture density from its critical

value '(��) = [�� �c(�
�)] =�c(�

�) (see the scaling

hypothesis for spatially confined binary solutions [18]),

looks like [19]

� = �0

h
� + (2!1/K)

1/�
(1 + � )

i
��

; (1)

where �0 is the correlation length amplitude, !1 � 2:4048
is the first zero point of the Bessel cylindrical function

J0,K = R=�0 is the geometrical factor that characterizes

the number of monomolecular layers along the cylinder

radius R, � = (T � Tc) =Tc is the reduced deviation of

the temperature from the critical value, and � � 0:63
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is the critical index. Henceforth, the notation 	�;K is

used for the expression
h
� + (2!1=K)

1=�
(1 + � )

i
which

defines the dependence of the properties of a spatially

confined system on the temperature and size. One can

easily see that the limit transition to the spatially

unconfined system, K ! 1, results in the dependence

� = �0�
�� for the correlation length in Eq. (1) which

is a well-known result of the scaling theory of critical

phenomena in a zero field (see, e.g., works [9�12]).

Below, we consider a single-phase region of the binary

liquid mixture near its critical point of vaporization,

where the external fields h1 and h2, which were

introduced in works [16, 17] and are the linear

combination of the quantities �T = T � Tc, ��1 =
�1��1c, and �� = ���c, satisfy the conditions h1 = 0
and h2 = � = [T � Tc(� = �c)]=Tc(� = �c). Then, as
was shown in works [16,20], there are three temperature

ranges, in which the critical behaviors of the transport

coefficients and the corresponding dynamic properties

(including the spectrum of the critical opalescence of

light) of the binary liquid mixture are different, namely,

(i) the range � � �1, where the singular parts of the

transport coefficients can be not taken into account; (ii)

the range �D � � � �1, where the crossover from the

regular to singular parts of the transport coefficients

takes place; and (iii) the range � � �D, where the

singular parts of the transport coefficients substantially

exceed their regular parts (it should be noted that, in

most cases, the latter range is practically inaccessible in

modern experiments).

The thermal diffusivity �. As is known [21], the

thermal diffusivity of a binary liquid mixture is defined

by the formula � = �=�CP;x, where � is the heat

conductivity, � the total density of the mixture, and CP;x
the isobaric heat capacity at a constant mixture content.

At the critical point of the binary mixture, according

to the results of works [10, 11, 22], the isobaric heat

capacity, which is defined by the derivative
�
@S

@T

�
P;x

,

either is a constant (in the mean field theory or in the

Landau thermodynamic theory of critical phenomena)

or has a weak singularity � ��� (in the scaling theory).

Therefore, if one takes into account the point proved in

works [23�25] that all peculiarities of the Onsager kinetic

factors that enter the heat conductivity � are totally

compensated, the thermal diffusivity either becomes

constant (in the mean field theory) or vanishes by the

law � � �� at T ! Tc (in the scaling theory).

Making use of formula (1) for the correlation length

results finally in the following expressions for the heat

capacity CP;x and the thermal diffusivity � in the liquid

mixture spatially confined within a small volume of

cylindrical geometry:

CP;x = C0
P;x (�/�0)

�=�
= C0

P;x	
��

�;K
; (2)

� = �0 (�/�0)
��=�

= �0	
�

�;K ; (3)

where C0
P;x

and �0 = �=�C0
P;x

are the peak value of the

isobaric heat capacity at a constant mixture composition

and the amplitude of the heat conductivity, respectively.

From formulae (2) and (3), one can see that the extreme

values of the heat capacity and the thermal diffusivity of

the spatially confined binary mixture are not reached at

� = 0, i.e. at the critical temperature of the bulk phase

Tc, but at a lower temperature T � which is defined by

the condition

�� = (T � � Tc)=Tc = �
h
1 + (K/2!1)

1/�
i
�1

: (4)

Diffusion and thermal diffusion. Consider now the

critical behavior of the quantity

� = D

�
1 +

k2
T

TCP;x
(@�=@x)P;T

�
= �1 +�2; (5)

which, as was shown in works [26, 27], characterizes the

joint contribution of the diffusion (the first term on the

right-hand side which corresponds to Fick's law) and the

thermal diffusion (the second term which corresponds

to the Soret effect) to the width �c of the central

component of the Rayleigh line. The direct diffusion

effect �1 is described by the coefficient of mass diffusion

D (�1 = D). Its peculiar behavior at the critical point

of the spatially confined mixture is characterized by the

following formula which stems from the Stokes�Einstein

relation:

D = D0 (�/�0)
�1

= D0	
�

�;K ; (6)

where D0 = kT=6���0 is the amplitude of the diffusion

coefficient. We note that formula (6) is valid in the

temperature range � � �D , where the singular parts

of the transport coefficients exceed their regular parts

considerably.

Within the range �D � � � �1, which is observed

experimentally and where the regular parts of the

transport coefficients should be taken into account

together with their singular parts, the following scaling

formula for the diffusion coefficient takes place:

D = D0	


�;K
: (7)
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While obtaining this formula, the corresponding result

of work [16] for a spatially unconfined binary mixture

was used.

It is natural that, in the temperature range � � �1,
where the singular parts of the transport coefficients are

not necessary to be taken into account, the diffusion

coefficient D ceases to depend on how close the

thermodynamic parameters of the system are to their

critical values and acquires an almost constant value

which is not the function of � .
Concerning the second term in formula (5), �2 =

� � D = � � �1 = D
k
2

T

TCP;x
(@�=@x)p;T which

defines the contribution of the thermal diffusion, the

thermodiffusion ratio kT diverges proportionally to the

correlation length in the range � � �D, i.e.

kT = kT 0 (�/�0) = kT 0	
��

�;K
: (8)

In the crossover range �D � � � �1, the divergence of

kT becomes stronger:

kT = kT 0 (�/�0) = kT 0	
�

�;K
: (9)

Furthermore, as the susceptibility of the binary mixture

(@x=@�)P;T possesses a strong singularity, the reciprocal

value of this derivative, which enters the thermodiffusion

term �2, behaves as a �strong zero� according to the

formula

(@�=@x)P;T = (@�=@x)0P;T	


�;K
; (10)

and the isobaric heat capacity at a constant mixture

composition CP;x, as was emphasized above, is

determined by formula (2).

In accordance with that, the thermodiffusion

contribution �2 to the generalized diffusion coefficient

� behaves as follows when approaching the critical point

of the spatially confined binary liquid mixture:

(i) In the temperature range � � �D, where the singular
parts of the transport coefficients substantially exceed

their regular parts, we have

�2 = �20	
���(1��)

�;K
(11)

where �20 = D0kT0(@�=@x)
0
P;x

=TC0
P;x

is the amplitude

which, naturally, has no singularity at the critical point.

When obtaining formula (11), we used the scaling

identity  = (2��)�. Taking into account the numerical

values of the critical indices � � 0:11,  � 1:24,
� � 0:63, and � � 0:03 [10, 11, 28�30], we have � +
�(1 � �) � 0:72 for the power exponent in Eq. (11).

Therefore, in the asymptotic range � � �D , where

the scaling laws for the transport coefficients operate,

we have � � �1 + �2 � �� + ��+�(1��) � �0:63 +
�0:72 for the mutual contribution of the diffusion and

thermal diffusion effects. Then, the ratio �2=�1 � �0;09

tends to zero in the asymptotically close vicinity of the

critical point, where � ! 0This means that one may

practically neglect the thermodiffusion contribution �2

in comparison with the direct diffusion effect (the mass

diffusion coefficient) �1 = D:
(ii) In the temperature range �D � � � �1, where

the crossover from the regular to singular parts of the

transport coefficients takes place, the thermodiffusion

contribution

�2 = �20	
�

�;K
(12)

behaves as a �weak zero�.

Thus, in the experimentally achievable range of

temperatures �D � � � �1, the generalized diffusion

coefficient of the spatially confined binary liquid mixture

behaves according to the formula

� � �1 +�2��
 + ����1:24 + �0:11: (13)

Since  � �, it is the thermal diffusion that plays

the principal role in this temperature interval, i.e. � �
�2, and whose temperature dependence in the spatially

confined mixture is given by formula (12).

One should pay attention to a change of the ratio

�2=�1 when passing from the asymptotic range � � �D ,
which is practically unattainable under experimental

conditions, to the crossover range �D � � � �1 which

can be observed experimentally. In the former range,

as was indicated above, the ratio �2=�1 � 1 with

�2=�1 ! 0 when approaching the critical point. On

the contrary, in the latter one, the inverse inequality

�2=�1 � 1 takes place. The physical meaning of

the sign change in those inequalities consists in the

enhancement of the thermodiffusion contribution, when

moving apart from the critical point of the spatially

confined binary mixture in comparison with the mere

diffusion one. The inequality �2=�1 � 1 was confirmed

by theoretical calculations [17] when analyzing the

experimental data on dynamic scattering of light [15]

in a binary mixture methane�ethane which occupied a

large volume. For example, provided the temperature

deviation T � Tc = 0:1 K and the ethane concentration

x = 0:2893, the ratio �2=�1 =
k
2

T

TCP;x
(@�=@x)P;T was

about 50.
All the stated above concerning the peculiarities

of the critical behavior of the thermal diffusivity

and the isobaric heat capacity at a constant mixture
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composition remains in force with respect to the

critical behavior of all the diffusion and thermodiffusion

contributions. Namely, their extreme values in the

spatially confined binary mixture are not reached at the

critical temperature of the bulk phase Tc (� = 0), but at
a definite temperature deviation ��, which is determined

by formula (4).

There are two important remarks concerning the

use of theoretical and experimental data on the heat

capacity, susceptibility, coefficients of diffusion and

heat conductivity, and other similar equilibrium and

transport properties of spatially confined and unconfined

binary liquid mixtures.

1. Let some quantity A(x) regular in the critical range

and dependent on the mixture concentration be given,

as well as its known experimental (or theoretical) value

A(x0) at a fixed concentration x0. If so, the values of this
quantity A(x) at a small or, in a linear approximation,

any concentration of the mixture can be determined by

the relationship [17]

A(x) � A(x0)
x

x0
: (14)

But if the researched quantity does depend on the

concentration in a singular manner, i.e. A(x) � xm,
relationship (14) acquires the form

A(x) � A(x0)

�
x

x0

�m
: (15)

2. In the same manner, one can obtain a relationship

between the value A(K) of an arbitrary quantity

in a spatially confined individual liquid or a binary

liquid mixture and the value A(1) of this quantity

in the relevant unconfined system in terms of the

corresponding dependences A(K) and A(1) on the

correlation lengths �(K) and �(1), i.e. A(K) � [�(K)]
n
,

A(1) � [�(1)]n. The required relationship between

A(K) and A(1) looks like

A(K) � A(1)

�
�(K)

�(1)

�n
: (16)

Therefore, according to formulae (14)�(16), any quantity

A(K;x) at any mixture concentration in a small volume

that is characterized by the geometrical factor K can be

evaluated as

A(K;x) � A(1; x0)

�
x

x0

�m�
�(K)

�(1)

�n
(17)

if one knows the experimental (theoretical) value of

this quantity at a certain concentration in the spatially

unconfined binary liquid mixture.

As an example of applying the proposed method

for calculating the physical properties of the spatially

confined binary liquid mixture, let us consider the

thermal diffusivity � = �=�CP;x of the mixture with a

fixed composition (ethane 71.07% and methane 28.93%)

in a small volume of cylindrical geometry. We recall that

the critical behavior of the thermal diffusivity coefficient

is governed by the weak divergence of the isobaric heat

capacity at a constant composition. Then, on the basis of

formulae (6) and (16), the thermal diffusivity coefficient

reads

�(K)

�(1)
=

�
	
�;K

�

��

: (18)

Experimental results [14,15] and theoretical calculations

[16, 17] reveal that the thermal diffusivity of the

considered mixture at T � Tc = 0:1 K and in a

practically unconfined volume is equal to 8�10�8 m2s�1.
The absolute temperature deviation T � Tc = 0:1 K
corresponds to the dimensionless temperature variable

� = (T � Tc)=Tc = 0:447 � 10�3, because the critical

temperature of the methane�ethane mixture of the

given composition, taking the values of the critical

temperatures of the pure components into account,

T
(m)
c = 190:564 K for methane and T

(e)
c = 305:322 K

for ethane, is equal to Tc = T
(m)
c (1 � x) + T

(e)
c x =

223:764 K. As a result, adopting the critical index

� � 0:11 and the geometrical factor K = 102, we

obtain �(K) � 1:2 � 10�7 m2s�1. It is the value of

the thermal diffusivity of the spatially confined system

�(K), which is approximately half as much again as

�(1). It is explained by the fact that the extremum

of the thermal diffusivity �(1) in a large volume is

achieved at � = 0, whereas it is realized for the

quantity �(K) in the temperature range below Tc. As
a result, �(1) < �(K) at any fixed temperature above

Tc. Naturally, the difference between the values of the

thermal diffusivity in small and large volumes decreases

with increase in the geometrical factorK. For example, if

the geometrical factor grows by an order of magnitude,

i.e. K1 = 103, the thermal diffusivity �(K1) � 8:6 �
10�8 m2s�1. That is, the relative difference of the

temperature conductivities in small and large volumes

decreases to the value [�(K1)� �(1)]=�(1) � 7:5%.

The author is grateful to Professor L.A. Bulavin

(Kyiv National University) and to Professor O.V. Chalyi

(National Medical University) for the discussions of

results and their critical remarks.
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Translated from Ukrainian by O.I. Voitenko

ÒÅÌÏÅÐÀÒÓÐÎÏÐÎÂIÄÍIÑÒÜ, ÄÈÔÓÇIß
I ÒÅÐÌÎÄÈÔÓÇIß ÏÐÎÑÒÎÐÎÂÎ ÎÁÌÅÆÅÍÎ�
ÁIÍÀÐÍÎ� ÐIÄÊÎ� ÑÓÌIØI Â ÊÐÈÒÈ×ÍIÉ ÎÁËÀÑÒI

Ê.Î.×àëèé

Ð å ç þ ì å

Âèâ÷åíî îñîáëèâîñòi ïðîòiêàííÿ òåðìîäèôóçiéíèõ ÿâèù â ïðî-
ñòîðîâî îáìåæåíèõ áiíàðíèõ ðiäêèõ ñóìiøàõ, ùî ïåðåáóâà-
þòü ó ìàëîìó îá'¹ìi öèëiíäðè÷íî¨ ãåîìåòði¨ ïîáëèçó êðèòè÷-
íî¨ òî÷êè ðiäèíà�ïàðà. Ó âèçíà÷åíîìó êîíòåêñòi îòðèìàíî i
ïðîàíàëiçîâàíî ôîðìóëè äëÿ êîåôiöi¹íòiâ òåìïåðàòóðîïðîâiä-
íîñòi, äèôóçi¨ i òåðìîäèôóçiéíîãî âiäíîøåííÿ, ÿêi âèçíà÷à-
þòü øèðèíó öåíòðàëüíî¨ êîìïîíåíòè ëiíi¨ Ðåëåÿ. Ïîêàçàíî,
ùî òåðìîäèôóçiéíèé âíåñîê â óçàãàëüíåíèé êîåôiöi¹íò äèôóçi¨
çðîñòà¹ â ïîðiâíÿííi ç ïðÿìèì äèôóçiéíèì âíåñêîì ç âiääà-
ëåííÿì âiä êðèòè÷íî¨ òî÷êè ïðîñòîðîâî îáìåæåíî¨ áiíàðíî¨
ñóìiøi. Ïðîâåäåíi ðîçðàõóíêè äîâåëè, ùî çíà÷åííÿ òåìïåðà-
òóðîïðîâiäíîñòi ïðîñòîðîâî îáìåæåíî¨ ñèñòåìè ìîæå çíà÷íî
ïåðåâèùóâàòè òåìïåðàòóðîïðîâiäíiñòü ó âåëèêîìó îá'¹ìi. Iç
çáiëüøåííÿì õàðàêòåðíîãî ðîçìiðó ñèñòåìè ðiçíèöÿ ìiæ çíà-
÷åííÿìè òåìïåðàòóðîïðîâiäíîñòi â ìàëîìó i âåëèêîìó îá'¹ìàõ,
ïðèðîäíî, çìåíøó¹òüñÿ.
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