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Gibbs’ statistical distributions have been used to analyze the
third- and forth-order fluctuation moments of volume, energy,
and particle number. In contrast to the Gaussian model, the third
moments do not vanish, and the fourth ones include extra non-
Gaussian terms. For the van der Waals equation of state, the third
moments and the Gaussian contributions to the fourth moments
reveal a similar temperature dependence along the critical isochore
— they are proportional to the isothermal compressibility squared.
The moments of particle number fluctuations behave in this way
near the critical isochore. The non-Gaussian contributions to the
fourth moment of these fluctuations increase at a higher rate as
the critical point (CP) is approached, but remain negligible at
temperatures currently reachable.

Introduction

In the analysis of the molecular light scattering in
fluids in a non-critical region, it is sufficient to restrict
consideration to the single scattering, whose intensity
is determined by the second correlation moments
of fluctuations. The last are well investigated [1—
3]; they are expressed through such thermodynamic
parameters as the compressibility, heat capacity, and
thermal expansion coefficient of the substance. As CP
is approached, both fluctuations and the correlation
length r. between them increase. As a result, the role
of the scattering effects of higher multiplicities, whose
intensities are determined by the higher moments of
fluctuations, becomes appreciable (see, e.g., [4]).

The double scattering is most investigated [4—6].
Its analysis is usually performed with the use of the
Gaussian statistics of fluctuations, within the framework
of which the moments of even orders reduce to a sum of
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products of pair moments (Wick’s theorem), and odd
moments are identically zero. As a result, the scattering
effects of second and higher multiplicities carry no
new information about the substance, but are parasitic
against the background of the single scattering; effects
of fractional multiplicities are absent at all.

The applicability of the Gaussian approximation
to the analysis of the double scattering is based on
the replacement of the four-point correlation function
(CF) for density fluctuations (hereinafter, we shall speak
about CP in a liquid - vapor system) by its asymptotic
expressions [7,8] for the situation where one pair of
scattering centers is separated from the other by a
distance r >> XA > 7. (A &~ 5-107%cm is the length
of a light wave in the medium). Such a replacement
really works in the hydrodynamic region (r. << A),
which corresponds to the temperature interval 7 =
|T —T.|/T. > 10~* and is typical of the majority
of actual experiments. It is impossible, however, to
apply similar asymptotes [7—9] for the three-point CF
to the analysis of the so-called interference scattering
of multiplicity 1.5 in the above temperature interval,
because all the three scattering centers are the distance
r <r. << X apart from one another.

In the present paper, an attempt to go beyond the
limits of the Gaussian model of fluctuations and to
explore the third and fourth correlation moments of
fluctuations of volume, energy, and particle number
without use of the perturbation theory is made. The
relation of these moments to the thermodynamic
parameters of the substance and their derivatives is
established. For fluctuations of the volume and the
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energy, a temperature behavior of the non-Gaussian
contributions is analyzed with the help of the van
der Waals equation. The structure of the third and
fourth correlation moments of fluctuations of the particle
number (of the density) appears most simple — they are
expressed only through the isothermal compressibility of
the substance and can be analyzed in the region close to
CP. The possibility of experimental observation of non-
Gaussian fluctuations by the method of molecular light
scattering in fluids is considered.

1. General Formulae

The higher correlation moments can be calculated in
two ways: 1) directly with the help of statistical sums
or distribution functions for a macroscopic system
that is a small part of another large closed system
(the medium); 2) in the framework of the quasi-
thermodynamic fluctuation theory by Einstein, but
without changing to series expansions typical of the
Gaussian model. The both approaches are realized to
a certain extent in papers [10, 11]. In particular, it was
shown that all the moments of fluctuations of extensive
thermodynamic quantities are equal in both approaches,
and that the form of pair moments is the same as that
within the Gaussian approach. But no detailed analysis
of higher-order moments was carried out.

Consider a system with a fixed mole number N of
a substance whose energy and volume fluctuate about
their equilibrium values E and V. It is convenient
to calculate the fluctuations AE and AV using the
isothermal-isobaric ensemble, in which the probability
dwy, of that the system has a volume within an interval
(v,v + dv) and is in a quantum state of energy e,, is
given by [2]

1 eny + Pv
o == oxp (=22 o, 1
dw 0 exp ( T > dv (1)

where T and P are the temperature and pressure of
the medium, which equal the equilibrium values of
the temperature and pressure of the system, k is the
Boltzmann constant, and the statistical integral Q =
[ dvy exp (-2t gatisfies the relation

n

kT

1 P
klnQ =S(E,V)—- =E - =V. 2
nQ=S(B,V) - 2F 7 )
Following [10, 11], we consider the right-hand part of
formula (2) as the Legendre transform S(Fi, Fy) =
S(Xy, Xs)— F1 X, — F» X, for the equilibrium entropy of
the system, with the help of which the change from the
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set of extensive variables £ = X; and V = X5 to that of
intensive variables Fy = 1/T and F» = P/T is realized.
We have (dS(F1,F2))N = —deFl — XQdFQ, whence

dS oS
X = — g 5 X = — g— . 3
! <8F1>F2’N 2 <6F2>F1’N (3)

Formula (1) takes the form

(4)

S(Fy, F: F F:
dw,y = exp (_ (F1, 2)+k 1€ny + 21}) dv,

and, thus, the mean values

X, = Z/em, dwpy, Xo = Z/vdwm} (5)

are functions of the variables Fj.

It is easy to verify that the first correlation moments
for the fluctuations of the energy AE = e,, — X; =
Az, and the volume AV = v — Xy, = Az, equal
zero. Taking into account this circumstance, as well
as formulae (3) and (4), we determine the second and
higher correlation moments by differentiating (5) with

respect to the variables F;. We get (4,4, k,l =1, 2)

(Az;Azy) = —k <g§k> : (6)
(Aw;iAz;Axy) = K < aigﬁ) : (7)
(Az; Az Az Az)) =

=+ (sraram) + (51) (58)
CNC RCHIC

where the differentiation with respect to the variable F}
is carried out as the value of F5 is kept fixed (and vice
versa), and so is the value of N.

Formulas (6)—(8) completely coincide with
analogous expressions previously obtained in [10, 11].
They can be used when other extensive parameters, e. g.
the mole numbers N; of different components, fluctuate
in addition to the internal energy and the volume. The
variables Fj o = —pu; /T, u; being the chemical potential
of the i-component, are then the corresponding intensive
parameters.
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2. The Explicit Form of Correlation Moments

In the following calculations, it is convenient to use the
relations

DA A A
— =-TP| = —-71? <—> ,
<3F1>F2,N <6P>T,N or PN

0A 0A
(7). =" (350 g
OF> ) g, N OP )1 n
where A is the parameter X; or its derivative with
respect to temperature or pressure. They are easily
proved using the method of jacobians.

For the second moments (7), using (9), we get
(hereinafter, we omit the subscipt N at derivatives)

(a2 = -1 (22) = kv, (10)
oP )
oV oV

AVAE) = kTP | — ET? | =— ] =

wvam =ire(g5) +1* (37,

= —kTPVpBr —kT*Vap, (11)
OF OF

AE)?) = kTP | == ET? [ 22) =

wmr)=wre(gp) w4 (57),

= kT PV pr — 2kT*PVap + kT*Ncp, (12)

where (7, ap, and c¢p denote, respectively,

the isothermal compressibility, thermal expansion

coefficient, and molar heat capacity at a constant
pressure of the system. These results coincide with the
corresponding formulas of the Gaussian model [1,2]. The
discrepancies arise for the higher correlation moments.

In particular, the third moments differ from zero. We
have

waviy = (55

(AV)?AB) =

oV o2V 0%V
_ 22 v z v o
= KT KaP>T+P<aP2>T+T<6T6P>}’(14)
ov T
T T

02V oV , [0V
+2TP<8T8P>+2T<8—T>P+T (WL
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(13)

(AV(AE)?) = K*T?

,  (15)

where mixed derivatives are calculated by the standard
rule: the differentiation with respect to one variable is
carried out by keeping the values of the other variables
fixed.

The formula for ((AE)®) is obtained from (15) by
substituting E for V. After some transformations, we

can also write
OF N 0’E

2T<6_T> o7 (67> .

P P

oV N o’V 5[ OV
_4TP<6_T> - 2T P(W) — 3P <6_P> —
P P T

o’V 0%V
STP <8T8P> P <8P2>T ’

It is convenient to represent the fourth moments (8)
in the following form:

(AE)) = k*T?

(16)

<A£L’iA£L’jA£L’kA1‘l> =

03X,

= k3 <W> + <A£L’lA1‘]><A£L’kA£L’l>+

Without the first term on the left-hand side, they would
reduce to a sum of all the possible products of second
moments, Wick’s theorem being satisfied. It follows that
this term is of a non-Gaussian origin.

The results of calculations for the non-Gaussian
contributions to the fourth moments are as follows:

o3V

N (18)

(AV)? AE)pq =

0%V o3V o3V
1373 av ov
=KT [2 <6P2>T+T (apm) tr <6P3>J’(19)

(AV)* (AE)*)ng =
av 92V 02V
B o) ()

Pa% P PV
21 _Y " 2 s
+T (apam) +2TP<8P26T> +P <6P3>T

(AV (AE)*)na =

— —k3T3
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= k373

ov ,
6T<8—T> ( ) . (W) s
P
62
H2TP\ 5pa7 a 8T3 P+
9 oV
+3TP2<8P28T>+3 *P <8P8T2> (W) (21)
T

The formula for ((AE)*)
is replaced by FE in it.
Since

i aZ_V _52 _ %

v <6P2>T_ r (ap)T
18V OB

v <8P8T> = —arfr = (6—T>P

82E _ 6CP 8ap

oT T
we see that the higher moments (13)—(21), having a
rather intricate structure, are expressed through the
same parameters 3, ap, and cp as the second moments,
and through their derivatives. It may be expected that
they anomalously increase as CP is approached.

nG coincides with (21) if V

3. The Temperature Behavior of Higher
Moments in the Frame of the van der
Waals Model

The critical exponents of higher moments in the
immediate vicinity of CP can be calculated using the
scaling theory [3]. To analyze the behavior of higher
moments in a wide temperature interval, we use the van
der Waals equation represented in the following form:

™ =87f(w) = g(w),

where f(w) = 1/(3w + 2), g(w) = 3w3/(3w +2) (14 w)?,
and the dimensionless quantities @ = P/P. — 1
T =T/T. — 1, and w = V/V, — 1 characterize the
proximity of the system to the critical state (above CP
in the PV-diagram).

From formula (22), we find

Qwy _ 1 fow\ _ 8
on T_ g + 2471 f2’ or ”_g’+247'f2’
s
on? ) .
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(22)

_ —g" + 14473
(' +2472)"

64/ (9" +69'f)
(g' + 247f2)°

(8%}) _
arz)
< O?w ) _8f(g" +3g'f —721f?)
omdr) (g +24rf?)’°
(83w> _
ord)

For the molar heat capacity of the van der Waals
gas, we can write

c—c—Ta—V 6_P2_
P apP ), \aT ),

24 f2
g + 247 [’

)

3(g" — 1447/%)
(9" + 247 f2)°

g" + 12967 f*
(g' + 247 f2)"

(23)

=cv+R(1+71) (24)
where we took into account that, for one mole,
P.V./T. = 3R/8, R being the universal gas constant.
The molar heat capacity cy is a function of temperature
alone; moreover, in a wide temperature interval, it may
be considered as a constant.

Changing to the above dimensionless variables in
formulas (10) - (16), taking into account that g(0) =
¢'(0) = ¢"(0) = 0, g"(0) = 9, £(0) = 1/2, and using
formulas (23), for the second moments on the critical
isochore and for arbitrary values of 7, we obtain

TV, _ TV, _
(avyy = e 1Ay agy = FVe 1
6P,
kTV.P., _ 1
(AE)?y = KL Vel 2V s SJC%VT(HT) . (25)

Under the same conditions, the third moments are
equal to

(v =S,

(AV)? AE) = ki:g;‘/ -

(AV (AE)?) = _@772,

(apy) = - 2ELLe

1 624701; At % (i%) (1 +r)2]. (26)
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Thus, the third moments are not only nonzero, but
also increase faster (~ 772) than the second moments
(r71) as CP is approached. It should be noted that
the Gaussian contributions to the fourth moments have
the same divergence. For instance, according to Wick’s
theorem, we have
kZIQvQ
A 4 _ c =2
(AN = g
k2T2V2
AV)? AE)g = — 55777
(AV)"AE)c = —, o
(AV)* (AE)")a =

32TV
T4

160V
27R

1+ (27)

T—2

r(1 +T)],etc.

To estimate the temperature dependence of the non-
Gaussian contributions to the fourth moments, consider
just contribution (18). We have

E3T3V, 1
AV) g = e N = 2
O (28)
We see that the Gaussian and non-Gaussian
contributions to the fourth moments possess a

significantly different temperature behavior. Far from
CP, the Gaussian contribution is primary. As CP is
approached, the non-Gaussian contribution increases
faster (at first, as 772, and then by a more complicated
law). Having reached a maximum at 7 = 4/27,
the non-Gaussian contribution decreases to zero and
becomes negative at 7 < 1/9, increasing in modulus
approximately as 7%, thus decreasing the total fourth
moment. The relative value of the non-Gaussian
contribution, when compared with the Gaussian

contribution, equals ‘((AV)4>H(;/((AV)4>G‘ =

kT./12P.V,r> = 2/9N7?, where N is the total
number of particles in the system. Formally, the
both contributions become equal at 7* =~ 4/2/9N.
Considering that light is scattered most efficiently by
regions of linear size ~ A\ ~ 5- 10 °cm, and that the
mean intermolecular distance =~ 3 - 10~8cm, we obtain
that there are ~ 5-10° particles in such a region, which
corresponds to 7* &~ 7 - 1076,

It is clear that the reliability of the given estimations
is questionable for so small 7. The mean-field theory
(the van der Waals equation is a variant of it) fails in
this vicinity of CP, for Ginzburg’s criterion 7 >> Gi
is broken [3]. The manifestation of this fact is that for
T < 1%, the total fourth moment becomes negative,
which is impossible.
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4. Fluctuations of the Number of Particles

We turn to consideration of the higher correlation
moments of fluctuations of the particle number (of
the density), which give the main contribution to the
correlators of the permittivity fluctuations in fluids and
eventually to the intensity of molecular light scattering
in the critical region.

Assuming that a single-component system is in a
thermostat and has a fixed volume V', we use the grand
canonical ensemble. Following the approach of Section
1, we obtain

S(Fy,F3) + Fie, 5 + F3N
for the distribution function, where F3 = —u/T and

—(08/0F3)y, v = N = X3 is the average number

of particles in the system. Differentiating the averages

X1 =Y e, zgw, 5, Xs = > Nw,  with respect to the
nN nN

parameters Fy and Fs, we come to formulae (6)—(8)

again, from which we get

((AN)?) = kT (%—i) = kTVn?Br, (30)
T,V
2
AN)?) = k2 2<6_N> =
(AN)") = kT = ) oy
= kK*T?*Vn® | 267 + (Zi;)w] , (31)
(ANYYy = K3T° (?—f) +3((AN)?)? =
)y
= KTVt

0 0?
ot (55),,+ (55),,,)

+3k2T?V?n*B2., (32)

Here, we have used the formulae [2]

Ny __(oP) ' N
I T,V_ OV )y V?

(5),, = (5),. =7
o TV o TN v’

and n = N/V is the volume concentration of particles.
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Although the non-Gaussian contribution [the first
term in (32)] to the fourth moment increases
faster than the Gaussian one (as 33 and f%,
respectively) as CP is approached, its relative value

(AN g [ (ANY )| ~ KTBr/V ~ 77 /N becomes

appreciable only at 7 ~ 1078 (it is assumed that the
critical exponent of isothermal compressibility v ~ 5/4)
that is beyond the power of modern light scattering
experiment. These results agree with estimations [5]
obtained with the help of the asymptotes [7] for the four-
point density CF.

The third (non-Gaussian) moment (31) has the
same temperature behavior (~ (%) for |w| ~ T
as the Gaussian contributions to the fourth moment
do. It is responsible for the sesquialteral molecular
light scattering. In that temperature range where
the correlation effects can be neglected, the relative
magnitude of the contribution from the third moment
to the fluctuations of permittivity e, as compared to
the corresponding contribution from the fourth moment
(responsible for the double scattering), can be estimated
using the relation

(A9%) _ @c/om)pi(An))y 1
(Ae)") ~ (9e/om)y ((An)*) — n(Oe/On)p

a (33)

Having calculated the derivative of € with respect
to the concentration, from the Clausius—Mossotti’s law
(e—1)/(e+2) = An (A is a constant), we obtain a =
1/(e +2)(e — 1).

In the optical frequency range, € ~ 2 or lesser. In
principle, we can find a substance for which a amounts
to a considerable percent. The possible sesquialteral
scattering will be masked by the double one, because
both depend on the temperature similarly (as 3%). As a
result, the problem of their separation, say, with the use
of a proper geometry, arises. In actual experiments, this
circumstance is ignored, since the sesquialteral scattering
is considered to be negligible.

To calculate the intensity of the sesquialteral
scattering in the hydrodynamic region in detail by the
method of multiple scattering theory, the short-range
peculiarities of the behavior of the propagator have to be
analyzed, besides the moments themselves. The analysis
is performed with the use of the theory of generalized

ISSN 0508-1265. Ukr. J. Phys. 2004. V. 49, N 7

functions [12]. The pertinent results, together with
a quantitative estimation of the intensity of the
sesquialteral scattering, will be presented elsewhere.
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HETAYCCOBI BHECKU B TEPMO/JIMHAMIYHI
DJIVKTYAIIL

M. A. Cywxo
PesmowMme

3a I0MOMOro CTATHCTHYHHX po3mnogitiB ['i66ca mpoaHaaizoBaHO
Tperi i yerBepTi KOpessiiai MomenTu duykryariii 06’emy, eHep-
rif Ta KigpKocTi yacTuHOK. Ha BimMminy Bim rayccoBoi mofmesni Tperi
MOMEHTH He [IODiBHIOIOTH HYJIIO, & 9eTBEPTI MICTATH SOZATKOBI
HerayccoBi umnenu. Jlna piBHAHHA ctany Ban-mep-Baasnbca i Ha
KpuTH4HIN i30x0pi Tperi MOMeHTH Ta rayccoBi BHECKH B 4eTBepTi
MOMEHTH MAalOTh OJHAKOBY TEMIIEPATYPHY 3aJIeXKHICTH i IPOIOp-
miitai kBagpary i3orepMmivuHoi cTucauBocTi. MomeHnTH GuyKTyaii
KIJIbKOCTI 9aCTHHOK BeLyTh cebe AHAJIOriIHO HOOIH3Yy KPHTHIHOL
i3oxopu. HerayccoBi BHECKU B YeTBepTUY MOMEHT ITUX (IYKTyallii
3 HADJIM2KEHHSAM [0 KPUTHYHO! TOYKH 3POCTAIOTH CHUJIbHIIIE, AJie €
HEXTOBHO MAaJIMMU /IS HUHI JOCTYIHUX TeMIIEpaTyp.
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